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A SUB-COMMITTEE of the Teaching Committee of the Mathematical 
Association has been considering Mathematics in Secondary Schools other 
than Grammar and Technical Schools since 1946. This sub-committee 
has been reconstituted at four-yearly intervals and few of its members have 
been available for the whole period. An Interim Report was published in 
1949. By this time it had become clear that the sub-committee’s task would 
occupy several years more; the short Interim Report indicated the broad 
principles on which discussion was proceeding and at the same time 
attracted valuable criticism from mathematics teachers. Further progress 
was made by the sub-committee serving from 1950 to 1954, but in the later 
part of this period the work was deliberately slowed to allow for the 
passage of the Report on the Teaching of Mathematics in Primary Schools, 
which it was felt should precede this one since the Primary Report worked 
out in detail for the earlier years of a child’s mathematical education the 
fundamental principles which are equally applicable at the secondary 
school stage. The present Report should thus be read in, conjunction with 
and as a continuation of the Primary Report. During the period 1954- 
1958 the draft scheme of the Report and sample chapters were circulated 
to the Association’s Branches and to some individual members for dis- 
cussion and criticism; the sub-committee thus had at its disposal con- 
structive suggestions from an unusually wide range of teachers, whose 
valuable help is here acknowledged. The sub-committee is indebted to 
other members of the Teaching Committee for many suggestions and to 
members who served during the years 1946-1954, particularly the former 
Chairmen of the Teaching Committee, Mr. J. T. Combridge and Mr 
W. J. Langford; and also Mr. K. R. Imeson, Mr. (now Professor) W. W. 
Sawyer, Mr. C. W. Tregenza, Professor F. W. Wagner, Miss M. E. 
Bowman, Mr. M. W. Brown, Mr. C. T. Lear Caton (died 1947), Mr. J. W. 
Cowley, Mr. J. C. Skinner, and Mr. I. R. Vesselo. 
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Note on the numbering of Paragraphs 


Decimal notation has been used to indicate the main sections of a 
chapter and the sub-divisions of each section. For example in Chapter 4 
all paragraphs are numbered with unit 4; the first decimal figure indicates 
a major topic as shown in the Table of Contents; further decimal figures 
are used for sub-divisions of the topic. In Part II many of the major 
topics occupy long sections; where this is so, the topic begins with a list 
of its chief sub-topics. Thus 6-4 is Graphs, as shown in the Table of Con- 
tents and 6-43 is Distance-time Graphs as shown at the head of 6-4, 


Note on references to other reports of the Association 


Several of the previous publications of the Association cover topics 
which are relevant to Mathematics in Secondary Modern Schools. It is 


A second report on The Teaching of Geometry in Schools, 1938 
The Teaching of Algebra in Schools, 1934 

The Teaching of Arithmetic in Schools, 1932 

The Teaching of Mathematics in Preparatory Schools, 1924 
The Teaching of Geometry in Schools, 1923 


All the above are, like this Publication, * Reports prepared for the 
Mathematical Association’ by committees of the Association’s members. 
In referring to them full titles are somewhat abbreviated; for example to 
‘The Association’s Mathematics in Primary Schools’, 
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PART I 
CHAPTER 1 


THE AIMS AND SCOPE OF THE REPORT 


1:0. Terms of Reference. 

The mathematical ideas and teaching methods here discussed are those 
which we consider suitable for the great bulk of the secondary school 
population between 11 and 15 years of age, who have shown no early 
signs of readiness for Mathematics as an abstract study, or at least have 
not achieved the attainments in arithmetic traditionally associated with 
the ablest of their age group. 

The term modern school pupil is used to denote such a boy or girl, though 
we recognise that the wide variety of school organisation from area to area 
means that the pupils we have in mind are to be found in all types of 
secondary school. 


1-1. The Wide Variety of Schools and Pupils. 

The variety of circumstances in the schools and the differences amongst 
the boys and girls themselves make it impossible to give any syllabus of work 
suited to modern school pupils in general. We therefore suggest a wide 
variety of possible approaches to work in Mathematics, and in Part II 
which deals with the Mathematics itself we include much more than could 
be covered by any class in a four year course. In chapter 5 we discuss 
problems of organisation including syllabus making. _ we 

We do not make a special feature of work for pupils whose ability is 
greatly below average, but we do urge that their course should be made a 
stimulating one and that teachers should adapt what wwe say about the 
approach to mathematics teaching to the slower pupil’s pace and range. 
Chapter 4 deals with remedial treatment at all levels for pupils who have 
Serious gaps in their understanding or skill. 


1-11. Some of the extremes of difference in school organisation and 
circumstances are worth noting in support of our decision to make only 
general recommendations about syllabuses. The percentage of abler 
Pupils educated in schools, or sections of schools, organised to deal with 
Courses up to 18 or 19 years of age varies from about 10 to 40 per cent of 
an age group. Even this is not the whole picture because of the possible 
Variations from place to place in the distribution of ability. There is 
therefore some overlap between what may be called a Modern School in 
One district and a Grammar School or grammar school stream in another. 
e in the grammar school category, it 1s 


here there is a large percentag 901 
likely that some of the Spis so classified would fall within the scope of 
years of their çourse, 


Our recommendations at least in the early 
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Schools also differ greatly in size. Small schools may adopt particular ways 
of working in order to deal with differences of interest and ability within 
classes. Large schools have more scope in classification but may find difficulty 
in ensuring continuity of teaching and co-operation among a large staff. 

Schools also differ in their environment and in the backgrounds and 
prospects of their pupils. Mathematics may appear to be a subject inde- 
pendent of environmental differences, but we hold that it is essential that 
modern school pupils should see Mathematics as a subject that touches their 
lives and is worth their attention. 


1:2. The Place of Mathematics in the Curriculum of the Modern School. 


In the Association’s Mathematics in Primary Schools five reasons were 
given for including Mathematics in the education of all children. Briefly 
these were: 


(1) Mathematics is the language of orderliness and ordered thinking. 

(2) Mathematics is the tool and language of science. 

(3) Mathematics is an inheritance of the race. We live in a community 
using the language of numbers, measurement and shapes in every 
day talk. 

(4) Mathematics gives pleasure. Children find pleasure in mathematical 
thinking and achievement. 

(5) Mathematics develops patterns of thinking which are fundamental 
patterns of all thinking. 


the curriculum with the education of young people in Secondary Schools 
in mind. Among modern school pupils as defined above (1-0) there will be 
relatively few who develop in later years to the stage of taking any univer- 


an important tool in their chosen vocations. This vocational aspect of 
mathematical preparation, relevant to the work of older scholars, is dis- 


cussed briefly in 3-5. 


On the whole the modern school pupils likely to continue their mathe- 


nursing. Still less can it hope to find in existing external examinations in 
Mathematics anything suited to any large number of its pupils. 

It is then as a part of the equipment of the ordinary citizen that Mathe- 
matics must first be considered in the Modern School. Its use as a special- 
ised tool may be needed by some later in life, but readiness for many 
mathematical techniques comes with an intellectual maturity only reached 
by most modern school pupils some time after entry, if at all. 


THE AIMS AND SCOPE OF THE REPORT 3 


1-21. For the ordinary citizen Mathematics is first and foremost a 
living language. Indeed on utilitarian grounds there is little to be said for 
developing mathematical techniques beyond what is expected of abler 
pupils at 11 years of age as this covers most of the needs of everyday affairs. 
Ona citizen taking an intelligent interest in the world around him however 
the demand for an understanding of mathematical expression is consider- 
able and increasing. There are mathematical ideas prevalent in the world 
today which have so far found little or no place in school text-books. 

Traditional courses in English schools were planned for a nation of 
shopkeepers and applications to commerce and trade formed a very large 
part of them. Such a calculation as ‘ Find the cost of 8 cwt. 3 qr. 17 Ib. 
at £3 17s. 6d. per cwt.’, taken from an old text book, would now be 
accomplished, if required at all, by a machine in all but the smallest offices. 
Instead of performing this calculation the operator must be able to deci- 
malise the quantities concerned before ‘feeding’ the machine. Curiosity 
may be aroused in pupils as to how these machines work instead of making 
them labour over calculations no longer used. In smaller concerns such cal- 
culations as were required would be performed with the aid of areadyreckon- 
er which uses the method of calculation by parts. Nothing is required of the 
user beyond the ability to add and subtract and perhaps to recognise the 
simplest fractions. Even counting and measuring is now done by self- 
recording machines, and the use of slide rules by engineers 1s well known. 

Nevertheless the teacher must bear in mind that machines have to be 
designed and fed, and that they cannot record or calculate anything unless 
the idea of what is wanted has first been in some human mind. It must not 
be lightly assumed that the ability to use a machine to carry out either one’s 
own purposes or those of someone else can be all that the mathematics 
teaching of the Modern School should aim at, even if some pupils are 
allowed to acquire this ability before they have gone far in other work and 
much earlier than has been usual. Moreover the Mathematics of the future 
may be different again within the life-time of a pupil. K 

We ask that the traditional mathematics syllabus be regarded very criti- 
cally and the purpose for which any of it is included be reviewed. a 

After consideration of the reasons (1-2) for including Mathematics in 
the curriculum of all schools we give below some mathematical themes which 
develop these ideas, and which may be given some precision 1n the mathe- 


matical classroom. 


based on the ability to count in tens, butt 


tions in which they are expressed (6: 


important to him than, say. é : 
Comprehension is a slow growth and has to be stimulated by experience 


and significant usage. The story of the development of notation may help 
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1-23. The scientist has also devised ways of measuring quantities for 
which the tables of weights and measures as traditionally learnt are by 
themselves quite inadequate, and has also systematised the measurement of 
length, weight and capacity in the metric system. Some history and theory 
of measurement will give new meaning to units already familiar by name, 
as well as making clear the reasons for learning about new ones. Ideas 
of how to measure such intangible quantities as power, wind strength, 


in new relationships. There are also measures which are expressed as 
ratios independent of units; these include chance, specific gravity, cost of 
living index, representative fraction of a map, coefficient of friction or of 
restitution. Indirect and alternative forms of measurement are of interest, 


yard; as well as others such as a micrometer, a sine bar, a pantograph, a 
spherometer etc. All this may lead to fruitful mathematical exploration 


1-24. Again, a study of change might compare rise and fall, increase and 
decrease, expansion and 
dd 


and depreciation, progress and regressio; 
Opportunities can be found in commercial 
and investigation can range far and wide 


constant factor, and to the significance 
changing quantities. 


1:25. Citizens of to-day are also intereste 
and here too Mathematics is relevant, 
lottery or a raffle may be compared with 
to cover risks of fire, or transport accide 
carried far it will of necessity be linked u 


d in probability and chance, 
The probability of winning in a 
the principles on which premiums 
nt, are calculated. If such study is 
p With some gathering of statistics, 
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the examination of statistical tables, and the finding of averages, medians, 
and other statistical measures (7-5). Information made available to the 
public is often expressed in the form of diagrams and graphs, and under- 
standing the language of this form of representation is of great value to 
any newspaper reader (6-4). 


1:26. Most of the foregoing examples involve numerical statement or 
measurement in some form, but a command of spatial ideas is equally 
important in coping with developments in modern life. Direction, the 
fixing of position, the geometry of the sphere are all required and at the 
same time more readily understood because of the extent and conditions 
of modern travel; the sphere is compassed in imagination and the mind is 
carried out into orbits in space. Shape is not only of static importance as 
in architecture but trajectories, ellipses, wave (or sine) curves have all 
come into common speech and thought. A fresh practical approach to 
geometry occupies a long section in our report (6:5). 


1:27. Another mathematical conception which should be studied is that 
of a vector quantity, which requires both a magnitude and a direction to 
define it, and is not subject in the ordinary way to the four rules of arith- 
metic. Displacements, velocities, accelerations, and forces can be com- 
bined, or in a new way ‘added’, or their effects can be considered in two 
parts by resolving along two directions at right angles. If a topic such as 
navigation is being studied, even simply, familiarity with vectors and 
facility in adding them by the triangle (or parallelogram) of vectors will be 


acquired (7:25). 


1:3. The Urgency of Important Changes. 

We have given in some detail mathematical ideas and techniques re- 
lated to modern developments because it is at the present time a matter of 
urgency to make citizens aware of the relevance of Mathematics to their 
everyday lives. We are convinced that many pupils who do not make 
much progress in Mathematics at the primary stage, or even in the first 
year or two at a secondary school, may, as they become more mature and 
feel the urge to solve some particular problem, find that some form of 
Mathematics meets their need, and from this beginning they will develop 
their mathematical language into a constructive tool, and perhaps even 


into a mode of thought. 


1:4. The Plan of the Report. 
Our report is divided into two parts, but the chapters are numbered con- 


secutively and it is hoped that it will be regarded as a unity: the stress in 
the two parts is indicated by their titles ‘ Purpose, Approach and Organi- 
sation’ and ‘ Mathematical Content’, but there are constant cross references, 
and it has been impossible to avoid a certain amount of repetition. An 
index of the mathematical terms and topics of Part II is provided, as it is 
hoped that this part of the report in particular will be useful to teachers 
for occasional reference. The index also shows where mathematical topics 
occur in illustrations of the more general questions discussed in Part I. 
In chapter 3 and also in chapter 7 we try to give a representative sample 
of practical topics through which Mathematics may be learned, and for the 
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study of which some Mathematics is essential. Those in chapter 3 are 
chosen for their intrinsic interest and importance and we show how they 
may be used as an approach to or an application of Mathematics: in this 
Category we include the economics of everyday life because of its social 


two appendices. 
, eet 2 has something in common with chapters 3 and 7 in stressing 
pical int 


interest but it is designed to show how teachers responsible for 


direct experience plays a smaller part and in the later years of school life 
work becomes a development from mathematical 


e Secondary School is moreover increasingly i ch- 
i ull-ti y influenced by the approa 
ie end of fi il-time schooling and by the demands of adult life as well as 
se of individual growth and need. The pupil’s own sense of values is more 


the growing importance of Mathematics as 
of new experiences, lead us to Suggest that 


i t ew emphasis in 
choosing what is suitable here must be n p. 


material to present to pupils at all stages, and that 
range of work is undertaken, 
ly than ever before. 


CHAPTER 2 


ENTERING THE MODERN SCHOOL 


2-0. The Importance of Freshness of Approach. 

We regard it as exceedingly important that a pupil entering a secondary 
school should have an opportunity to make a new approach and to get as 
much thrill as possible out of this fresh and exciting experience. 

Arithmetic has played so large a part in selection for the new school that 
the teacher of Mathematics has particular difficulty in keeping a sense 
of novelty in the forefront. Different teachers will solve this problem in 
different ways. Some will depend on stimulating fresh interest in familiar 
material by approaching it in a new way, while others will make use of 
something new in Mathematics which at the same time reveals the pupils’ 
grasp of familiar work. Some simple statistics or surveying for example 
might well serve both purposes by introducing new mathematical ideas 
and at the same time stimulating interest: in familiar computation or 
drawing. 

In this chapter we discuss ways of making a fresh approach to mathe- 
matical material commonly included in syllabuses, but many later sugges- 
tions of a more varied kind, particularly in chapters 3 and 7 would lend 
themselves to a quite elementary treatment suitable for entrants. 


2-01. The Head of a Secondary School classifying a group of entrants or 
the teacher of an entrants’ class is of necessity concerned with assessing 
what has gone before. Diagnosis must go deeper than a mere assessment 
of whether on the day of entry pupils can recall this or that item of infor- 
mation or perform accurately certain procedures of arithmetic. Indeed 
direct testing of such matters at the outset has some grave disadvantages 
especially for pupils who are already suffering from any sense of failure. 
Enough information about the mathematical teaching and the pupils’ per- 
formance in the Primary School should be available to guide the first 
placing into classes of all but an occasional entrant. In using the records 
of individuals from the contributory schools, Heads of schools can usually 
interpret the reports from one school in relation to those from others. 

Other general information about the Primary Schools will be useful not 
only in classification but also in deciding how to deal with entrants, for 
example one school may be known to encourage initiative and experiment 
whereas another may concentrate on drilling facts and procedures to such 
an extent that its pupils show little independence of thought though they 
work accurately when told what to do. a . 

‘As well as assessing the stage reached by a pupil in Mathematics the 
teacher should try to discern the child’s attitude towards the subject and 
appreciate such qualities as confidence in attacking problems, confidence 
and accuracy in carrying out well-known processes, and initiative in facing 


new situations. 7 
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Children whose work is hampered by uncertainty, over-dependence, dis- 
couragement or confusion will benefit greatly from the freshness of approach 
referred to in our opening paragraph and dealt with more fully below. 

Although the need for remedial work may become apparent very early 
we do not recommend either that tests should be set at this stage or that 
remedial work should be anything but incidental to new and interesting 


gested in chapter 4, appears a normal part of the work of the class or of 
groups within it. 
We give in some detail in the next section an example of a well-tried 


introductory activity, and alternative ways of beginning are suggested in 
2:2 and 2:3, 


2:1. An Example of an Activity for Entrants, ‘Myself and My New School.’ 


_ For the purpose of this example, it is supposed that the school concerned 
isa 3-stream Modern School in a country town drawing boys and girls 
from three sizeable town and semi-rural schools and from several small 


2-11. Organisation 0 
pupils work individual 


to have a range of ability wi Pa K 3 
leadership. 8 ity with at least one pupil in each likely to show som 


(a) individuals, “myself” e.g, age, measurements, home, etc., 
(b) the group, A 
(c) the class, 


(d) the school. 


In arithmetic lessons this informati i i 
4 ; mation will be recorded numerically and 
graphically, but other information may be collected in other lessons, 


A background activity is also included to keep pupils busy while waiting 
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for advice or materials. Each child has an exercise book entitled What I 
Know in which to record information or work examples to show what he 
has already learned in arithmetic. Teacher's cards and a textbook are 
available to suggest questions and examples. Answers can be looked up at 
agreed intervals and inspected by the teacher, who can at any time switch 
a pupil from free to directed work. 


2-12. The collection of individual statistics. Individual statistics, if col- 
lected on separate sheets or cards can be dealt with in any order. Some 
class discussion of measuring instruments to be used in finding personal 
measurements is probably worth while, after which instruments can be 
allotted in turn to groups within which the pupils can work in pairs. The 
teacher might well take a period to talk with each group in turn while the 
other groups either make forecasts of what they can record under the head- 
ings (a), (b), (c), (d), of the previous paragraph or make entries in their 
What I Know books. Class discussion should decide which individual 
measures should be dated because they are variable. Useful comparisons 
can be drawn between the variations to be expected in weight and in 
height. 

The investigations suggested below are of varied difficulty and some will 
require closer supervision by the teacher than others. A group which has 
just mastered one type of record can usefully help another group just 
starting it. 

2:121. Weight. The finding of individual weights is a part of the routine 
of medical inspection. Dated records may be available from medical 
cards but each group working in turn with the teacher should find the 
weights of at least two or three individuals on the medical balance. Dis- 
cussion of balances and units of weight might be supported by other actual 
experience of weighing. (If the medical records are made in kilograms 
there is opportunity for a new experience of measures of weight.) 

Records can be made in stones, pounds and fractions of a pound and in 
pounds only. Pupils can be encouraged to write what else they know about 
weight in their What I Know books. The teacher has the opportunity 
here to discover the pupils’ powers of dealing with the numbers 14 and 


16. 

The validity of giving a child’s weight, which alters from hour to hour, to 
perhaps a fraction of an ounce, should be discussed. 

2-122. Age. A card.with blanks to be filled in can be given to each 
pupil, but written or oral advice will be needed. A card completed in 
September, 1958, would appear thus : 


Name Date of Birth Age (on same day of month) in September 1958 
Day Month Year 
í ys T 46 On Sept. 12th 12yr. 2 mth. =123% yr. 
eo 12 0 46 On Sept. 30th Gist) 11 yr. 11 mth, =114} yr. 


Thi ths in the ages will probably be reckoned by the pupil by count- 
ing za os the previous birthday or back from the next. The fractional 
statement may be understood and used by only a few. 

When the individual cards are complete, and possibly before some of 
them are checked by the teacher, the class can enjoy checking months and 
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years by the simple device of seeing that the years and months should add 
up to 58 and 9 or 57 and 21. In the examples shown the checks are: 


months T+ 2=9 and 10+11=21 
years 46+12=58 46 +11=57 


There is excellent opportunity here for oral work though pupils’ explana- 
tions are unlikely to be complete and well ordered. The teacher will note 
each pupil’s knowledge of the calendar, his use of fractions and any initia- 
tive shown in planning. 


2:123. Length. The pupils might choose which of their body measures 
they will all record, but height should be included and at least one measure 
of girth. Some of the body measures which in adults are associated with 
named units might be chosen; for example span, hand, palm and foot. 
The rigid measuring instrument for straight lengths, e.g. the tape fixed 
vertically on the wall and the technique of using it to measure height, and 
the flexible measuring tape for measurin g the waist should be contrasted. 

Results should be (a) stated freely 

(b) stated to nearest 4 inch 

(c) stated to nearest 4 inch 

(d) stated as accurately as the tape allows using feet, 
inches and parts of an inch. 


Some pupils may omit some of these d 
ments in only a few cases, but the teacher will look ahead to see that he . 
has what is needed for the group discussions of 2:131. The teacher has 
many chances of noting the use of fractions and of measures, and the 


measurement of height involves various geometrical ideas such as per- 
pendicularity, parallelism and vertical and horizontal lines. 


etails and make a variety of state- 


g the lengths of time occupie 

d in hours and minutes but for 
n of the main divisions of a 24-hour day, the 
he nearest quarter of an hour. Even so there 


7 : nless a long time line of 12 or 24 inches is used. 
The diagram might be of the kind hosh in Diagram F si 
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pares the intervals of time spent in different ways. It might be well to 
start with simpler diagrams than that shown and to proceed to those 
showing more detail or covering longer periods of time. Discussion will 
be needed between the attempts by a group to make records and the draw- 
ing of diagrams. 


_ 2-13. Group and class statistics. A good deal of work must first be done 
in collecting such individual statistics as number of children in family, 
number of girls and boys, the place of the child in the family as regards age 
and, at a later stage, the distance of home from school, the length of an 
average pace (2:16(c)), and speed of walking. 

These statistics can then be used for drawing block graphs where appro- 
priate and for work on averages. The interest and scope of the work will 
oA greatly increased if statistics for other classes are available for com- 

arison. A 


2-131. Averages. The treatment of the group statistics for age and for 
height is now suggested in more detail. Po , 

The range of age depends on the school organisation, but it probably 
Tuns from about 11 yr. 0 mth. to 11 yr. 11 mth. The distribution may be 
Considered in relation to the central figure 11 yr. 6 mth. for working groups 
and for the class. How many above 11 yr. 6 mth.? How many below? 

ow many months above? How many below? Does this suggest any- 
thing about the age of the group or class? How does this compare with 


other groups or classes? , 
From a class discussion of such points some idea of the concept st 
average should begin to emerge even if the name itself is not yet used. The 
r a can be further developed along some such lines as the following sug- 
ested work on the children’s heights. ‘ 2 
Select a group of 6 pupils which is mot a working group, so that working 
Sroups may later do a similar exercise; then: 
(a) Note, in any order, the heights to the nearest half-inch; 
Arrange i f magnitude. 7 
c) AET either of the heights or of their excesses over, say, 
3 ft. 6 ins. (Diagram 2). l 
(d) In the e ie a i zopital line through the top on ie a 
upright thus showing the excess of each height above i a ee 
e) Work out these excesses in inches, find their sum a agers 
of it to the height of the smallest child, pointing ut phei call 
were of the height so obtained the total height Ie Seeing a 
The calculations involved here can be avoide y iece of paper. 
cesses as shown on the diagram along the me at the top of the 
dividing into 6 by folding and placing one SIX i 
small ; r 3 
Q) Banla i this “Jevelled out’ result is what is called the average 
height of the group : individuals’ 
aco differences of individua 
(©) Check the result by finding the tota ahh totals should, of course, 


be equal and will be approxima 1 
0) Draw a line on the diagram at t 
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FINDING THE AVERAGE 
HEIGHT OF 6 PUPILS 
ELS 


RECKONING FROM 4’ 24” 
0+5+7+84+-10-+134=44 
AVERAGE HEIGHT=4’ 244-2 of 44” 
=4 28474” 
=4 98" 


An alternative treatm 
cut out the columns, give each child hi 


y 


and divide into 6 equal parts by folding. This method might be a pre- 
liminary for all pupils but might serve as the main method at this stage for 


The groups may now get to work on finding their own group averages 
for height, age, weight, number in family and so on. They should com- 


i F pportunities for keeping accounts in 
school in connection, for example, with dinners, 


national savings, and these accounts may apply to individuals or to classes. 


the cost for a group 


checking exercise. For a group of 6 pupils the total cost would be found 
of (i) 6 blazers, 6 badges, etc. and i) 6 sets of uniform. The teacher wil] 
note whether multiplication is sufficiently well established to be used 
instead of addition. Pupils will tend, in a practical situation such as this, 
o revert to the earlier known and simpler though longer method of addi- 
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Accounts may have to be kept for needlework and other craft materials, 
and although payments by pupils are not involved, some costing of an 
inventory of books and stationery may help to give the children a sense of 
values as well as giving opportunity for practice in stocktaking. 

Measures as well as money may be involved, for example, in the cost of 
supplying free milk for the class for a week or a term, where the total 
amount may be measured in gallons. 


A special activity such as a visit to the country for the benefit of the town 
children or a visit to a place of interest in town for those from the country 
would involve questions of sharing expenses. 


2-15. School statistics. Any statistics available for the school as a whole 
under previous headings would be useful especially for abler pupils who 
had mastered ways of representing statistics graphically or of finding 
averages of smaller groups. 

The examples given below of school investigations include some items 
best noted as individual records, e.g. average pace is included with the find- 
ing of longer distances. 


_ 2:16. Longer distances. Fresh techniques of measurement are needed 
in finding longer distances. Significant distances can be chosen such as 
the distance of the classroom from the hall, the lengths of games’ pitches, 
etc. Class discussion is required of some of the means of measuring, but 
detail should be worked out by the groups. The organisation can be by 
Stoups in turn using the same method, or by groups using different methods 
for different distances simultaneously and then exchanging jobs. Again 
Organisation may be eased if some are ready before others for practical 
Work in this section. 
The main methods available are: 


(a) Yardstick and guiding string. Probably the need for a guiding 
string to determine a straight line will not be immediately obvious. 

(6) Footing, that is walking the distance putting heel to toe. 

(c) Pacing. The finding of the length of an individual’s average pace 
(not stride) is in itself a most valuable exercise. Groups should or- 
ganise their investigations themselves and submit their methods to 
the teacher for comment. Significantly different average paces can 
be used to make separate estimates of the same distance. _ 

(d) Using the trundle, a wheel of known circumference, which rolls 

without slipping over the distance to be measured (7-11le). This 

method is useful for distances which are not straight, but it may be 

Wiser to postpone it unless there is available a trundle with a cir- 

cumference which is a simple exact length. The difficulties of multi- 

plication and of possible error which otherwise arise provide useful 
exercises at a later stage. $ 

Chain or tape. The tape may be either homemade or a standard 

piece of apparatus. Ifthe length to be measured is greater than the 

chain the problem of maintaining a straight line arises. Some dis- 
tances found by other methods might be checked with the standard 

tape. (7-111. i 

Etal a D might be used in finding some longer distances. 


(e 


> 
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The units known to the pupils should be noted and their range extended 
if necessary to include à 
l chain = 22 yards 
=100 link: 
10 chains= 4 mile 


The work should be continued until every pupil has had some experience 
of a variety of units. 


2-17. Distance, time and speed. An interest in the time taken to walk 
from home to school might lead to an approximate method of expressing 
distances on the assumption of a standard speed of walking, e.g. 10 minutes 
walk from the station. Thence interest might turn to the longer distances 
travelled on the school ’bus where time schedules and distances measured 
on the local large scale map will enable speeds to be calculated. Class 
discussion of the relationship between distance, time and speed may lead 
to individual experiments and reveal to the teacher the extent of the chil- 
dren’s real appreciation of a distance such as ł mile or of a speed of 30 


m.p.h. After some preliminary discussion these ideas can be developed 
as far as seems appropriate at this stage. 


2-18. Spatial knowledge. Some incidental opportunities for diagnosis of 
spatial knowledge have already been mentioned, viz. perpendicularity in 
connection with measuring height, the straight line in measuring long dis- 
tances and the rolling wheel. Other opportunities can be introduced for 
their own sake. The observation and naming of shapes, plane and solid, 
in and around the school building would give a good idea of the extent of 
the pupil’s vocabulary for geometrical form and might lead to further dis- 
cussion. The question ‘Where do you sit in your classroom?’ would 
probably result in incomplete and poorly expressed answers which could 
be improved by giving co-ordinates of a desk in rows and columns from 
two intersecting walls or by giving distances from these walls. The range 
of possibilities depends on the particular environment. 


2-181. An activity is described in 4-811 which might well arise in dis- 
cussing the school building, viz. a comparison of the sizes of a classroom 
and the hall, and this would lead through an investi gation involving lengths 
and shape to the idea of area. Although this is placed in the remedial section 
many entrants might find it refreshingly new and the numerical part of the 
treatment could be used diagnostically as well as remedially. 


2-2. An Alternative Example. 


Freshness can sometimes be given to the work simply by a change in the 
way of working. Suppose for example that pupils have had little or no 
experience of using measures in practical situations and that work in the 
Primary Schools has been mainly by class instruction and working examples 
from text books. It would for such pupils be a refreshing change to work 
individually or in small groups and to do measuring of a practical kind on 
some such simple plan as that outlined below. Work of this kind is not 
uncommon in Primary Schools and for those pupils who have already 


worked in this way the effect of such an approach might be discouragingly 
repetitive rather than refreshing. 
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Work is planned in sections with no unifying theme. Sections are: 


1. Weighing. 

2. Measuring with ruler, tape measure, yard stick, 66 foot tape. 
3. Measuring with gallon, quart, pint, 3-pint, gill. 

4. Counting singly, and in groups; notation. 

5. Counting of money and grouping into larger units. 


For each section a series of work cards is made giving tasks or problems 
which might arise naturally. 

A wall chart is made, divided into rectangles, showing all tasks to be 
completed down one side and the names of the children across the top. 
Each child is responsible for putting a tick in the appropriate space as he 
finishes a work card. He then chooses his next task from the work cards 
notinuse. By arranging that there is only one card for each set of apparatus 
available, the teacher can give freedom of choice to the children without 
having any resulting confusion or argument between two or more children. 


Examples of tasks or problems in each section. 


1. Weighing. 
Find the weight of this parcel and how much the postage would be 
(using the parcel post rates’ table). 


2. Measuring: Length. 

We want to put pictures on a rail to be fixed round the classroom wall. 
How many feet of pin-rail must we buy and what will it cost at ...... per 
oot? 


3. Measuring : Capacity. : 
How many 4 pint glasses of lemonade would the large enamel jug hold? 


4. Counting. A 

How many exercise books are there in one of the packets in the stock- 
room? How many packets? How many exercise books altogether? 

How many blocks (tiles, strips of wood) in the floor of the classroom? 


5. Counting : Money. 
How ich Bed in £ s. d. is there in the box of half crowns? 


2:3. A Beginning with Work Mathematically New. i 

Freshness of approach can also be achieved by teaching something 
which is mathematically new to the pupils. New work generally also 
throws light on previous knowledge. 

Work of a geometrical kind is often new or almost new to many entrants. 
Early stages of surveying (7-1), are for example suitable. Ways of measur- 
ing longer distances, as in 2°16, are a beginning. Early stages of the study 
of angles and their measurement are discussed not only under surveying 
but also in 6-511. Again the geometrical intuitions of the eleven year-old 
are adequate for problems of the ‘ buried treasure’ type in which simple 
loci are used. For example treasure may be buried 10 feet from the tree 
and 20 feet from the white stone etc. Fixing position by distances from 
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lines is also suitable. So is some of the work with right-angled triangles 
which forms the basis in learning trigonometry (6-6). 

One reason for teachers’ reluctance to introduce geometrical topics early 
in the first year is that they feel that consolidation of the number teaching 
Yet in fact a geo- 
of opportunity for 
new problems. 


, l inch to 1 foot, involves a 
; example, if the scale is 1 inch to 2 feet 
inches, and 3 inches represents (3 x 2) 

feet. 
For pupils of good abilit 
secondary school course even the ea 


ths, and scales employed which involve 
fifths and tenths (6-247). 


Again in finding an average pace as suggested in 2-16(c) it is usual to 
count a convenient number of 


paces, say 10, and measure the distance 
paced. But the information may be recorded in either of the two forms 


10 of my paces =x feet, 
or, if the distance was measured before pacing, 


y of my paces =50 feet, 


The single pace is then found by division. The form of the answer depends 


on the child’s number competence; it may be given in feet and inches or 
as a fraction or decimal fraction of a foot. 


In using the average pace to es 


the work may be quite heavy. 


th i tions as 25; feet, 43 paces may be 
thought of as giving (2 x 43) feet and (S x 43) twelfths of a foot. 


e geometrical some care is needed 
he early stages, 


2.4. Diagnosis of Attainment. 


It is important that the teacher of an entrant class should acquire the 
hi nile Possible information about the attainments and attitudes of 
1s pupils. 


The necessity for this diagnosis and consequential remedial treatment 
Was mentioned in 2-01 by 


ut was followed by suggestions for work new either 
-_ From the early work on lines similar to those 
Suggested the teacher will have gained a valuable insight into the extent 
of his pupils’ mathematical equipment. 


We now detail specific questions to which the teacher should try to find 
answers, and many of which he 


J Most certainly will have had in mind when 
Planning that early work. Informal conversation with the children will 
provide much of the information required. 

Chapter 4 treats many of the sections below in greater detail. 
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2-41. Arithmetical attainment. 
(a) Notation and conception of numbers 

How well does the pupil appreciate the way in which large numbers are 
written? Can he readily break them into units, tens, etc. and vice-versa? 
Can he write five hundred and four correctly as 504 and not as 5004? 


(b) Number bonds and mental reckoning 

(i) Has the pupil confidence in using addition-subtraction bonds? 
Does he tend to add in ones (or to count on for subtraction) either 

_. in general or in higher decade addition, e.g. 28 +7 =35? 

(ii) Has the pupil some mechanical knowledge of the multiplication- 
division table? If so, does he use his tables readily in problem 
situations in which they are appropriate? If not, does he reach the 
result by group counting or by counting in ones? Does he know his 
group sequences, e.g. 4, 8, 12, 16, 20, etc.? Does he appreciate 
the relationship between multiplication and division? 


(c) Four rules in number 

At what stage is the pupil in learning the procedure of the four rules for 
numbers greater than ten? If procedures are known, does the pupil know 
when to use them? (b ii). It is probable that some measure of remedial 
treatment is required by many pupils in the rules themselves or in their use; 
e.g. there may be some who add 4 thirty-sevens rather than perform a 


multiplication. 


(d) Money, weights and measures ; 

(i) Has the pupil a practical acquaintance with money, weights and 
measures? If so, is he skilful in counting money and using instru- 
ments for weighing and measuring? 

Does he understand approximate measuring, e.g. to the nearest 
inch? Has he experience in estimating measures? : 

(ii) Can he deal by commonsense methods with small computations 
arising in his experience? Formal rules for written calculations are 
hardly of importance at this stage and much may be learned about 
a pupil’s powers of dealing with numbers, as in (a) and (b) above, 
by observing the flexibility with which he deals with situations in- 
volving money and measures. | 

(iii) Has he had a realistic introduction to larger measures such as the 
mile, or to any of the more difficult concepts such as area? 
(e) Notation of fractions ar Ps 
Has he learned to use the notation of fractions in familiar contexts, e.g. 
4 oz. =} 1b.? 
(f) Other arithmetical knowledge 
Does he know anything about decimals, averages, factors or speeds? 


(8) Vocabular : A te 
Has he an Zenia vocabulary for describing what he does in arith- 


es e.g. ‘To find the cost of four pounds at 94d. I multiplied 93d. by 
an 


_ 242. Spatial attainment. The spatial knowledge of the eleven year old 
is well worth more careful assessment than it generally receives. A child 
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of eleven has, of necessity, adjusted himself to his many spatial experiences, 
but without adult intervention his ideas would be lacking in precision and 
generality. Information should be sought on the following points: 
(a) Vocabulary 

What is the extent of his vocabulary for describing spatial properties and 
relationships? Does he understand the words he uses? Does he know the 
words for the spatial concepts he recognises, e.g. diagonally for the corner 
to corner way across a field? 
(b) Position and direction 

Does he understand the need for methods of fixing position, as for 
buried treasure, fire hydrant, position of ship? Does he know what is 
meant by direction and how it is described, e.g. by mariner’s compass? 
(c) Mensuration 


a he acquired any knowledge of area and volume and their measure- 
ment? 


(d) Draughtsmanship 


Has he any skill in draughtsmanship? It may still often be found that 


boys have been given more geometrical experience than girls, particularly 
in the use of drawing instruments. 


of ways: does he suggest using a diagram to clarify a roblem, or show 
initiative in collecting information? 7 j ane i 


ssessments of pupils in an entrant class 
are not enough; from them the teacher has to determine what he considers 
a body of attainment for his class as a whole, and which groups of pupils, 
in particular ways that special oppor- 
nged for them. 


No group or individual should 


sharing in the activities and interests of a clas i 
shar the activ t belongs, even 
if his contribution is a small one. (3-05 and 336) a AA 


CHAPTER 3 


THE PRACTICAL TOPIC AS A TEACHING 
METHOD FOR MATHEMATICS 


3-0. Functions of the Practical Topic in learning Mathematics. 

The freshness which a new context can give to mathematics teaching, 
whether or not the Mathematics itself is new to the pupil, has been exem- 
plified in chapter 2, which deals with the work of the entrant to the 
Secondary Modern School. 

We consider that at any stage in the Secondary Modern School the 
success of mathematics teaching depends not only on the careful considera- 
tion of the Mathematics itself but also on the context in which it is taught. 
The present chapter deals with the functions of appropriate practical ex- 
perience as part of mathematics teaching. 


_ 3-01. Firstly it is against a background of experience that mathematical 
ideas take shape and notations gain meaning. At advanced levels the 
experience may itself be mathematical but most of the work appropriate to 
the modern school pupil is closely related to his practical experience. His 
general ideas are derived from consideration of many particular instances 
and the mathematical notations he learns are the language in which these 
ideas are expressed. For example, the important notion of ratio is an idea 
derived from many instances of comparison of many kinds of comparable 
quantities, and finally of numbers themselves. 

We feel strongly that all pupils need actual experience and experiment 
again and again as they make advance in mathematical expression and 
procedure. Verbal description of a situation is not enough, and mere learn- 
ing of rules will fail to carry over into new contexts. 

Only the older abler pupils in Modern Schools are mature enough 
mathematically to pursue very far the study of Mathematics as an abstract 
system and even these benefit from frequent recourse to experience. 


3-02. Secondly, the phrase in popular usage ‘Applications of Mathe- 
matics’ focuses attention on another aspect of the link between Mathe- 
matics and experience. It suggests, not the foundations of mathematical 
thinking, but the putting into action of mathematical ideas and procedures 
already established, in solving problems with a realistic setting. 


3-03. Thirdly, there are many general topics which are best studied 
mathematically, or at least have many mathematical aspects. The econo- 
mics of every-day life is an outstanding instance of a subject of social im- 
Portance traditionally treated as part of the syllabus of arithmetic, and not 
otherwise included in the school curriculum. Air transport is a subject of 
interest to young people, but not a traditional part of any subject syllabus 
though it has contacts with History, Geography, Mathematics and Science. 
Both these topics, among others, Are discussèd in this chapter. 
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A practical topic which is included primarily for its own sake may also 
serve the functions described in 3-01 and 3-02; that is, it may be used as a 
source of new mathematical ideas, notations and procedures and as a 
field of application for those already established. 


3-04. In choosing topics for study the teacher must not only consider 
the pupils’ stage mathematically but also the maturity of their interests. 
Thus a consideration of the stamping of insurance cards is of interest to 
older pupils though arithmetically simple. Again the stamping of savings 
cards, and then changing them for certificates, is an activity for infants, but 
it is left to older pupils to deal with questions of interest on their savings 
and the appropriate tables for computing it. 


_3-05. The examples in the rest of this chapter are chosen to illustrate 
different types of practical topics and different ways of treating them as 
topics rather than to elaborate the paragraphs above. All the topics are 


presented as extending over a considerable period of time, but items from 
them might be used incidentally on occasion. 


The organisation of the work so that there may be actual experience and 

collection of data by pupils is also described in some typical instances. 
It is assumed that in using any practical topic as part of a mathematical 
ue regard to its opportunities for the mathe- 


3-1. The Economics 
importance. 


3-11. Topics of a financial kind are tr; 
arithmetic syllabus. Their practical as 
with by discussion only and as shortly 
to do the computational work of 


of Everyday Life ; an example of a topic of social 


y topics is basically simple; that is, 
e four rules applied to money. The 


c ey transactions. Even able children EN 
È : ractice th intance wit! 
details of practical procedure. {anen lack ofacgua 


3:12. Teachers who have faced the issues of i i 

: aS : | teaching money topics as an 
education for citizenship take pains to see that their oa knowledge of the 
Practical background is detailed and up-to-date, a very considerable task, 
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and then devise ways of managing classes of pupils so that they can master 
these details for themselves. This may involve duplicating mock forms, 
cheque books, savings books, tabulated material such as tables of interest 
or cost of motor vehicle licences, and so on, so that the pupil may have the 
necessary experience of dealing with the actual details of supposed trans- 
actions. Many of the better ways of managing classes for such activities 
depend on group and individual work with an element of dramatisation in 
it in which pupils are engaged on different jobs, some of them as it were as 
customers, and others behind the counter giving advice, cashing cheques, 
issuing licences etc. The difficulty of the jobs which individuals undertake 
va be varied by the numbers used and by the complexity of the situations 
volved. 


3:13. Some of the notions of finance, for example rateable value, are 
not easily understood even if numbers are kept simple. Rateable value is 
more likely to be appreciated if treated in relation to a particular building 
and the rates as part of the householder’s, or tradesman’s, yearly commit- 
ments. Consideration of public finance may bring the difficulty of large 
sums of money and the standard forms for comparing them, £29,500,000 
as £29-5m. or £2:95 x 107. Graphical representation of various kinds may 
be helpful in making comparisons and so on. 

Some of the problems of citizenship may be examined with quite simple 
Computation, others of necessity involve working beyond the less able. 
Forethought is essential; many well-meaning attempts to deal with the 
practical background fail because the number work proves unexpectedly 
heavy. The types of calculation which may be involved are discussed in 6:7. 
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3:14. The following notes may be helpful: 

(a) Shopping. The problems of the shopkeeper provide an advance in 
thought on those of the shopper commonly treated at the primary stage. 

Hire purchase is well worth examining both for its social and its mathe- 
matical implications. It forms a good introduction to the idea that when 
credit is given and payment is delayed, the length of time involved is of 
importance in determining the amount of the payment. Credit sales may 
also be discussed. 


(b) Post Office. The variety and intricacy of some of the transactions 
at the post office make this a practical project in itself with many aspects 
in advance of those treated at the primary stage. Savings bank deposits 
are a good particular example of payment of interest. The equivalence of 
23% and 6d. in the £ is useful numerically. Also 22% per annum is 4d. 
Per £1 per month. 

(c) Simple and compound interest. Many of the examples given in text- 
books are unrealistic. Simple interest is generally applicable to short 
Periods of time. Accumulation of a sum of money at compound interest 
is an important example of the more general problem of growth. 


(d) Profit per cent. Commercially profit is generally reckoned on takings 
or selling price. Many textbooks work profit on cost price because of 
theoretical implications. The subject could well be treated as one of the 


shopkeeper’s problems. 7 
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(e) Discount. There are various types, trade discount, discount for 
cash, for quick sale, etc. The rate of discount is often expressed in the form 
of so much in the pound rather than as a percentage. 


(f) Insurance. Again there are various types, personal insurance, pro- 
perty insurance, insurance against special risks such as a wet sports day, 
andsoon. The idea of chance is involved; this can be discussed though it 
cannot generally be treated quantitatively. Simple examples of chance 
and of sharing a risk can be devised e.g. a sixpenny insurance for a number 
of parcels each worth £1 makes it possible to replace 1 in 40. 


(g) Income tax. This is best treated by obtaining an official blank form 
from the local office and working out the various code numbers for a 
number of selected incomes and situations. Pupils are then sent to the 
nearest public reference library to consult the code tables. The time re- 
quired to gain competence in completin g sucha form with fictitious amounts 
is not justified and can be more usefully employed. It is, however, of 


inestimable value to spend time discussing the completion of the form and 
the various ramifications that arise from it. 


(h) Wage and time sheets. Sample sheets can be obtained from local 
firms and examples worked out. These usually include multiplication of 
small sums by numbers up to 48, fractional additions for overtime, piece 
Tates, etc., as well as deductions for National Insurance, P.A.Y.E. etc. 


Such work can be regarded as a project of limited duration, say for a week 
or 3 or 4 lessons. 


(i) Foreign exchange. This can be approached through planning a 
foreign holiday. It might also arise in discussing the services offered by a 
bank or from some comment in newspaper or broadcasting. 

(j) Additional possibilities. Banking and cheques; local and national 
finance; the fluctuations of a stock or share. Domestic expenses such as 
gas and electricity. The building or buying of a house. Furnishing, etc. 

3-15. We think it important that so far as possible the calculations 
involved in these studies should be in line with normal trade or professional 


practice; they might include for instance the use of ready reckoning de- 
vices such as: 


(1) Avery scales in shops, in which a weighing shows the total cost for 
a given set of prices per pound. The making of a paper scale for 


various prices is a useful exercise. Other cost and quantity tables 
may also be constructed. 


(2) Tables of costing in timber yards. 
(3) Post office tables for national savings. 
(4) Tables of insurance rates. 


Calculations with £ s. d. should be fitted to the situation, which should 
be a real one and should not be introduced simply for the sake of elaborate 
reckoning (6:7). For example, decimalisation of £ s. d. is appropriate to 
a limited range of calculations. It is useful when dealing with percentages 
because of the division by 100, and the ease of obtaining an approximation 
to the shillings and pence. Percentage as a form of expression has a much 
wider context than that afforded by the economics of everyday life. 


F, 
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3-2. The Use of Environment ; rural examples. 

The school’s environment, whether in town or country, is always one 
factor in designing suitable courses of work. Sometimes the nature of the 
neighbourhood is so well-defined that it clearly determines the mathe- 
matical opportunities and the general knowledge and trends of interest of 
pupils. For example in a town there may be some dominating industry; 
or the town may be a port in which not only do port activities provide 
work for the adults of many families, but there is an outgoing of interest to 
countries overseas with their differing customs, climates, coinage, etc. In 
towns generally, however, the environmental interests are complex and 
many are too adult for school use. 


3:21. The rural school. The school in rural surroundings is, therefore, 
chosen to exemplify the use of environmental opportunity. In such a 
school the Headmaster often solves a problem in the field of method, 
which arises from his desire to make the school a place where the pupil 
will react with his whole personality, by closely integrating its work with 
the life of the rural community. Such a Headmaster would for example 
view the local survey not as an end in itself but as a means of teaching. 
He might go further than this and constantly seek through the life and cir- 
Soe of the village the right ‘hooks’ on which to hang his curri- 
culum. 


3:211. For teachers of Mathematics it is easy to find applications of 
number, space and time in the rural environment. The concepts them- 
selves and the language, verbal and symbolic, in which they are described 
will gain in depth and precision through use in well-understood circum- 
stances. Some of the work will exercise only skills already mastered; it 
may for instance be based on actual figures from some friendly farm of costs 
and quantities of feeding stuffs, milk yields, and so on. These statistics 
may give material for orderly and graphical statements, and for purposeful 
straightforward calculations. The pitfall of calculation for its own sake 
will be avoided if there is a spirit of real enquiry and an informed interest 
in what is good farming practice. make à i 

When the atmosphere of the school is stimulating and encouraging, 
More and more interesting questions crop Up- Consider for example: 

‘How many anemones are in this field? What are they worth? How are 
h one marketed?’ Pijin dhe paristi?? 

ich i in the ? eo 
How. poets fully pera elm eal does its height depend on the soil? 
“What are the commonest weeds in the school field? 


In most cases answers can be found in more than one way : always the 
Problem can be tackled first hand. Such an approach throws up problems 
of measuring, counting, computing, sampling, and the representation of 
elementary statistical analysis. The Mathematics used may involve little 
more than the four rules, averaging and pricing, all with suitable approxi- 
mations, and scale drawing. Nevertheless, these first hand experiences will 
have great value if used to the full, The processes may be carried out in 
that atmosphere of enquiry and discussion which is natural to a truly 


4 


a3 
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practical approach. Because the events are real, it is easier for pupils to 
describe them. The linear measurements are directly made, thus forging a 
link between spatial and numerical perceptions; this is a vital fact upon 
which more advanced mathematical conceptions depend. Moreover, as 
the pupils select their own units, whether they use the traditional ones or 
not, these must be significant and appropriate to the situation ; the degree 
of accuracy in the calculated result will be determined by their measure- 
ments. A computation may be shortened, or made in round numbers, 
but should in itself be completely accurate (6-27, 6-84, 6°85). 


trasting shapes for fields of about the same acreage, and such examples 


help to illustrate the point. Examples may be available in field and garden 
to reinforce the work of the classroom (6-522), 


are often to be found in the countryside, for example a “square of 


areas, weights, 
. t x s’ and girls’ own 
estimates or laborious measurements. The way in which estimates are 


that an easily comparable value is ready to mind, or the complex shape of a 
haystack may be so familiar that it can be thought of as a whole, 


3-22. Fieldwork. Perhaps the most satisfying aspect of Practical 
Mathematics is for the child to see or produce evidence of something 
achieved. The planning of a piece of fieldwork, the collection of data and 


3:221. A problem of distribution. Although the following investigation 
was not performed by boys and girls it is given as typical of a practical 


activity within their capabilities. Its general method might be applied to 
other natural distributions, 
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Information was required about the distribution of shells of various 
Spes on a shelving rock beach. Two parallel strings, 20 feet apart, were 
paced the length of the beach from the top down to low water level. The 
strings were graduated every 10 feet and the area of beach thus divided 
ate strips, 20 feet wide and 10 feet deep. Ten wire frames, each one foot 
ae were thrown at random on to each strip in turn, and a count made 
ae : se panes which contained specified molluscs. In this way, 
out the lengths tse Boe, ranging from 0 to 10, for each strip through- 


Percentage Saturation 
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=a — -#.W. NEAPS 

= o - -MEAN TIDE 

e = -L.W. NEARS 
- =- — —L.W SPRINGS 

Fiat Grey 
Distribution of Topshells 
Percentage Saturation 
= 100 o 100 

S as _ H.W. SPRINGS 

oe _ H.W. NEAPS 

100’ 
ae — -MEAN TIDE 
150° 

2004) — a — -L.W.NEAPS 

2505 _ _ — —L.W. SPRINGS 
Common Flat 
Distribution of Periwinkles 
DIAGRAM 3. 


Eor the purpose of this illustration comparison has been made in the 
lagrams above between two types of topshell and two types of 
Periwinkle found on this stretch of beach, but additional interest was given 
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to the results by the fact that a third type of topshell and a third type of 
periwinkle were found in small numbers, the first at or below low water 
and the second in the splash area at or above high tide level. 

The frequency diagrams (Diagram 3) have for purposes of comparison 
been placed on either side of a line showing distance up the beach, instead 
of side by side with this line drawn across the page separately for each 
kind of shell as is more usual when comparison is not involved. 

The scores, from which the above diagrams were constructed, were given 
for every 10f eet down the beach, but in the diagram, the results have been 
grouped every 30 feet. The decision to Te-group is an arbitrary one, and 
is governed by many factors. Perhaps the following table, in which the 
scores have been grouped in intervals of 10, 20, 30, 40, 50 and 60 feet will 
bring out some of these factors. 


Distance SCORES (flat topshells) 
down 
shore (feet) 10s 20s 30s 40s 50s 60s 
0 H. W. SPRINGS 
10------ 0 Lt 2 ©. Oe, Meee eee 
20 1 11 21 
30 10 20 29 37 


16 26 H. W. NEAPS 
330 ween nee n nnn 


26 44 
19 54 


8 
8 
8 
9 
9 
10 37 
: 18 28 
MEAN T. 
10 20 48 spas beatae = 
150 10 0 a ji 
2 8 
10 3 
: 18 238 
28 3 
; 8 
4 
2 
2 
1 
0 
0 


4 15 


The groupings in intervals of 10 and 20 feet contain fluctuations which 
might be genuine, but are more likely to be the result of the sampling method 
used, and the small numbers involved. The groupings in intervals of 50 
and 60 feet would appear to have reduced the number of intervals too 
much to be of much value, and the choice of interval would appear to be 
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between the remaining two shown. The decision on size of interval for 
such a distribution should be the result of much useful discussion. 

Once the information obtained in the experiment has been reduced to 
the most useful diagrammatic form, the interpretation of the diagrams 
presents more opportunity for discussion. Study of the above diagrams, 
tor example, would give rise to several conclusions, of which a few might 


(a) Topshells are more plentiful than periwinkles on this beach. 

(b) Flat topshells are distributed throughout the whole beach and 
probably not below low water spring level. 

(c) Grey topshells do not appear to reach beyond the mean tide level, 
and probably exist below low water spring level to a similar extent. 

(d) Flat periwinkles tend to be somewhat lower on the beach than 
common ones. 


Another source of discussion, and possibly of comparative experiment, 
might be the method of sampling used. It might have been possible to 
score by counting all the shells of a species found in each of the random 
castings of the wire frames, or to have distributed the frames according to 
a pre-arranged pattern instead of by chance. Again more frames could 

ave been used with or without significant differences in the conclusions 


drawn from the distributions. 


3:222. To estimate the flow, say in gallons per minute, of a local river. A 
Solution will call for the concept that: 


(Volume flowing in a given time) =(area of cross-section of river) x 
(length occupied by water passing in that time.) 


The pupils will examine the site, discuss the problem, and decide what 
Measurements are necessary and how they can be made. There may be, 
Or instance, a bridge across a typical section of the river. From it, depths 
could be sounded at, say, one foot intervals, and the irregular section 
Plotted to scale, on squared paper, and its area computed. Then the average 
tate of flow could be determined by timing objects floating over a fixed 
Measured distance, using a stop watch. There will inevitably arise dis- 
Cussions as to possible refinements: for example, as to drag, whether to 
neglect any markedly differing time reading, and so on. Such discussion 
can be most profitable: at the very least pupils should never believe that 
the flow is known; but they should feel satisfied that a reasonable estimate 
has been made. There will be difficulties in the final computations, and 
much careful consideration of units. When found, the flow can be re- 
lated to the water needed daily by the community. This may call for further 
investigations; it will certainly involve fresh demands on the concept, of 
Conservation applied to the flowing water. This experiment has been tried 
and it has been extended by taking samples at more than one point in the 
Same river and so comparing rates of flow from different sets of data. 
3:223. The examples described in the last paragraphs are only two from 
the very rich field offered by arural environment. Opportunities for com- 
bining Mathematics with investigations of biological and geographical 


interest are particularly plentiful in a country school. 
c 
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3-3. Topics of Contemporary Importance and Interest. 


Young people are keenly interested in the world around them and man’s 
inventions and discoveries. Many of these have technical and quantitative 
aspects, which call for mathematical description. From among these we 
have selected air transport with which to illustrate the kind of mathematical 
opportunity arising from such a topical study. 

In this section we show mainly in tabular form the sort of organisation 
of material which might be made, and later discuss the way in which a class 
might work on it. The range of ideas and applications arising from move- 
ment through the air, which is three-dimensional, is wider and much 
richer in human interest, content and significance than can be found in 
most traditional school Mathematics. The topic of air navigation is 
treated more technically in 7-2. 


3:31. The following suggestions of the possibilities of this topic vary 
greatly in difficulty ;_ which of them can be used with any particular class 
must depend on the interest and knowledge of the teacher, and the oppor- 
tunities for the pupil to see aircraft and collect data about air travel. 
Pupils who are interested will themselves seek information outside the 
school, but at least a nucleus must be readily available when the study 
begins. The pupils themselves will suggest many of the lines on which 


it should be pursued and there is room for individual and group diver- 
genes, 


Air Travel as a Practical Topic 


(a) Social and Personal Aspects Mathematical Opportunities 
Social and Personal Aspects Mathematical Opportunities 
Journeys timetables - Distances. , ; 

24 hour clock, local times, time for a 
journey. 
Accessibility of airfield. 
cost - - Fares, comparison with other means 
of travel. 


Foreign currency. ; 
luggage - Weight allowed, estimate of items 
; A to fill a suitcase, sportsgear. 
Freight regulations - - - Problems of size and weight, fuel 
Accident rates - - . _ a ee load. 
(2) Historical Aspects 


(Development of air transport) 


Types of plane, ‘spotting’- `- Spatial appreciation, vocabulary for 


description (bi-plane, monoplane, 
elicopter, sweep back, dihedral 
angle etc.), 
Reading plans of structures, model- 
mal 


g. 
Balloons, airships, ‘Heavier than 
air’. 
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Propulsion 
and speed changes-  - - Speed in general (an important di- 
gression). 
Statistics and graphs of speeds 
attained, of heights attained. 
‘Faster than sound’. 
‘How long would it take a jet to 
cross the playground, to fly 
U round the earth? ete.” 
se of Transport - - - Graphs to show changes in mileage, 
F freights, etc. 
uture Development - - - Possibilities of rockets and space 
travel. 
(c) Geographical and Geometrical Aspects. (7:2.) 
Routes and Maps - -  - Distortion of global distances on a 
plane map. 


Lengths of journey on a globe. 
Rhumb lines and great circle bear- 
ings. 
- - Distances between ports, refuelling. 

Length of runways. 

- Representation of vector quantities, 
(displacements, velocities, etc.). 

Allowing for wind speed. 

Determining position, dead reckon- 
ing, checking by position lines. 

Pilot’s log of flight. 

Gliding. 

Language; bearing, backbearing, 
course, vertical, angle of attack, 
angle of glide, angle of climb, etc. 

- Time in relation to longitude. 

Zones of time. 

- Weather data with graphical repre- 
sentation. 

Visibility scale, Beaufort scale. 


Placing of Airports - 


Navigation - - - 


Time z 3 r = 


Weather - > = š 


(d) Mechanical and Scientific Aspects 
- Reading instruments. 


Miscellaneous - - - R A 
evs. per second. 
Movements of under-carriage. | 
Engines = - - - = Horse power, comparisons with 


land travel. 

.  - Air pressure at different heights, air 
conditioning. 

- Superficial area, retardation etc. 


Pressures, etc. - = 


Parachutes e 2 - 
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3-32. The classification above is only intended to help the teacher and 
is somewhat arbitrary. Many of the suggestions might have been included 
under more than one heading; the list is far from exhaustive. It is in fact 
the sort of list a teacher should make for himself when his class is embarking 


on a practical topic, whether he is the only member of staff concerned, or 
one of a team. 


3:321. If possible the pupils should suggest what they would like to find 
out about air travel, and they should do this freely without being limited 
to the mathematical or other aspects. The teacher, with the help of the 
class if possible, should group the enquiries in some way and let each pupil 
join a particular group, and work with that group until he has definitely 
achieved something in it: made a map, collected some statistics, acquired 
some knowledge which he can pass on, reached a point where new lines 
of enquiry are opening up, etc. 

For example, one 


3:322. Each group should know where books likely to help them are to 
be found. It may be well to apportion some of the general books to each 
group to begin with, as well as to move the classroom furniture into blocks 
So that each group works in a well-defined space, in which it keeps all its 
i supplies of paper, instruments, etc. It is not necessary 
that all members ofa group should do the same work, or that the compos- 
ition of groups should be unchanged throughout the time the topic is being 
n on group lines enables the teacher to supervise the 
ount of movement necessary in fetching things, and 
Vailable reference books, etc. 


3:323. As he moves from group to group the teacher will find that he has 
to add to his list of mathematical opportunities, and that he and the pupils 
have to meet and solve new and unforeseen problems. Members of a 
group and individuals should be able to explain what has been done and 
found out, and to Pose their own questions. At the end of the topic, or at 
intervals during its progress, some form of open discussion or display 
Should be used to assemble the work of the various groups and show what 
the work of the class as a whole has been. 


3:324. It may also be desirable to devise some record of progress such 
asa tabulated sheet on which each pupil ticks off or records a note of each 
small ‘job’ which he contributes to the whole. Such a record might include 


the unofficial homework to which a topic of this sort gives rise and infor- 
mation brought in from outside. 
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3:325. If the need fi i i 
tao ‘or a new mathematical technique arises, e.g. dis- 
oe i eo be measured along great or small circles of a sphere, it will e well 
Biers r at pp aoue pupil, or 7 group, as much as is needed for the 
5 ; er to take up the question with the cla 
either apart from or as arising out of the topic. ane 


3-4, * 
ae oo of argent to other Subjects of the Curriculum. 
llig: arts of other subjects of the school curriculum which are 
Se widened if studied mathematically, but their place in the 
SLE T etermined by consultation, between members of the staff, 
On the it gee to the pupils’ progress in one subject only. Our views 
subjects be co-operation desirable with members of staff teaching allied 
ares ca par icularly Science, Handicraft and Geography will be found in 
7:214, a see 3-223, 3-31 and 3-51 in this chapter and 5:321, 5:331, 
__ We give below some detai i i i 
i me details of work suitable for pupils studying Garden- 
TEN ol ar in school. If both these subjects kre ker i the same 
croppin Sin T separate classes for boys and girls, it should be noted that 
tS traina t E garden, its timing, quality and quantity, is of importance 
parable a ousecraft ; that work in mixtures and soil analysis is com- 
the tae that on recipes in cooking and solutions for house-cleaning ; 
itt decora 5 of rows in a plot is somewhat similar to problems which occur 
would be ive crafts. But if the mathematical work is taken together it 
tevand ea for the girls to take a real part, if a small one, in the garden- 
ris i or the boys to do some housecraft, or be otherwise interested in 
tk suggested under that heading. 


mak Mathematics and the school garden. Work in the school garden 
ete, eet variety of experience of using numbers, measures, diagrams, 
tunity fo the gardening includes organised experiment it will give oppor- 
Statistics. rine in precision in measurement and careful recording of 
actual ae rhe numerical examples included below are drawn from some 
syllabus periments performed in schools. They do not in any way forma 
taken in Most of them depend for their occurrence on the work under- 
show ‘he the gardening course and they are only given 1n tabular form to 
tional cee of opportunity and the inclusion of measures of a conven- 
or Saa unconventional kind. The work on, say, weather or surveying 
beyond entage analysis might be developed in the mathematics course 
the immediate needs of the gardening. 


ent techniques of counting 


Nu 
mbers, (a) Counts and effici 
100 or 200 seeds for plant- 


e.g. 250 peas, Or 
ing. 
(b) The four rules : 
e.g. (i) 20 tons per acte is x lb. per plot of 
24 sq. yd. s 
(ii) adding simple fractions of 1 Ib. in 


cropping totals 
e.g. 44 +6% +92 +73 
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Measures. Lengths. 


Areas. 


Volumes and weights. 


Time 


Weather, etc. 


Geometry, 


Percentages. 


Depths of soil and of planting; heights of 
plants; distance apart of rows, of plants ; 
lengths of drills; dimensions of plot with 
suitable placing of rows, e.g. the dimensions 
of each of a series of plots having 3 rows, 
30 in. apart taking 24 potatoes 16 in. apart, 
and allowing 16 in. at each end of a row. 

Areas of plots. : 

Unit surface area as a measure in using ferti- 
lisers etc., and in taking equal volumes of soil. 

Riddle mesh in sorting potatoes (see weight). 

Generally in connection with fertilisers or 
cropping, a great variety of practical measures 
may be used such as 
(i) 3 good barrow loads. 

(ii) 20 tons per acre is 9-2 lb. per square yard. 

(iii) 1 fork-full of manure (12 inch fork) per 

yard of drill. 

(iv) ł pailful per square yard. 

(v) 2 oz. per square yard, or per yard of drill. 

(vi) 4 teaspoonful per plant. 

(vii) 4 gallon of creosote. 

(viii) 1 ounce will sow 150 feet. 

(ix) Both count and weigh 250 peas for sowing. 

(x) Classifying seed potatoes by weight into 
classes, (14 to 2) ounces, (2% to 3) ounces, 
(3% to 4) ounces. 

(xi) Classifying potato crop by weight (and 
size by riddle) into ‘eating potatoes’, 
‘wares’, ‘seed potatoes’, (14 to 3) ounces 
“pig potatoes’, ‘chats’. 

Dates recorded of planting, germination, crop- 
ping, etc. Days between dates, 

Records of temperature, rainfall, drought, wind 
directions. 

Position of garden, height above sea level, slope 

and aspect. 

Survey of garden, including slope. 

Planning a rectangular plot. 

Marking a drill in a straight line. 

Direction of wind, of drill etc. 

Results may be given as percentages, e.g. ger- 
mination per 100 seeds sown. 

Soil analysis, percentage of clay, of sand, etc. 

Pest control, e.g. 4 teaspoopil of 4% calomel 

dust per plant. í 


_ This list is suggestive, but of course not exhaustive of the mathematical 
implications and opportunities of gardening work. If experimental work 
is undertaken problems of sampling and recording statistics will also occur. 
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3-42. Mathematics and Housecraft. Housecraft involves a great varie 
of activities which call for careful planning or which are sedon E 
principles. The list below of experiences using numbers, measures, etc. 
is again not a syllabus but an analysis of the kind of numerical and spatial 
vork which might occur in a housecraft course. The value of this as 

athematics depends to a large extent on the practical studies which are 
going on concurrently. There are, however, some which might find their 
practical background in boys’ and girls’ own home experiences and sup- 
p'ementary information required can be brought to the ordinary class- 
room, For instance in dealing with home furnishing and decoration, 

xpert advice may be needed on questions of quality, taste and craftsman- 
ship but costs and quantities can be dealt with as a part of arithmetic 
provided the necessary measurements can be taken. 
i In 3-421 the subject of nutrition, essentially a technical housecraft study, 
oe out at some length to show how its study might depend on co-opera- 
E n with Mathematics. In 3-422 some notes are supplied of a study with a 
gomely background undertaken mainly in the Mathematics classroom. 
ome of the general opportunities for using numbers and measures are 
set out below. 


Numbers. Counts in stocktaking. 
Four rules . . . wide range of use in measuring and 
costing, e.g. length of carpet required for 14 
stairs and small landing 3% feet long if treads are 
L 104 in. and risers 5% in. 
engths and areas. Widths of materials (36”, 54", 27", 32"), of lino etc. 
Placing patterns; measures in dressmaking. 
Idea of area from dusting, scrubbing, ironing, etc. 
Shelf area, and capacity of oven or refrigerator in 
Wei terms of shelf area and height. 
eight, capacity and Gallons in washtubs, etc. pints in kettles, etc. 
density, Weights of different substances per spoonful. 
Weights of different substances per cupful. 
Size of packet containing 1 Ib. different goods. 


Standard cans Average net wt. Capacity in cups. 
11 oz. 1} 


e.g. No. 1 
No. 3 33 oz. 4 
No. 5 3 1b. 8 oz. T 
No. 7 6 lb. 10 oz. 13 


Quantities for class or school meal from data below. 
Soup 4 pint per head for main course. 
4 pint per head as introductory course. 
é Flour 14 oz. per head for puddings or pastries. 
~ Potatoes 6-8 0z. per head uncooked. 
Green vegetable 4 oz. per head. 
3 to 4 pint milk pudding per head. 3 
Sausages (6 to 8 to the pound), or meat according 
to cost, at a chosen cost per head. 
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Time. Times for cooking; when to light oven if allowing 
20 min. to the pound. 
Time to boil the kettle, cost of cooking, etc. 
Temperature. Oven thermometers and gauges. g F 
Degrees Fahrenheit to Centigrade and vice versa in 
connection with certain recipes for candy and fruit 
preservation. 
Pressure cooker. 
Geometry. Packing a cupboard, shapes and area. P f 
Dressmaking, layouts, cut on the cross (diagonal o 
square framework), adaptations. 
Planning kitchen, economy of movement. d 
Ratio, percentage Adapting recipes to size of family, patterns to size 
proportion. in dressmaking, etc. 


Cleaning and stiffening solutions, e.g. dilute in ratio 
1 to 3. 


Use of water softening agents. A 
Money. Costs of meals, furnishings, decoration, heating 
(including allowing for cooking costs or heating, 
drying and ironing in laundry). A 
Relative cost of bought and home-made articles. 
Gas and electricity accounts. 


Many of the aboye ideas may be approached through short projects 
covering some aspect of the running of a household and the economics 0 
everyday life. 


3:421. The study of nutrition involves some difficult ideas; it is the 
business of the housecraft teachers to 


able to profit from them. The comp 


values of different foodstuffs and the calorie expenditure in different acti- 
vities are given in standard tables e.g. 


100 cal. from 12 oz of White bread (or ice cream) 
or 4:23 oz. of Potatoes 
or 4 pint of milk 
: or 1% eggs. 
Walking at 4 m.p.h. uses 3-4 cal, per kg. per hour. 
_ at 3 m.p.h. uses 2-0 cal. per kg. per hour. 
Running uses 7-0 cal. per kg. per hour. 
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From such data examples might be worked out of expenditure of energy 
and its replacement. 

Problems from the study of nutrition can be carried a stage further into 
the working out of a balanced diet which will supply not only the required 
number of calories but the requisite food constituents, vitamins, etc. 
When the pupils have become familiar with the function of different foods 
which are rich in proteins, carbohydrates etc. interesting experiments can 
be made in drawing up menus supplying the requisite quantities of each 
element. For this the use of tables of analysis of common foodstuffs is 
Necessary. The tables generally show protein etc. as percentages. 

The problem can again be carried further if a maximum daily or weekly 
food budget is suggested. 

Although it is unlikely that a housewife would make such calculations in 
Planning the food for her family, to study the problem numerically is 
likely to emphasise the kinds of consideration which are important. In 
particular a girl will realise that bulk is not a measure of food value and 
that the cheaper carbohydrate foods have to be combined with the protein 
and vitamin-rich foods which judged by bulk or weight are highly priced. 


3-422. Boys and girls can study some topics connected with an ordinary 
household in the mathematics classroom with only occasional reference to 
the housecraft expert. Such topics might be suggested by the boys and 
girls themselves but could perhaps include making lists of the household 
tasks of mother and daughter, father and son. The lists would overlap 
in some respects. From them might be chosen a study of, say, lighting and 
heating in the home. Advice might then have to be sought from both 
Science and housecraft departments. Amongst points dealt with within 
Such a topic would be: 


Electricity, gas and coal bills. D 

The units used in measuring gas and electricity. 

Reading meters (with class models of meter dials). | } 

The electricity (or gas) used for different jobs ; boiling a kettle, cooking 
a cake, doing the laundry. Discussion of how to measure this, with 


actual experiment outside the classroom in the home or housecraft 
room. 


3:5. Vocational Interests. r FY ‘ 
. Towards the end of the school course when pupils are beginning to think 
1n terms of obtaining employment vocational interests may play an increas- 
Ing part in gaining their co-operation ‘and effort in mastering mathematical 


ide: A 
Sues din a school will largely depend on 


i r an agricultural one, or a town with 


fiero oan be linked tip Wi i be done in the Asso- 


i Jieges, but it is important that the 
ar one trade course, but should 
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make its pupils aware that the Mathematics they study has a variety of 
applications and uses. 


3-501. For instance both boys and girls can be interested in work with a 
mechanical bias, such as the gearing and mechanisms of simple machines: 
the bicycle, the sewing machine, the washing machine, accounting machines, 
looms, pulley and tackle. One or more such machines can be examined or 
even taken to pieces in the classroom and form the basis of mathematical 
study for a period of time (7:4). 

Quantities too can be studied; the count of yarns in a textile area, the 
reams of paper for a printing works, tare of wagons, head of water at a dam, 
measurement of brick-work, area and frontage of a building site, etc. All 
these are adult uses of measurement which can be of interest to the pupil 
looking forward to entering the adult world, but he should meet them in a 
real situation, such as a visit to the factory or the dam or the building site, 
and only afterwards make calculations or do other work in connection 
with them. Teachers will find that when pupils are taken on a school 
visit very few of them will notice such mathematical details unless they are 
helped to do so, but that they can be interested in this aspect if there is an 
adequate follow-up, and books with similar data are available. This 
provision of books is a difficulty; mere arithmetic text-books with invented 
examples do not really meet the case, and the teacher needs to collect 
trade pamphlets and to use annual publications as reference books. 

The use of graphical records, and of automatic measurements on a dial, 


or otherwise, provide other mathematical opportunities of a vocational 
nature. 


3-502. Sometimes a whole form is preparing for the same or a similar 
vocation, e.g., there is a commercial form, or a pre-nursing form. In such 
cases the vocational interest may play a large part in the planning of the 
course, but it should be borne in mind that a school is not only training 
its girls as clerks and nurses, but also as potential housewives, as prospec- 
tive citizens, and as women with hobbies and leisure time pursuits, and that 
mathematical applications can be found, and will indeed be required in all 
these spheres, so that the course planned should not be narrowly voca- 


tional. Similarly boys must also be educated as fathers and citizens as 
well as wage earners. 


3-503. Older boys and girls may well undertake the study of topics 
individually, or in twos and threes; it is not necessary that all members of 
a class should be engaged on the same topic. If pupils have become accus- 
tomed to working in groups on different parts of a class topic, and to 
searching out information from books and other sources, they will respond 
readily to the idea of choosing a topic, each for himself, and working at it 
section by section so as to present the work in some finished form. As 
with the group work the teacher should supervise and assist all and should 
devise some system of recording progress, for example an entry made of 
the name of a book consulted, a map drawn, a page of statistics completed 
etc.; he must also be ready to advise where information should be sought 
or material for study can be found; often he can suggest improvements in 
the way the material is being used and point out new lines of enquiry into 
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its implications; he can also influence the form in which the results are 
presented. 


3-504. The Mathematics of many vocational studies will be found 
under other headings. We add below some suggestions for the pre- 
nursing course based on enquiries made at a training hospital as to what 
knowledge was likely to be useful to the student-nurse. 


3-51. Mathematics and Nursing. The syllabus of Mathematics for pre- 
nursing courses differs very little in its basic requirements from any normal 
course of arithmetic for a pupil of average ability, though some bias would 
be desirable in the final year of a four-year course. Particular stress is 
laid by the hospitals on mental calculations, the ability to measure accu- 
rately, and a good working knowledge of the metric system. The syllabus 
must include mensuration, the units used in pharmacy, simple proportion, 
percentages and graphs; it is important to know the kinds of calculation 
that a nurse may have to carry out in connection with her job as she must 
be equipped to do these speedily and accurately. 

The Mathematics suitable for this course is essentially of a practical 
nature, and opportunity must be given for plenty of practice, particularly 
in measuring. The link between the Physics and the Mathematics is here 
especially strong, and if some of the mathematics lessons can take place 
in the science laboratory so much the better (5-331, 7-4). Failing this 
thermometers, weights and measures and other equipment should be 
available in the classroom. Probably here more than anywhere else in the 
school, it is the experience of handling weights and measures which is 
valuable, rather than merely calculating, although of course this must not 
be neglected. 

The suggestions below adapted to nursing and suitable for Modern 
Schools are set out under mathematical headings. 


3-511. Fractions. A thorough understanding of fractions is necessary, 
and to this end problems necessitating drawing, paper cutting and paper 
folding should be used to the full. Particular reference should be made toa 
fraction of a fraction e.g. } of 4- This is necessary when it is desired to give 
$ gr. of a particular drug and the tablets are only available in} gr. The 
difference between 4 of 4, and twice 4 cannot be too firmly stressed. Re- 
vision of the four rules is necessary for future calculations. A topic. of 
interest which largely depends on fractions and decimals, is the working 
Out of a diet sheet. Here the calorific value of food is given in the follow- 
ing way: 1% ozs. of stewed beef yields 100 cal., or 1 gramme of protein 
gives 4-1 calories (3-421). 


3-512. Decimals and Metric System. A detailed knowledge of the metric 
; tive nurse, and since this depends 


System is indispensable for the prospec rse, a epen 
entirely on the decimal the two are inseparable in this context. Familiarity 
with the metric system should be acquired by practical handling of the 
metre, litre, gramme etc. (5:331, 6.812). A collection might here be made 
Of household labels which bear a double weight or measure e.g. 8 oz. or 

7 grm. on a biscuit tin. Acquaintance with phrases such as ‘+5 mg. 1n 
5 ml.’ is also useful. The importance of accuracy in measurement should 
be stressed in this part of the work, and answers should be given ‘correct 
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to one place of decimals’, or to whatever number of significant figures the 
data allow (6-84). In particular, small units should be used. Finding 
area and volume in metric units is important and the connection between 
the metre, litre and gramme should be emphasised both by actual demon- 
strations, and a detailed study of its history. 1 cubic centimetre and 1 
millilitre are two names for the same capacity or volume. This can be 
verified by filling a hollow cubic centimetre with sand, and tipping it into 
a measuring jar marked in millilitres. Syringes are now marked in milli- 
litres, but were formerly marked in cubic centimetres; both are in use at 
the present time. The volume of various vessels, such as medicine glasses 
as well as the more common household utensils, may also be found by 
filling with sand. 


3-513. Tables. 


Apothecaries’ Weights 
20 grains =1 scruple 
3 scruples =1 drachm 
8 drachms=1 ounce 
12 ounces =1 pound 
The small weights of this table are used in mixing medicines, but the pounds 
and ounces are not much used. When drugs are being bought Avoir- 


dupois weights are used; the Avoirdupois pounds and ounces are larger 
than those in the scale of Apothecaries’ weights, 


1 pound Apothecaries = 5760 grains. 1 pound Avoirdupois =7000 grains, 
Apothecaries’ Fluid Measure 


60 minims =1 fluid drachm 1 drachm =1 teaspoonful 
8 drachms =1 fluid ounce 2 drachms =1 dessertspoonful 
20 fluid ounces =1 pint 4 drachms =1 tablespoonful 
8 pints =1 gallon 2 ounces =1 wineglassful 


Details such as the above may be found in refere 


j J 1 nce books, but teachers 
should check for themselves which units are in common use, and how they 
are used. 


l be necessary here, but some 
revision must be done and the meaning of such phrases as a 5% solution 
should be understood. It will also be necessary to interpret the percen- 
tages which occur in Public Health Statistics. 


3:515. Ratio. The nurse’s main use 
of solutions and lotions when she wi 


, Starches and disinfectants. The strength of a solution 
can be demonstrated by the use of ink, and the fact that 1 in 10 is stronger 
that 1 in 15 can very quickly be seen. 


3:516. Graphs. Graphical work will assist in most topics in this course, 
but from the hospital’s Point of vi 


t t ) ew the most important aspect is the 
interpretation and the plotting of a temperature chart. Conversion graphs 
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converting degrees Centigrade to degrees Fahrenheit, yards to metres, 
Kilograms to pounds etc. should be understood and used. Graphs may 
also be drawn to show the average growth of a child. Graphs of popu- 
lation and health statistics will probably be used in the course. 


3-517. Use of Formulae. Some work on the use of simple mathematical 
formulae is essential since the nurse in training is presented with several 
involved formulae which she is expected to be able to use. In school, 
formulae for the surface area and volume of some of the regular solids 
might be found, together with the formula for converting degrees Centigrade 
to Fahrenheit etc. (6-313, 6-316, 6-317, 6-35). 


_ 3-518. Other items which may find a place in the course if time permits 
include: 


(a) Cubic capacity of domestic rooms, classrooms and wards; com- 

parison with Public Health requirements. 

(b) The mechanics of pulleys and levers. 

(c) Density and specific gravity. 

(d) Archimedes’ principle. 

Since all the work is directed towards a particular end, it is probably 

unnecessary to introduce extraneous topics. However one which could 
be used is detailed below. 
A day in the life of a toddler. (a) Child’s timetable, showing the time de- 
Voted to sleeping, playing, etc. (b) Calorific contents of meals. (c) Pro- 
portions required for making milk drink and orange juice; the problem 
of dilution also occurs in preparing antiseptic for washing. (d) Visit to 
clinic; collect information regarding height and weight of toddlers ; 
Present in graphical form. 


3-6. Conclusion. 

In this chapter we have dealt under a number of separate headings with 
the learning of Mathematics through the study of real situations which 
interest the pupils not primarily because of their mathematical content. 

e feel strongly that the teaching of Mathematics has often failed just 
because the teacher’s interest or judgment has been allowed to dominate, 
and we plead that much more effort should be devoted to leading the pupil 
to an interest in Mathematics through his other interests. „That is why this 
chapter has been placed where it is. Further topics which are more ob- 
viously and closely related to Mathematics will be found in chapter 7. 

Mathematics teachers will need to include in their reading many books 
not usually to be found on the mathematics shelves of a library. 


CHAPTER 4 


REVISION AND REMEDIAL WORK 


4:0. The Differing Functions of Revision and Remedial Work. 


Revision by planned practice and by making new uses of mathematical 
procedures which have been learned is an accepted part of teaching method 
in Mathematics. We think however that it may be helpful to teachers to 
draw a distinction between this normal process of recapitulation and a type 
of treatment which may be needed by many modern school pupils which 
we call remedial treatment. 

Revision is for matter more or less recently broached but not yet mas- 
tered. Remedy is required when matter far behind the apparent growing 
point of knowledge has been imperfectly assimilated or even missed out 
altogether. Gaps in knowledge form a class by themselves, but as a 


source of misunderstanding they are conveniently considered with remedial 
treatment. 


4-01. We consider it most important that teachers in Secondary Schools 
should avoid the acceptance of any particular body of knowledge as 
“primary school work’ and therefore necessarily only the subject of re- 
vision or remedial treatment. Chapter 2 deals with the diagnosis of 
attainment, which will have to be accepted at many levels. 


4:02. No harm is done if revision is approached remedially provided 
work when mastered is not unduly 1 i 


4:1. The Twofold Nature of Remedial Treatment, 


Remedial treatment involves a twofold analysis. The teacher must 
analyse the mathematical Subject matter so as to appreciate its content 
and its stages, but it is also essential that he should find out the individual 
pupil’s sources of difficulty. By the age of eleven individual difficulties 
may be very complex. 


. We place the question of attitude to learning first because of 
its importance. Faults of attitude generally accompany other difficulties, 
the detailed treatment of which may be part of their remedy. 

40 
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4-2. Attitude to Mathematics. 


(2) 


(2) 


©) 


The most common unfavourable attitude is discouragement due to 
the pupil’s having failed in the past to keep pace with his fellows or 
with what was expected of him. Freshness of approach with detailed 
and careful re-teaching in new contexts is the cure. So far as possible 
re-teaching must be disguised as something new until confidence 
is restored. Work must be simple enough to ensure success and 
the st aim must be the building of confidence through repeated 
SSeS. 


Indifference to learning Mathematics by pupils of adequate ability is 
not uncommon and is a difficult attitude to combat. It may occur 
among really intelligent pupils who react against the learning of mathe- 
matical procedures which appear to have little connection with their 
lives or current interests, but which almost solely make demands on 
care and attention. It also arises from instruction which offers too 
little challenge, practical or theoretical, to able and active minds. An 
important general question of procedure arises; of the two methods of 
approach (i) the preparation of mathematical techniques before 
tackling problems and (ii) the study of techniques arising from the 
needs of a problem, the former must be held responsible for much 
indifference to Mathematics among young people and the latter though 
perhaps appearing less efficient is the better for most children. 
Freshness of approach and the association of what is taught with 
practical or intellectual interests are necessary ingredients of the 
remedial treatment of indifference to learning Mathematics. For in- 
stance, abler pupils with an interest in the history of everyday things 
may have their interest caught by a historical approach to number and 
measures and even to computation. Since historical development is 
essentially a practical one in touch with the life of earlier times such a 
remedial approach might satisfy both practical and intellectual in- 
terests. When co-operation has been secured it must be held by making 
the work not only interesting but also satisfying to the pupils’ sense 
of achievement. Girls are perhaps more prone to this critical indif- 
ference to Mathematics than boys; this may be because many boys, 
looking ahead to certain desirable occupations, accept in a vague way, 
as a step to some distant goal, achievement without interest in what is 


achieved. 

Many of the approaches sugg 
to combat indifference due to the 
from living interests. 

Another bad attitude to learning, similar in origin to indifference but 
common among children of lesser ability, is engendered when children 
are instructed in rules and become so accustomed to being shown how 
to perform each step that they lose all initiative and any expectation 
that their work in arithmetic will have meaning for them. The enjoy- 
ment of mechanical proficiency, a good thing in itself, may make this 
Over-dependent attitude very hard to combat. Understanding has to 
be built up without interfering with established routines. Many of the 
remedial exercises in 4-3 might for instance be used to get to the root 


ested in chapters 3 and 7 could be used 
feeling that Mathematics is remote 
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of a too superficial acceptance of how we write numbers and encourage 
a constructive attitude to the use of numbers in ordinary experi- 
ence. 

In general the most effective mode of treatment is an experimental 
approach to all unfamiliar situations. For instance in mensuration, 
which lends itself to experimental treatment, rules should at first be 
avoided. Pupils might even find themselves approaching afresh the 
notion of multiplication in finding the number of square units in a 
rectangle and they might rediscover the partial products of long multi- 
plication by being confronted with a rectangle whose sides were long 
enough to bring the calculation outside the tables’ range. For example 
in finding the number of square inches in the area of a pane of glass 
in the window a pupil might have 34 sq. in. in each of 16 rows. In 
looking for a way of finding the total he may see 10 rows of 34 sq. in. 
(making 340) and 6 rows of 34 sq. in. (making 204) making altogether 
544 sq. in. This idea of rediscovery is developed further in 4-812 
and also referred to in 4-5. The practical topics of chapter 3 are full 
of opportunities for remedial treatment for those who are over- 
dependent on the teacher’s instructions. 


4-3. Numbers and How They are Written. 


It may be necessary to do remedial work in counting or in how we write 
numbers in tens and it is possible to make these a worthy activity for the 
eleven year old by a careful choice of context. Motive may easily be found 
for the making of inventories or the amassing of statistics based on a count. 
The statistical technique of grouping strokes in fives ÑH, known as the gate 
method, is quickly adapted to counts in tens. Probably some token 
method of representing numbers in tens and units is worth introducing for 
very backward pupils, e.g. spills and bundles of 10 spills. Dull pupils may 
need to use counting aids for a long time, but such work is part of their 
normal course rather than remedial treatment. 

The reader is referred to the Association’s Mathematics in Primary 
Schools for detailed consideration of the elementary ideas of number, 
which may still be unformed in the minds of the most backward pupils. 
Some further suggestions are given in 6-21. 

Remedial work on notation is given below in some detail, both as an 
example of the kind of detail that may be necessary in remedial treatment 
and also because a superficial acceptance of numbers written in units, tens 


and hundreds is often at the root of much failure to understand what is 
taught at early ages. 


4-31. Remedial work on notation. 
(a) as denoting order. 
1. Cards with motor car numbers and letters on them to be sorted 
first by letters, and then into numerical order within each group. 
What keeping a register of the cars would involve e.g. GL has 
numbers from 1 to 9999 so at 50 lines to a page would require 
200 pages. 
AGL has numbers from 1 to 999 and would require 20 pages. 
Boys might perhaps write out the numbers of one page—co-opera- 
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tively a class might prepare a whole register: if they could organise 
this themselves they would have a good knowledge of order, but 
many would require help. 

2. Numbers associated with the pupils themselves. Number on 
register gives class order; the school admission register will give a 
bigger number and a different order; the medical card numbers 
may be different again; each may have a *bus pass with a number, 
a savings book or card with a number. Parents have voting num- 
bers, registration numbers in the local ‘co-op’, works’ numbers; 
brothers in the services have numbers which must be used as part 
of their address. Other numbers can be devised; ages in months, 
weights in pounds, heights in inches can be found for the class, 
e.g. in an 11-year old class ages in months will be numbers between 
132 and 144. These can be arranged in order. How old will each 
be a year hence? or six months hence? or a year ago? Let them be 
found separately, and then arranged in order. 

Pupils will be interested to know that the digits of some of these 
numbers, e.g. service numbers and sometimes telephone numbers, 
have special significance, and the numbers as a whole do not denote 
the order of enlistment or of issue; for example a telephone number 
63425, beginning with the digit 6, may indicate a city district in 
which all numbers begin with 6. 

3. What is missing? Give say 20 numbers lying between 231 and 260 
but in haphazard order. The pupil must first arrange them in 
order and then write down the numbers which are missing. If the 
numbers are on separate cards and can be moved about this exer- 
cise will be enjoyed. 

4. Where does it fit in? Give a skeleton * scale’, e.g. 1900, 1910, 1920, 
1930, 1940, 1950, 1960 spaced out on a long line, and get pupils 
to place certain intermediate numbers correctly. Alternatively the 
key numbers can be the tops of columns and the intermediate 
numbers placed in the correct columns. 

5. How does it go on? Extending a series like 350, 355, 360, 365, etc., 
or 470, 490, 510, 530, etc. 

(6) emphasis on place value. 


1. Take three digits, e.g. 
they occur: 


4, 6, 8 and consider the numbers in which 


8 48 68 88 gan etc., 


488 


ad and write such numbers, in an orderly fashion, 


Let th il 
PPan a t necessarily in the arrangement shown. 468, 486, 


but of course no 


648, 684, 846, 864 without any repeated figures might be preferred 


for a beginning. 


2. Study numbers like 32; 320; 3,200; 32,000. 
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Read them, write them in columns and then add them. 


Halve each, read these; write them in columns and add them. 


Double the answer (as a check). 


Double each of the original series, read these; write in columns and 


add. Halve the answer (as a check). 


3. Take numbers each 1 less than those just used and repeat the exer- 


cise on doubling. 


319 
3199 
31999 


35548 


(c) emphasis on pattern. 


Many secondary school entrants may have been assumed to have noticed 
the recurrent pattern of the natural numbers, when in fact they have not. 


62 Incidentally note that this 


638 uses all the 10 digits. 


6398 
63998 


71096 


Very simple exercises can be given. 


1. Writing from dictation at first, and finishing each column as they 


find they can. 

1 10 100 
2 20 200 
3 30 300 
4 40 400 
2) 50 500 
6 60 600 
7 70 700 
8 80 800 
9 90 900 


Other exercises adding 11s or subtracting 9s can be devised. 


AA 
2, 9 90 99 


180 
Wer i 108 «17 
27 712: =F 162 
36 63) B6 153 
45 54 135 144 

SS NF 
3.29 12 22 32 
4 24 44 64 
6 36 66 96 
8 48 88 128 
10 60 110 160 


(d) emphasis on calculating. 


1. Read these numbers: 3; 33; 333; 3333. Then write their doubles. 


99 


101 
112 
123 
134 
145 
156 
167 
178 
189 


19 


REVISION AND REMEDIAL WORK 45 


Repeat with 30; 300; 3000. Then with 42; 420; 4200; 23; 230; 
2300 etc., N.B. no carrying involved. 

Use numbers like 8; 80; 800; 8000; 84; 840; 8400, etc. Read, 
and then halve. 

Then numbers like 24; 240; 2400. 36; 360; 3600, etc. 

Progress to 240; 242; 244; 246; 248, noting the pattern of the 
even numbers. 

š Similarly work with multiplication and division by 3 using numbers 
which would not probably have been grouped together in the Primary- 
School where the process is likely to be learnt first with all numbers 
under 100, and the extension of the notation has not been sufficiently 
considered. 

In all this work it would be helpful to have a supply of printed 
numerals each on its own card, say a 3 inch square, so that pupils 
could make numbers by moving the numerals about without having 
to write. Letters for word-making are common, but figures for 
number-making are not usual. 

Number cards for 1, 2, 3, 4, etc., 10, 20, 30, etc., 100, 200, 300, 
etc., are however obtainable. 

. Drill can be made interesting by the use of recurrence and sequence. 

(i) 17x3 Before the work starts make sure by oral questioning 
27 x3 that the pupil 


a = (i) has read, and not merely copies all these num- 
E bers, and that he can read them out in order. 


A aa (ii) has noticed the recurrence of 7. 
77x3 (iii) knows 7 x3=21. 

87x3 

97x3 


Gi) 11x4 Oral questioning both before and after the working 
21x4 of this sequence would be wise. It should include 
31x4 emphasis on the fact that all the products are even 
4l x4 numbers and can be exactly divided both by 2 and 4. 
51x4 
6l x4 
71x4 
81x4 
91x4 : 

(iii) A further sequence can be set, or arranged as two sequences 


46 
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(iv) 11x9= 99 
22 x9 =198 
33 x9 =297 
44 x9 =396 The sequence 99 x 1, 99 x2, 99 x3, 99 x4 etc. 
55 x9 =495 will of course exhibit the same set of results. 
66 x9 =594 
71 x9 =693 
88 x9 =792 
99 x9 =891 


Pupils doing this should be watched. Some will notice the sequences 
part way down, and will write the rest of the answers without doing 
the multiplying. Others will not notice any sequence; these should 
be helped to see it at the end as a check, particularly if they have one 
wrong. 


(e) emphasis on meaning and use. 


1. For miscellaneous practice numbers can be found in, say, a news- 


paper and read out for pupils to write down from dictation. On 
a single page of a daily newspaper the following were found: 


11 pits 4000 busmen 
44,600 men idle 12 garages 
labour force of 140,000 23 routes 

115 pits 17 routes 

3 pits 793 buses 
2600 men 3645 men 

13 days 293 routes 
272,000 tons 700 crews 
75,000 tons 1300 crews 

10 Downing Street 600 workers 
79 routes £960 million 
5 per cent 509th group 
500 copies 393rd squadron 
£20 25 ft. 

3000 branches 100 ft. 

725 branches 150 ft. 

60 per cent. 7487 men 

25 per cent. 1471 buses 

2 socialists 100 murders 
aged 82 435 surrenders 


. Reading, and recording, numbers by means of ‘isotypes’ (6-217) 
leads to counting in fives, tens, twenty-fives or hundreds, etc., and 
these numbers can then be expressed in the usual notation. Thus, 
among the numbers above, 3000 branches and 725 branches might 
be represented by a diagrammatic shop-window for each 100 
branches, or the numbers of ’buses by a pictured ’bus for every 50, 
and the crews by a little man for every 20 crews. 


4:4. Understanding the Four Rules and Learning Tables. 


Most pupils of eleven are still unready for a fully reasoned approach to 
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tules, and therefore remedial work is best approached by making sure that 
the foundations are firm. The elements of these foundations are treated 
in detail in the paragraphs which follow; some have already been enu- 
merated in 2:41 in connection with diagnosis. 


4-41. A common complaint about a pupil’s knowledge of arithmetic is 
that he ‘ does not know his tables’. This complaint is generally meant to 
imply that he has failed in a simple act of memorisation, but in fact it 
more often covers deep-seated failures to learn about numbers from ex- 
Perience for which drill in results is no cure. 

In the first place the addition-subtraction and multiplication-division 
tables are not learned usefully unless these operations and their inter- 
Telationships have meaning for the pupil. To help pupils to gain this 
Understanding is the most difficult and delicate task of the teacher of 
arithmetic. It is dealt with at some length in the Association’s Mathe- 
matics in Primary Schools. Evidence that it has been performed with some 
Success is afforded by a pupil who uses a higher level skill for some prac- 
tical purpose. For example finding the cost of 7 things at 5 pence each 
might be performed at various levels. The most primitive first stage would 
be to lay out 7 rows of 5 pennies, or counters, and count up the total one 
by one. At a higher level the reckoning might be by addition 
5+54+545+45+45+5. The most efficient way is by multiplication, 
7x5 =35, Dealing with 35 pence might similarly reveal stages of efficiency 
from a crude piling of pennies in twelves to a recognition that the result 
was 1 penny short of 3 shillings. s 

emedial treatment consists in the careful experimental approach to 
every new context. There may be a great deal of latent knowledge to which 
new experiences can be related provided that the pupil produces as a basis 
some way of working in which he feels secure. Thus in the simple example 
given above, the pupil who produces the addition of fives may be encouraged 
to say that he “has added seven fives’ and by his form of words connect 
the result with a half remembered ‘ multiplication table’. „The use of 
ae or diagrams may help him both to see and to describe in words 

nat he has to do. $ 

. The change from one unit to another in using money and measures is an 
Important example of the use of equal groupings, e.g. 3 feet to a yard, 

Pints to the gallon, 8 half-crowns to £1. Because of the concrete nature 
Of the problem this unit changing is a valuable example of the use of 
multiplication and division tables, which can be built if necessary upon the 
clumsier methods of repeated addition and subtraction. 


442. T isation of number bonds owes much to ex- 
Perience aR in everyday life, for example the parts of 12 are 
nown from experiences involving 12 pence 1n 1 shilling, adding sevens 
May be associated with finding the date a week hence and so on. In 6:2 
and in the Association’s Mathematics in Primary Schools the contribution 
of pattern to number knowledge has been pointed out, e.g. in the latter 
(3-22) the table patterns on the number square showing in order the num- 
bers from one to a hundred. There is in fact a wide diversity of ways of 
approaching table-learning and it is only in the final stages when there is 


cady a good basis of remembered number facts that ‘sharp practice’ in 
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answering questions on number bonds is helpful. Indiscriminate use of 
sharp practice may shake confidence and hinder understanding. 

The extreme case of tables failure, that of counting in ones, perhaps on 
the fingers, for the addition-subtraction bonds within 20 is not uncommon 
even among abler pupils. It is generally a bad habit acquired when written 
calculations are begun very early before the child has enough experience 
of using small numbers or enough encouragement to show he knows 
results from his previous experience. Few pupils of eleven are in doubt 
about what is meant by addition so that the addition aspect of the table 
can be readily dealt with and the finger-counting habit eradicated by select- 
ing a few known results and working from these. Rhythmic counting in 
twos, threes etc. may also form a useful framework into which to fit sums 
of two unlike numbers. The items of the subtraction table and the meaning 
of the operation should be associated with the corresponding additions. 
It is probable that subtraction is less well remembered and not so clearly 


understood as addition. In mental work it is generally performed as a 
complementary addition. 


4-43. Even those who know the addition table to 20 may require help 
in extending it from items such as 8+6 to 18 +6, 28+6 etc. Here the 
pattern of the series should be noted 


8+6=14 
18+6=24 
28 +6 =34 etc. 
with the corresponding subtractions. 
14- 8=6 
24-18=6 
34-28 =6 


These extended skills are called upon in written computation. 


4:44. The multiplication-division tables are related to the series formed 
by repeated additions. It is a step on the way to knowing that 8 x4=32 
to know that 32 occurs in repeated counting of eights. 

Particular items may be known from usage. Thus 12 x3=36 may be 
known from the number of pence in 3 shillings or of inches in 1 yard. 

Knowledge of particular numbers may contribute items to a table. 
Thus the factor structure of 60 may be known in various forms from work 
connected with the clockface and 60 minutes to the hour. 


4-45. For use in written computation it is important to be at home not 
only with the multiplication—division tables themselves but with extensions 
of them. For example 3 x7 must be known and also 30 x 7, 3 x 70, 30 x 70 
etc. Ifa pupil has reached the Stage of a ready flexibility in the use of 
factors in a continued product these will present no difficulty; he will say, 
e.g. 30 x30=3 x10 x3 x10=9 x 100. A slower learner may proceed by 
examining the pattern of a series of results found by more laborious 
methods. For example in writing down the number of shillings in £1, £2, 
£3, £4, etc., the results appear as 20, 40, 60, 80, etc. shillings. The relation- 
ship to the table of twos may be noted and what is true for 1, 2, 3, 4; etc. 
twenties may be intuitively applied to thirties, forties, etc. 
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4-46. Faulty memorisation is so frequently deplored that i 
about it are here gathered together. j VER diac 

It may often be due to the pupil’s failure to build up associations with 
particular numbers, either of particular numbers with everyday life or of 
numbers among themselves. Each number bond for example may be 
2 aac as an item no more memorable than any other except perhaps 
an tn verbal rhythm ; thus “five fives are twenty-five’ may roll more smoothy 
= the tongue than ‘six fives are thirty’. The latter however may be better 
à membered by another child who knows there are six five minute intervals 

n the clock face for half an hour. Many examples of helpful association 
could be given. 

It is a help to have noted that 6 x5=5x6, e.g. when counting milk 
bottles in a crate. 

. Some knowledge of number characteristics, e.g. odds, evens, primes, 
Me and of sequences of numbers, e.g. the pattern of counting in nines, see 

1 (c) 2, may also help memorisation. 
raci about measures are clearly best remembered by association with 
ae measuring. Since units of measurement are of arbitrary choice a 
hi e for faulty memorisation may sometimes be found by considering the 

story of the choice of unit and of its naming. 

Faulty memorisation of procedures such as the rules of written arith- 
metic, arises mainly from the putting together of a number of elements 
which have been imperfectly assimilated. If numbers too large for mental 
reckoning occur when the rules for dealing with them are still unsure, an 
experimental approach may both deal with the particular situation and 
help to remedy the rule. Apparatus for representing numbers in tens and 
fa should be available for those who require it. It will be specially 

elpful in showing that results can be obtained by dealing separately with 


the tens and the units. 


4:5. Written Work in the Four Rules of Number. 

The last paragraph deals with faulty memorisation of rules generally 
Although ways of computing should become 
fundamentally be built up from known 
ample of this sort of 
finding a number of 


example of squares in the window pane. i 
at an experimental approach to rules should have a real setting or at least 
that the numbers should be represented by some concrete material such 
as beads or spills with convenient bundles of ten units. $A 
he other elements going to make up the rule, i.e. elements additional 

Kg this question of dealing with the numbers piecemeal, have been dealt 


With in paragraphs 4-3 and 4-4. . 3 
In 4-812 emi reckoning is shown in connection with finding the 


area of rectangles 
For some AEA entering a Modern School some of the rules may be 
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new work. Such rules can be approached experimentally at a simple 
number level arising out of some interesting context. The only bar likely 
to hinder progress is one of attitude as described in 4-2 (c). Pupils may 
be so accustomed to being shown what to do that they cannot discover 
even a clumsy method of working for themselves. Any clumsy method, 
even counting in ones, can be used as a foundation for something better. 
Sometimes a method which is not a general one may show correct thought ; 
for instance the pupil who has to divide 43 by 3 may take 36 and 7, 


obtaining (12 +2) and one over, instead of dealing first with 4 tens in the 
conventional way. 


4-6. Money and Measures. 


Money and measures are often grouped together in primary arithmetic, 
and are therefore so grouped in this remedial chapter. 


4-61. Money. The approach to reckoning with money suggested in 
6-7 is readily adapted to the needs of an entrant of any ability or attain- 
ment. The most likely trouble calling for remedial treatment is confusion 
and discouragement due to learning ways of reckoning with money as 
though they were a number of arbitrary new rules. 

In treating this state of mind it is wise to leave rules alone for a time and 
to concentrate on mental computation with small amounts or on computa- 
tion with round sums of money. The build-up from this to some form of 
written reckoning is described in 6-7, which includes the construction of 
ready reckoners, For the very backward concrete aids may be needed even 
at the secondary stage. 

Calculations with large or awkward amounts of money can well wait 
until some practical situation makes them necessary. In any case all 


reckoning with money should be kept closely in touch with the needs of 
everyday life. 


4:62. Measures. At the entrant Stage the most likely failing is a lack of 
practical acquaintance with measures. This is a contributory cause of 
failure to memorise tables of measures, 

A lack of knowledge of the ways of setting down calculations with 
ea need not be considered as a gap requiring remedial treatment 


A historical approach to our common units of measurement often proves 
a refreshing remedial revision. 


4-7. The Part played by Language. 


One test of whether work undertaken is remedially effective is the growth 
of the pupil’s powers of talking about what he is doing. The pupil who 
can describe his working, however clumsy, has confidence in its reasonable- 
ness; if he can say what he is finding difficult he is a long way towards 
solution and his teacher has a clue to what is needed. 

Pupils who have a mechanical knowled, 
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lend themselves very well to verbal description, for example after measuring 
a window for curtains, 


I measured the width of the window, allowed a third for fullness, 
chose material of a given width and decided I must have a width and 
a half in each curtain, that is three widths for the pair etc. 


This is not only a more useful exercise than solving a problem with given 
measures set verbally, but it is also a preparation for understanding verbal 
instructions about curtain making. 

Remedial work on problems of whatever type must include opportunities 
for verbal description of work accomplished. 

A pupil may find his solution of a problem involving small numbers 
hard to explain either because it has been found ‘in a flash’ or because the 
Circumstances have been visualised and a practical rather than an arith- 
metical solution obtained. Problems with larger numbers however must 
be analysed arithmetically before being solved; they are therefore harder 
to solve, but the steps of a solution obtained are more easily recognised 
and described. 


4:8. Geometrical Knowledge and Area-finding. 

The work considered as needing remedial treatment has been mainly 
numerical. Other mathematical opportunities in the Primary School 
seldom pass beyond the initial stages so that though individuals may have 
gaps in their knowledge there are seldom deep rooted misunderstandings. 

Occasionally words, e.g. ‘straight’ or ‘triangle’, may be habitually mis- 
used but correction is merely a matter of establishing a better informed habit. 


4:81. Measurement of area is however a geometrical subject often 
broached in Primary Schools. It is not uncommon to find the preliminary 
geometrical stages hardly treated at all, and in these circumstances the rule 
for calculating the area of a rectangle may be used without understanding 
and even inappropriately for other shapes. 

he remedial treatment of such a condition has t 


(1) A clear notion must be established of what is meant by area. 
(2) The need for a unit must be established and it must be chosen in size 


and shape. A 
3) The basic process of square counting must be re-established before 


deducing rules for particular shapes. 


If the idea of ‘ perimeter’ has been intro 
as that of ‘area’, the resulting confusion m: 
areal of stage (1). It is a mistake to associat 
erms which have nothing in common. 


4-811. Two examples of approaches to area-finding satisfying some of 
these conditions Retr eee and they are carried on into the numerical 
Stages to show what valuable remedial number work can be associated 
With area calculations at any level of number difficulty. 


Size hi i ig i i g X 
iple 1 The practical pr ‘oblem mj; ht be pP osed of comparin, the 
urface) of two leaves of different shape. This is a problem of practi- 
l : tance to the plant. 


Significance since leaf surface area is of impor 


hree main stages: 


duced at much the same time 
ay call for very careful treat- 
e in teaching two such new 
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Comparison between the two leaves could be made in the following 
ways: 


(a) Place one leaf upon the other. If one does not lie wholly within the 
other, the possibilities of dissection might be considered, pieces 
being matched until some of one leaf remains. 

(b) Draw patterns of the leaves on paper and try the above dissection 
without destroying the specimens. 

` (& Draw patterns of the leaf on squared paper (a natural suggestion if 
wae the work is remedial) and find a measure of the size of each leaf by 
counting squares and part squares. The squares can be counted 
first in rows and then as a check in columns. 7 
The ways of reckoning part squares can be discussed; counting 
parts more and less than a half can be tried. 
The leaf can be redrawn so as to fall differently on the lattice of 
squares and a new assessment made. 


The advantage of using an irregular shape is that it emphasises (3) above, 
the fundamental technique of square counting; (2) above, the choice of a 
unit, has been taken for granted but supplementary work could be added 
from the suggestions in 6-5. A note on the use of squared paper is included 
in 4-812. 


Example 2. A question of size might arise in discussion of the school 
hall and how it compares with a classroom. Floorspace rather than air- 
space would be likely to be considered first. Seating capacity might sug- 
gest itself as a first measure, but the hall would have a seating capacity on 
chairs and the natural unit for the classroom would be seating with desks. 
Standing room might also be considered. 


The next question might be ‘ How many classrooms could be partitioned 
off in the hall?’ Here shape is important and area calculation does not 
serve. Suppose the hall to be 70 ft. by 30 ft. and the classroom 24 ft. by 
22 ft. The classroom must be mapped out in the hall by marking off three 
of the shorter sides along the longer side of the hall, for 3 x 24=72, i.e. 
more than 70. A discussion might follow as to whether the pieces of the 
hall left over though different in shape were as much as one classroom. If 
scale drawings, say 10 feet to the inch on tenth inch paper, are used, 
numerical assessment by square counting could be made. Used as a 
remedial exercise for 4-81 (1) and (3) above the enquiry would be complete. 


4-812. Such an enquiry could however be used as a remedial exercise in 
multiplication at various number levels as indicated below, if the areas of 
other rectangles are then examined. 

Each item of the following is supposed to be accompanied by a diagram 
and additional examples of the type to be taken according to the need of 
the pupil. The work can be terminated at any appropriate stage. Con- 
venient units are supposed. Squared paper with + inch or 4 inch rulings 
is to be preferred to finer rulings for square counting, but when counting 
in tens supersedes counting in ones inches divided into tenths can be used 


for diagrams, especially if squares are lightly marked or shaded as they are 
reckoned. 
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Rectangle Number work 

(a) 7 by 4 count by rows and count by columns. 
revision and meaning of multiplication table also 
7x4=4x7 (axb=bxa). 

(b) 72 by 4 note 7x4 and 4 halves, continued at (i) below. 

(c) 20 by 6 by counting and addition. 
finally expressed as multiplication, 20 x 6. 
revision of a first extension of the multiplication table. 

(d) 20 by 20 as above extended table, second stage. ` 

(e) 24by6 diagram showing partial products 20 x 6 and 4x6. 
revision of first stage of written multiplication. 

(f) 20 by 25 easy special case of (g). 

(g) 20 by 24 first stage long multiplication. 

(h) 22 by 24 diagram showing two rectangle corresponding to the 
partial products 34 x20 and 24 x2 (or 22 x 20 and 22 x4) 


(Diagram 4). 
24 20 4 
20 22 22 x 20 
el pa 
DIAGRAM 4. 
Fractions 
(i) 74 by 3 fraction ‘ multiplied by an integer, or see (b) above. 


G) był ; 
4 był fraction ‘ multiplied” by a fraction, 
diagrams by pupils carefully inter- 
preted and other harder examples 
Diagram 5). 
4 by 14 Dae s 
24 by 14 examples such as these will in the 
first place be dealt with ‘ partially 
and not as improper fractions thus 
4 of 14 gives è and }x% and the 
diagram for 23 by 1 4is in four parts 
2 by 1, 2 by 4, 1 by ł and 4 by 3. 
ete. including decimal fractions. 
4-9. Gaps in Knowledge, Remedial Work Later in the Course. 
ave been dealt with in a general way only. 


Gaps in numerical knowledge h 
warning may, however, be appropriate. Once sucha gap has been made 
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good the remedial treatment of later stages may be accomplished more 
rapidly than with pupils whose remedial needs arise from their general 
unreadiness at their first learning. With the latter care must be taken to 
give specifically remedial work a little at a time, as all work involving 
understanding requires periods for assimilation in which there is no active 
teaching. 


4-91. It has been assumed so far that difficulties requiring remedial 
treatment have arisen at the primary stage. There may however be later 
occasions when there is need for remedy, perhaps because a pupil has been 
frequently absent in the early years in the secondary school, or has entered 
the school later after a different or unsuitable course elsewhere. Again a 
whole class may suffer through unavoidable changes of teacher, or through 
beginning with an unskilled member of staff. 

The principles stated in 4-1 will also apply in dealing with later diffi- 
culties and gaps in knowledge. Attitude to learning is the first concern. 
Confidence must be re-established and initiative encouraged by work which 
is fresh in context, and simple enough to ensure success. 

Discussion of the Mathematics which is normally learned between 11 and 
15 years of age is in chapter 6. Remedial treatment of this calls for appre- 
ciation of essentials on the part of the teacher, and for new ways of ap- 
proaching work which pupils have found confusing. Such pupils often 
have difficulties because they have been taught procedures with notations 
which are so unfamiliar that the procedures, and even the notations them- 
selves, seem to have no meaning or usefulness. For example, algebra 
learned before the use of letters for numbers has become a familiar prac- 
tice may involve attempts to apply memorised rules unrelated to funda- 
mentals of number; and the same sort of difficulty may occur with the 
decimal fraction notation and rules learnt for computing with it. 

Although the greater experience and maturity of older pupils may make 
Te-teaching easier they will not willingly undertake the practice which 


ensures mastery of techniques unless such mastery is shown to be useful 
and worthwhile, 


CHAPTER 5 


ORGANISATION WITHIN THE SCHOOL 


5-0. Differences between Schools and the Range of Ability of their Pupils. 
_ We suggest in chapter 1 that the boys and girls with whom this report 
is concerned are to be found in every type of Secondary School, but the 
majority are in schools, or sections of schools, which are organised sepa- 
aged for them and in which it is therefore possible to make provision for 
tek mathematics teaching unhampered by the claims of pupils who may 
i er specialise in the subject. Even so the range of ability and of interest 
m Mathematics amongst the boys and girls that we have for convenience 
Se to as modern school pupils is very great, and the circumstances in 
Which they are taught, even if we omit the special problems of the Com- 
prehensive School, are almost bewilderingly varied. Schools may vary 
a size from one to six or more classes per age group; they may be for 
oys or girls separately or mixed schools; they may be in ample buildings 
a in old and crowded premises. Again they may be rural or urban or 
Taw pupils from both town and country; they may be suburban with 
Pupils who look forward to work of a clerical or business type, or serve a 
Neighbourhood where the parents are in skilled artisan employment ex- 
Pecting their children to follow them ina skilled trade; the neighbourhood 
may be scattered; or the school background may be dull and colourless 


and the parents unambitious for their children. The aims and organisation 
ther that advice 


51. Staffing. 


A determining factor in what Mathematics is undertaken is the staffing 


Of the school. Some schools, generally those where Mathematics is looked 
On as mere reckoning, beg the question of staff organisation by making 
i at all form teachers are involved in 
teaching it. For the least able pupils form teaching of a number of sub- 

for this is that these 
f the fundamental ideas of number which 
arise. In general however unless the 
taff from the mathematical point of 


view, there will be several form teachers who are not interested in Mathe- 
hich will refresh the arithmetic of 


matically. There should in fact in every secon 
Means by which some teachers can 

means that there must also be on the staff one or more teachers pre- 
Pared to take more than one class for Mathematics. 
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It will be advantageous if amongst the teachers of Mathematics there is 
one able to act as leader of the team and to be responsible under the Head 
for co-ordination of the work of colleagues and for development of the 
syllabus. Occasionally there may be someone whose qualifications are 
such that he or she teaches no subject other than Mathematics, but more 
modified forms of specialisation are from many points of view advantageous 
to mathematics teaching as well as desirable in other ways. 

A favourable arrangement might be to have from two or three up to 
about half the staff teaching Mathematics and for several of these teachers 
to be concerned with teaching more than one class and for most of them to 
teach at least one subject other than Mathematics. Certain combinations 
of subjects are specially favourable, for instance at some points in the 
course it is very convenient if a teacher is concerned with both Mathe- 
matics and Geography in a class. The team leader should be prepared to 
keep in touch with new ideas about the teaching of his subject. There 
should be arrangements for periodical meetings of the team for dis- 
cussion. 


It should not be assumed that the teaching of traditional arithmetic is 
all that can be ex, 


cording to mathematical ability is 


; ; ons are favourable, The pros and 
cons of this arrangement are discussed in 5:2. 


5:2. Sets for Mathematics. 


The term set is used to denote a teaching unit drawn from more than 
one form. Setting for Mathematics involves re-classifying two or more 
forms for all their work in the subject, and therefore generally, though not 
always, involves time-tabling so that all forms concerned in the setting 
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take Mathematics at the i 

2 same time. There must also be e 

Be teachers for the number of sets. aa os 

a ane occasionally it may be possible to arrange for more sets than there 

= soe a thereby gaining an immediate advantage from the reduced size 

ate ing unit. In any other circumstances the pros and cons of setting 
ery careful examination before the organisation is adopted. 


5:21. The organisation is mo 

5 I ani st often used to reduce the spread of abilit 

ee subject within the teaching units, that is as an alternative to some of 

aoe ae endi idua work eae ment otherwise be necessary within 
h . er there is a balance of ad in this re- ifica- 

o a E E on vantage in this re-classifica 


(a) the number of pupils transferred with advantage up or down from 
their normal teaching unit. 

(b) the staff available. 

o the extent of difficulties caused by limitations on time-tabling. 
ue amount of disturbance through breaking up the usual teaching 


eS especially for older pupils, are also used to meet differences of 
interest as well as of ability and, or, to give one set more time for the sub- 
Ject than another. 


5-22. Partial setting, that is setting for part of the mathematical time 


combined with form teaching for the remaining periods, tends to break 


5p fhs unity of mathematical teaching and to introduce difficulties of 
yllabus. Where a set drawn from two forms has extra time for Mathe- 
ils having shorter time should have at 
t, otherwise difficulties of syllabus- 
A common example, referred to in 
nsidered as a set for additional 
uffer unless they have at least 
f their syllabus can be dealt 


eae it is important that the pup’ 

aki one period of teaching as a se 

5.5 ing are almost insurmountable. 

ae is that in which boys of two forms are co 

eas ee the girls’ work is almost sure tos 

Mi period in which the balance o 
separately. 


r 5:23. In most organisations all the pupils of an age group who are both 
ou and backward, that is the least able described in 5:36, are classified 
Ogether and will not be affected by setting unless there are more sets than 
orms. Even if a few of the lowest form have rather greater mathematical 
ability than their fellows, it should not be too difficult to deal with them 
Within the class. 
t Remedial work for the backward but intelligent in higher forms is a 
emporary and individual matter; demotion to a much lower set is not a 
Complete solution because of their much greater tate of progress. 


Slower pupils benefit from the kind of integration of curriculum only 
Possible in a form unit. Even pupils 


of moderate ability may lose much 

Opportunities for integrated studies are reduced by the breaking up of 
orms into sets. The question of following topical interests, stressed in 
chapters 2 and 3, makes setting of very doubtful advantage except for 
Older and abler scholars. Topical studies are not impossible in sets, but 
contacts with other subjects are made more difficult. 
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5.3. The Syllabus. 


A syllabus should be treated as a guide and not as a goal. This means 
that it must be flexible and adaptable to the needs of the particular pupils in 
charge of any teacher, and to the interests and opportunities which arise 
naturally during any school term. . 

In framing a syllabus for a four or five year course therefore, it would be 
wise not to lay too much stress on the order of the items included, and not 
to attempt to prescribe in too much detail the methods of study. Technical 
details which must be consistent throughout a school may be set out in a 
separate document. + 

The syllabus most typical of a school is that for a class of average ability 
within it. It is a mistake to take the syllabus for abler pupils and modify it 
to suit the average: the reverse process is wiser. 


We begin by considering a minimum of everyday useful Mathematics 
which should be included in every syllabus. 


5:31. The computational skills essential to everyday affairs are few and 
simple (6-0). Any work in the Secondary School which is specially directed 
towards attaining these simple skills will differ from similar work in 
Primary Schools in approach and application more than in mathematical 
content. All but the very backward will at least have broached at the 
primary stage most of this essential arithmetic, and the chapter on remedial 


work contains suggestions that can be used as remedy, as revision, or aS 
approach. 


5:311. The following points are important for every syllabus: 


(a) Economy of working is often obtained by extending the range of 
work, e.g. computation using fractions may supersede some earlier 
ways of working. 

(b) Much which is, or which appears to the pupil to be, 
in fact provide practice of an elementary Kind, e.g. a graph by repre- 
senting magnitudes along axes gives both insight into number and 
practice in computation when expressing magnitudes to scale. 

(c) No syllabus will be complete without provision for the development 
of ideas of space and some work in mensuration. 

(d) Graphical representation should also find a place in every scheme. 

(e) All syllabuses will have at every stage the theme of increasing the 
pupils’ number competence and spatial knowledge, but this should 
be the outcome of work which has other purposes and other claims 
on the pupils’ attention. 

(f) No syllabus should be restrictive in the sense that it defines some 
target which should be attained without digression. 


new work does 


5-32. Beyond such simple considerations syllabuses will differ, not only 
from school to school, but also from class to class within an age group. 

A syllabus can be thought of in two distinct parts—one a list of mathe- 
matical ideas and principles and skills, the other a list of the topics through 
which this Mathematics will be related to the pupils’ lives. These two lists 
can be set out in parallel columns, or in alternating paragraphs, but should 
not be wholly separated, for the topics will provide a vehicle for learning 
Mathematics, as well as a field of application for what has been learned. 
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A teacher should be very chary of including any particular mathematical idea 
which he cannot relate to some situation which is real to his pupils : on the 
other hand if pupils become interested in abstract Mathematics, or in 
mathematical puzzles, these interests should be encouraged and not checked 
because they have not been placed in the syllabus. 

Often several topics are available in connection with the same mathe- 
matical idea, and different ones may interest different groups of pupils 
within the same school. An example of setting out a scheme in parallel 
columns is in 3-31, but there the topic takes precedence; in making the 
syllabus for the school, teachers may prefer a form more like the following: 


Introduction of tangent of an angle - Shadow stick. 

Further uses of tangent of an angle - Gradient of a graph; direction 
of track to go x miles E. and 
y miles N. ete. 

Introduction and use of sine of an 

angle - = - > ~ -Resolving a vector quantity; 

slope of a road, etc. 

Use of straight line ‘conversion 3 


graph - - a = a - Degrees Fahrenheit to degrees 


Centigrade; inches to centi- 
metres; pints to litres; etc. 


The various teachers working with the same syllabus must co-operate as 
far as possible, but account should also be taken of any special abilities 
or experiences which they have had: some may be in a position to make 
navigation more interesting than surveying, or to introduce some topic 
which we have not mentioned. We have tried to give variety in our sug- 
gestions and to include much more than could go into any one syllabus, 
but we make no claim to have exhausted the possibilities. i 

We recommend that each teacher should make a syllabus for each of his 
own classes at the beginning of the school year, taking into account of 
course what his pupils have done in the previous year, and any matters 
agreed with his colleagues as to the work of the school as a whole. This 
syllabus can be more detailed than the four or five year syllabus, but the 
same principles apply—it should be flexible, and related to real topics of 


oa to the particular class for which it ismade. Record of what has been 
one and the manner of doing it become increasingly important as the course 


Proceeds. 

_5:321. Although there are good teachers who make little special pro- 
Vision for practical work, depending rather upon contacts with work in 
Other subjects and on short excursions into matters of general interest, we 
Nevertheless recommend that most syllabuses should actually specify 
Practical studies which may be valuable at various stages and that many 
Should include some continuous practical course such as those described 
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the economics of everyday life treated in this way, but schemes might in- 
clude other matters of interest and importance. 


5:322. In shaping a syllabus special considerations are applicable at 
different stages. The problem of building up a course will therefore be 
considered in successive years, but throughout there will be the over- 
riding need to implement the main objectives of the course. 


5:33. The first year. Chapter 2 deals with the early exploratory period 
of the first year. Freshness of approach is emphasised. Formal testing 1S 
deprecated as undesirable in itself and unnecessary. Various ways of 
finding out what the teacher needs to know about his pupils, while interest- 
ing them in something new, are set out in detail. Emphasis is also laid on 
practical measuring as an extension of the work of the Primary School 


and perhaps as a beginning to surveying. Revision is dealt with only as 
it arises, i 

It is recommended that this kind of approach should be maintained 
throughout the year, but with an increasing amount of work which is new 
mathematically. Special attention is directed to the general paragraph 
5:31 above and also in particular to 5-311 (b), (c) and (d). 

The programme of spatial work should be carefi ully thought out. Some 
of the early work is observational and linguistic; it may be almost inci- 
dental. Boys may have had more opportunities than girls for using geo- 
metrical instruments ; consideration should be given to the needs of both. 
Skill in draughtsmanship may be acquired incidentally in practical work 
within or outside the mathematical course, 

The main differences between classes will be in their readiness to enlarge 
the field of number work, Mensuration will often give a clue to the pupil’s 
stage in number. In particular Teadiness for vulgar and for decimal 
fractions will vary greatly, but some work involving the use of fractional 
notations in practical contexts should be included in all classes (6-151). Jt 
is unlikely that even the most advanced pupils are completely at home with 
the notations at this stage. 

A separate paragraph, 5331, is devoted to fractions since the work may 


fall in the first, the second or later years. The placing of vulgar and deci- 
mal fractions should be considered separately. 


5-331. The notation 
established in simple practical contexts at the 


ely or to rely on direct methods 
only. 


Whenever fractional methods are learned, or revised for the first time, 
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they should be introduced in some practical context and established firmly 
but without elaboration. 

The decimal fraction notation is less freely introduced, and less ade- 
quately dealt with when introduced, at the primary stage. In most first 
year classes work involving construction and measurement using tenths, 
and perhaps estimated tenths of tenth, of an inch is valuable whether the 
notation is new to the pupils or not. When metric measures are learned, 
_ generally in the first or second year, they should be introduced practically 

and used as a means of extending and establishing understanding of the 
decimal notation. This calls for close co-operation between mathematics 
and science teachers to avoid duplication of effort or misunderstandings. 
The fundamental experiences of metric measures may be given either in 
the science laboratory or the mathematics room, but the extension of 
mathematical expression to decimals should accompany them. It is not 
Satisfactory to learn metric tables and decimals theoretically before prac- 
tical treatment, nor is it sensible to postpone proper statements about 
Metric measures because pupils are not at home with decimals. Many 
Pupils require considerable time to become accustomed to decimal frac- 
tions before undertaking any but the simplest calculations with them. 

The four rules for decimals may sometimes have been attempted at the 
Primary stage, but they are often only learned as rules of thumb, reinforced 
by an appeal to the continuity of the notation with that for hundreds, tens 
and units, or based on insecure rules for vulgar fractions. It is recom- 
mended that the rules be approached, or revised, through a practical need, 
ee again may arise in Science, instead of being taught arbitrarily for use 
ater, 


_ In both decimal and vulgar fractions the crucial stage is the multiplica- 


; tion, and division, of a fraction by a fraction (6:246 to 6:248). This stage 
may well be postponed later in the course than other uses of the notations. 


5:34. The middle years. Itis in the choice of material for the middle years 
that the main purposes of the course will appear most clearly. Little can 
be added to what is said in other chapters about the claims of mathematical 
and practical topics. s 4 } 

Number work will be influenced largely by the choice of practical topics 

ut all pupils who are able will make advance in the use of vulgar and deci- 
mal fractions as suggested in 5'331 above. The syllabus should provide 
for substantial progress in reckoning with numbers within the range of the 
Pupils’ experience and for extension of that range in type 3S well as in 
magnitude (6-15 to 6-152 and 621 to 6:216). 
5:341. In the abler second or third year forms it may be necessary to 


arrange for transfers to other secondary schools (or to grammar school 
streams in comprehensive schools). If s 


uch transfers are panari the ae 
Must be taken i t in deciding whether or not to teach certain 
numerical EE or oars of children before the transfers 
take place. Afterwards adjustments in the organisation of classes may be 
Needed in the year depleted by transfers. It is possible to make these 
adjustments easier for those who have to be promoted by seeing to it that 
the mathematical ideas and notations involved are not strange to them 
even though some harder procedures may not have been learned in the 
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lower class; for example decimal notation may have been used but the 
multiplication of decimals omitted. 

Transfers may occasionally also influence the range of work undertaken 
in the beginnings of algebra and geometry (5-342, 5-344), The sections 
6:3 and 6-5 deal with difficulties which may arise if the pace in these branches 
of Mathematics is in any way forced. Care must be taken to see that trans- 
fer requirements of a few able pupils do not involve the less able in work for 
which they have not the proper foundation. 


5-342. Some study of geometry will be included in all courses. Many 
pupils of moderate ability come to enjoy this branch of Mathematics for 
its own sake, particularly geometry of a practical kind, and are therefore 
very willing to carry its study beyond the directly useful. Many sugges- 
tions, some of which are outside the limits of conventional courses of 
elementary geometry, will be found in 6-5 and chapter 7. 


5-343. Graphical work is also much appreciated by young people. If 
begun in close relation to practical topics, it may lead to great advances in 
mathematical appreciation, again among pupils of moderate ability. 


5:345. If the practical work is appropriate, the notations of trigono- 
metry may well make a first appearance in the middle years of a course. 


This is an attractive and not a difficult study in its early stages. The days 


5346. It is specially important that the syllabus for the middle years 
should b 


5:35. The final year. Althou 
most of their pupils to the end of the fourth 
fourth year pupils term by term as the 
creates a major problem of organisation. 

The course should reach some suitable conclusion at the end of the first 
term of the year so that leavers in that term have a sense of completeness. 
This applies also to the second term. Itis however not contradictory to say 
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that work in the final year may be arranged so as to give pupils the im- 
pression that there are new lines of enquiry open to them and new fields 
of usefulness for Mathematics, if they pursue their studies further. For 
example if logarithms are to be included in a course it will generally be 
wise to introduce them before the final year, so that pupils may gain some 
skill in their use and feel the advantage of lightened computation. On the 
other hand, if it has been unsuitable to introduce logarithms early, it may 
be of great interest and encouragement to the leaving pupil to discover the 
existence of such a powerful new tool even if he has not time at school to 
gain skill in its use. 


Conflicting claims (3-5). 


5-352. Some degree of individual study either within Mathematics or on 
a wider basis affecting all subjects may be possible in the final year. The 
ability to conduct some simple investigation involving the collection and use 
of mathematical data and perhaps the use of books should be encouraged 
for all pupils from the beginning of the course, but it should reach a climax 
in the final year and facilitate the arrangement of special studies for those 


who have special tastes and purposes. 


5-353. Although the leaver’s disposition towards Mathematics is an out- 
Come of the whole course, it might well be an important function of the 
final term to combine a brief review of what has been done with a broaden- 
ing of the field of interest. Pupils might constantly be challenged to inves- 
tigate and interpret mathematical items culled from all everyday sources of 
press and radio and from commercial transactions and parental occupa- 

lons, 

5-36. The least able pupils. The number of pupils who are seriously 
behind their fellows fens of poor intelligence, the dull, varies greatly 
from school to school. In some areas the provision made in Special Schools 


limits this taili 1 other schools of a district, but the characteristic 
of the boro | aaa cn of an age group is generally that the indi- 
vidual differences amongst the pupils is very great, not least in their capacity 
to deal with numbers. No syllabus can be made for even a small class; 
Progress in Mathematics must be considered on an individual basis. 

‘his does not mean that a class may not take part in some common 
Project, each contributing according to his powers. 

A few general principles may be stated: 


(a) Many of these pupils have experienced discouragement over a long 
period. Renea work can often be disguised as something new 
and exciting even though it descends to the easiest levels mathe- 


matically, (e.g. 4-3). 


64 ORGANISATION WITHIN THE SCHOOL 


(b) Some few pupils seem to be unable to learn enough to free themselves 
from the use of apparatus for counting, adding etc. Great care is 
needed in dealing with such pupils and in diagnosing the extent of 
their dependence on reckoning aids. Pupils should be encouraged to 
build up their own table books and other ready reckoners for use as 
long as they are needed. i 

(©) It is wasteful of pupils’ time and energy to dragoon them into doing 
calculations for which they do not know the use. : 

(d) The use of simple calculations of specific value to the ordinary 
citizen may sometimes be learned by rule of thumb, but generally it 


is possible to give some measure of understanding before practising 
a rule. 


(e) Practice periods for mathematical skills, mental and written, should 
be quite short and the work should be individually graded. 

(f) Limiting the syllabus to what is considered a bare necessity defeats 
its own ends. Variety, for example the simple study of graphs in 
interesting contexts and of geometry, has been found to favour 
development. If the link with the actual source of data for a graph 
is strong enough, even pupils of little ability may make progress in 
understanding the symbolism of graphs. 

(g) Generally these duller pupils benefit greatly from integrated courses 
of study in which Mathematics is only one aspect. 

(h) Pupils sometimes develop surprisingly about the age of 14 years, 


though the progress of others remains within the limits of the par- 
ticular case and the concrete aid. 


_The least able pupils often find in the final year that the needs of everyday 
life spur them afresh to mathematical literacy. 


5:4. Textbooks. 


In some schools a textbook is made the basis of the scheme for a class 
or for a series of classes. This is an inversion of the ideal procedure that 
textbooks should be chosen to fit a scheme made to suit the particular 
circumstances of school and class. Reference to textbooks may however 
be helpful in planning a scheme. 


Even those textbooks which consist only of practice examples have some 


often the best use to make of it, should be aware that he may lose something 
of its value, since he b i i 


only occasional direction. The teacher however should not fall into the 
temptation to use for his lessons what it is intended that the pupil should 
tead for himself. With experience of using the book he should know at 
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what stages pupils can manage alone. In a well-written book the reading 

met is something more than an introduction to specimen examples. 

Baars books of this kind are only a supplement to the teacher’s own 
se. 


5:5. Time Allowance. 

The time allowance for Mathematics in a Modern School depends on a 
number of circumstances foremost amongst which is the amount an 
parure of practical work undertaken both within the mathematical sylla- 
i and in the school as a whole. It is clear, for instance, that surveying, 

hat is some form of outdoor measuring with appropriate instruments, is 
at some stages time-consuming, but it makes a contribution to education 
which cannot wholly be measured in terms of Mathematics. Again many 
applications of arithmetic studied with due regard for the importance of 
their practical background contribute much to general knowledge and 
Perhaps very little to arithmetic. The claims of practical subjects them- 
Selves especially Handicraft, Housecraft and Science are often the deter- 
mining factor in the number of periods allowed for Mathematics. That 
this is so is often shown by differences in time allowance for Mathematics 
for boys and for girls in mixed schools, where Handicraft takes up less 
time than Housecraft. The difficulty of arranging a scheme under these 
Circumstances is great and the solution of excluding geometry from the 
girls’ course is unsatisfactory. Again the nature of the practical work 
undertaken outside mathematical periods may influence what is specially 
Interesting or specially needed as a balancing factor ina course. 

The low allowance of three periods of 40 minutes per week, sometimes 
found for each year of the course, generally indicates that the school does 
Not appreciate the contribution which Mathematics should make to the 
education of both boys and girls or that the school is so understaffed 
mathematically that advantage cannot be taken of any more time. On 


the other hand 5 hours or more per week generally indicates that there is 


Some scarcity of practical work in the curriculum as a whole and that work 
Within the mathematical syllabus may be expected to make good a good 
deal of this deficiency. The work in drawing connected with Handicraft 
undertaken by boys is a special factor; it has to be considered both as a 
Gane opportunity for spatial thinking and for its part 1n craftsmanship 


551. Di i of time in different years of the course are 
ifferenge ia anaa e available for Mathe- 


often convenient. Schools which find more tim e 
Matics in the first year because of the postponement of courses of Handi- 
craft and Housecraft have to avoid the temptation of pushing on with 
mathematical techniques which are better suited to the more mature. 

ime may more wisely be spent in developing ways of working associated 


With all forms of practical mensuration, maps and diagrams and graphs 
Of statistics, and a making secure by varied use the number accomplish- 


Ments broached in the Primary School. 
_ 552. Di ili Iso call for different distributions of 
Differences of 2p eyed to Jass because it is able enough to 


time. Lon A 
3 er time may be allowed to a ¢ r 
take advantane of additional opportunities and to develop the aesthetic 
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aspects of Mathematics; or again a class which is less able may require 
longer periods for practical work and short periods for practice. 


5:53. There is reason to plead for greater consideration for Mathematics 
than has been given to it in recent years in many schools on account both 
of its cultural values and also of its admitted utility. There are unhappily 
some schools, particularly amongst girls’ schools, in which the teaching 
of anything but routine computation has diminished almost to vanishing 
point. 


5:54. Homework. One consideration that may well be linked with the 
decision of time allowance for Mathematics is that of the place given to 
homework in the school. It is increasingly becoming the practice for some 
out of school work to be set. This does not invariably follow a traditional 
pattern; for example, ideas met within the classroom may lead toindividual 
investigation outside, or statistical or other material may be collected for 
group discussion, see for example 3-324. In such ways the term ‘ home- 
work’ is being widened to cover what is done not only at home but at 
public libraries and elsewhere, including some at centres organised for this 
purpose. 


5:541. Further thought is needed, both as to the scope and to the forms 
such additional work may most profitably take for pupils of different in- 
tellectual quality and at different ages, placed too in dissimilar environ- 
ments. When an individual school makes its decision in the matter, it is 
desirable to ensure that any out-of-school activity contributes effectively 
to the development of the subject as a whole. Its ultimate value will de- 
pend not only on whether such work is regularly undertaken by all pupils, 
but also on how it is related to what is done in school. The successful 
integration of the two becomes a matter of class organisation (5-6). 


5:6. Classroom Organisation. 


„Work in the mathematics classroom falls into three main categories, 
discussion and deliberation for the purpose of fostering of mathe- 
matical ways of thinking, practice of techniques with which the pupil is 
already familiar until they can be used without stopping to think, and work 
of a practical kind which is not necessarily in itself mathematical but which 
Tequires mathematical insight and the use of mathematical forms of ex- 
pression. 

The three types of work make contrasting demands on pupil and teacher 


alike. We now give some details of the kind of classroom organisation 
appropriate to each. 


5-61. Practical work. We discuss practical work first because of its 
great variety. It is of special importance in dealing with the mathematically 
Immature pupil who finds long excursions into mathematical thinking for 
its own sake difficult and unacceptable and who does not find verbal de- 
scription of common experience a good enough foundation. 


5-611. There are in the first place forms of expression used in Mathe- 
matics which are in themselves practical, viz. drawing, modelling and move- 
ment discussed in 6-12, 6-13 and 6-14. Although individual and group 
methods described below are appropriate to work in these fields, class 
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lessons in which individuals do similar exercises and pool their results for 
discussion may be very profitable. For example the areas of circles of 
different radii might be found by different individuals by square counting 
and the results collected for class discussion and the drawing of a graphs 
Again the drawing of loci similar in type but with some numerical dif- 
ferences might reveal within a class interesting variety and particular case. 
(6-55 and Appendix 1). 

_ The experimental production of loci suggested in 6-14 would be a matter 
either for individual experiment or for class demonstration. 


5-612. Most practical work is for one reason or another best pursued 
as an individual or group activity. In the first place exercises calling for 
Practical initiative are by their nature matters for individual effort or for 
group discussion with or without the intervention of the teacher. Again 
many exercises in measuring involve instruments which cannot be pro- 
vided in sufficient quantity for use by members of a class simultaneously. 
The same kind of difficulty applies to the use of books and pamphlets 
for reference. The class teacher must therefore be prepared to organise 
Work in a way which allows pupils individually or in groups to pursue 
different programmes at any one time but within a framework which pro- 
Vides that essentials are experienced by all in turn. 

For some kinds of exercise a system of card assignments may be useful 
for individuals or for groups. It is no easy matter to draw up cards which 
Provide enough advice to give pupils an adequate start but not so much 
that self direction is denied them. Too little advice on a card is to be pre- 
ferred to too much. Textbooks may contain suggestions for practical 
work but, unlike the teacher’s cards, cannot make use of the school en- 
vironment. In 3-1 a combination is suggested of individual card assign- 
ments with grouped arrangements for giving experience of the workings of 
everyday money affairs. Card assignments are discussed in detail in 5-64. 

Some practical work, for example surveying, requires absence from the 
Classroom. It may at some stages be impossible to provide for all pupils 
to do outdoor exercises at the same time so that one part of the class must 
be provided with work which does not require close supervision. For- 
tunately there are many phases of mathematical work in which pupils best 
Progress without active teaching; so that if a problem of supervision exists 
it ae rather than mathematical. 

ifferent type of group organisation is € 
See 3-321 to 3.325 era 


nvisaged in 3:3, in particular 


Will pass without some class or group discussion. i 
teaching to maintain a balance between stimulation by discussion and the 


Pupil’s individual efforts and experiment. Itis unfortunately only too easy 
to allow the demands of a syllabus to leave so little time for discussion 
for instruction, and individual 


that class and group lessons become times n 
efforts a mere working to rule without deliberation.. ’ 

here are of course items of information, notations, and conventions 
to Which the teacher must introduce his pupils. It is important for the 
teacher to distinguish between what pupils can find for themselves and 
these arbitrary steps where his intervention is essential. Thus the choice of 
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90 degrees to the Tight angle, or 360 to the complete turn, and the writing 
of 10 x 10 as 102 are arbitrary though their choice has a history, but it is 
Possible ‘to discover’ that 102 x 10°=10%3=105 once the notation is 
understood, 


when there is some item of practical or mathematical interest to discuss, 
some difficulty to be overcome or new field to be explored. He will also 
draw discussion together and add necessary or stimulating items to it. 


on initiative. Pupils of moderate ability very quickly lose the sense of 
Sequence, so that in any long chain of questions the beginning is forgotten 


be well distributed over a class and the effect of contact with the class as a 
ule the most revealing : 


by answering questions of increasing difficulty, often with the number 
content of the questions progressively harder, Such questions help pupils 
to generalise an idea. 

5:624. Wri 
cussion. T 


and the teache 
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which answers only are written may be seriously time-wasting, unless it 
can be arranged that the successful are well occupied while the unsuc- 
cessful discuss corrected results. 

_ Problem work in arithmetic is discussed in some detail in the Associa- 
tions Mathematics in Primary Schools (3-8). 

_5°63. Practice. In 1-5 we point out that emphasis on experiment and 
discussion is in conformity with the Association’s Mathematics in Primary 
Schools, and that it forms the only sound basis for the practice of tech- 
niques. In the secondary stage any argument for rote learning based on 
the pupil’s lack of time to master techniques important to everyday life 
before leaving school needs most careful examination for each individual. 
We consider that such a proceeding should seldom if ever be necessary 
(5-36 (d)). 

5:631. Skill in using chosen significant mathematical techniques is one, 
but only one, of the aims of a mathematical course. Skill involves practice 
and practice can be obtained either in isolation or as part of the extended 
Use of the technique. Generally extended use is to be preferred to long 
Periods of isolated practice. Furthermore practice may be either oral or 
written. 

5:632. Oral practice must be suited to the individual. It can seldom be 
that a whole class is a suitable unit for oral practice. 


5633. Written practice can without undue difficulty be chosen to suit 
the individual both in kind and in duration. Each pupil’s need for accom- 
Plishing work of this kind makes it comparatively easy to break up classes 
Into groups variously engaged. For example one group might be engaged 
on a surveying exercise while another completed drawings and went on to 

Tactice exercises. i 
Less practice is needed to master a technique by abo He Jess ale 


Pupils. Care must however be taken not to give less a J 4 
Practice too long for effective work; for them in particular practice 


through use is important. ae Hee. 
5:64. Card assignments. Work cards may be introduced, as required, 
Control or extend mardul written practice. Equally they may be aad 
to promote topic studies, (3:12), or to permit a stocktaking, in a orp 
more challenging than a routine test, of ideas and techniques separately 


Mastered (5-8). 
5-641. The various forms and functions of work cards are best deter- 

mined for himself by each class teacher. He may, on particular occasions, 
evise series which will do one or more of the following: 


(a) widen the context of a new idea, 

(c give assurance to a new Ee ; 

c) undertake a diagnosis of attainment, _ p 4 N 

) develop skill a extracting mathematical information from mis 

cellaneous material , 

e) give zest to conventional topics by a more dynamic approach, see 
for example 3-1. A 

Work cards repay careful preparation, and grading in type and difficulty. 
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Among the main advantages of well-constructed examples is the encourage- 
ment given to independence of action, thought and reflection. By bringing 
together separate mathematical skills in a combined operation they help to 
make real a sense of the unity of Mathematics. 


5-642. Though many work cards will suitably relate to the school’s 
particular environment, others will usefully employ books, atlases, reference 
and other materials common to many schools. 

In form and style cards may vary greatly; the ordinary postcard has 
proved in many years of use to be handy in size and of sufficient rigidity. 
To minimise the disruption of classroom organisation a typical card in- 
dicates briefly what materials, instruments and so on are required, but 
leaves the actual conduct of the ‘job’ to the pupil. Two examples follow, 
one of which is confined to the classroom. 


Work Card C12 


You need: Tape measure, geometrical instruments, compass. 


Your job: Walk 25 yards in a direction 050° from the main 

school back door. Locate a wooden object. 
From it take bearings of the Church and of Cook’s 
Tower. Sketch and measure the object, taking 
lengths to the nearest 4 inch. 
In the classroom 

(a) Plot the bearings. 

(b) Draw plan and elevation of the object to a 

suitable scale. 


Work Card G15 


You need: O.S. Map 100 
instruments. 


Your job : Flares sent up b 
(Bidston Court) to be due West, and from B 


(l inch to 1 mile), geometrical 


5:65. The mathematics 


è room and its equipment. Schools differ in their 
use of “ subject ’ as opposi 


ed to‘ form’ rooms. Where form rooms are the 
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eee most subjects what is said of the mathematics room might apply 
D orm room of a teacher specially interested in Mathematics; other 
a particularly those of older scholars, might by arrangement occa- 
a fie, the room for their mathematics lessons. Where subject rooms 
E rule throughout or in the upper part of a school, there should be at 
E room which is always available for Mathematics whenever the 
a is on the time-table, so that any group can by arrangement have 
es of using it. 
hatever the organisation, storage space for equipment is needed. 


5-651. The following points deserve attention in a mathematics room. 


(a) Tables are to be preferred to desks for many activities connected 

6 with the subject, e.g. work with maps, charts, and drawing. 

) Easily moved furniture is convenient for co-operative group work. 
(c) It is often convenient to have a room with easy access to outdoor 
( open space, e.g. for surveying. 

d) ae space must be ample and a squared blackboard is re- 
ired. 

(e) Exhibition space should include shelves for models as well as space 
for pinning up diagrams and illustrations, including pictures and 
charts of matters of historical interest which may be both decorative 
and stimulating. 

(f) Visual aids may on occasion include films, filmstrips and pictures or 
figures shown by episcope, if facilities are easily available. 

g) The room shouid have water laid on and a sink. 

(h) A well-equipped room should include a workbench and tools; this 

is perhaps more important in girls’ schools than in boys’, where help 
_. can be obtained from the handicraft rooms. 

(i) If mechanics is included in the scheme a suitably equipped practical 

room must include such items as a strong beam for carrying heavy 


Weights. 


. Whether work is done in a subject room or in form rooms it is important 
T pupils to have places where work can be stored safely from one period 


© the next, 
5:652. Storage of equipment. No modern school mathematics course 
for the materials and 


on be pursued satisfactorily without storage space 1 

£ Paratus involved in practical work. These are very varied but the fol- 
wing are some of the main categories : 

sets of instruments, suitable 


Drawing Se |) = Boards: a 
objects from which to make drawings 

(1:3). 
Measuring apparatus - - for various measures (6:8); for sur- 
veying, both standard and home- 


made equipment (7:18). _ 

- = Objects and models of various shapes; 
home-made developable solids and 
their nets; globe, wire frame models 


etc. 


Models - = z 
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Charts and illustrations. 

Logarithm and other tables. 

Sets of books, reference books, pamphlets etc. 

Special materials for remedial work and backward classes. ‘ 

Apparatus made by teachers for pupils’ use and for demonstration. 

Pupils’ work so long as it is of interest and use. 

Handwork materials and tools for various kinds of practical work. ; 

Mechanical devices and parts for constructing them, e.g. models with 
interesting moving parts. 

Mechanics: if possible some real machines and machine parts as well 
as materials for a variety of mechanical experiments (7-4). 


5:7. The Use of Books other than Textbooks. 


Reference is made in various sections of the report to the use of books 
other than textbooks and occasionally the names of such books are men- 
tioned. Some books on the history of Mathematics are listed at the end 
of chapter 8 and some useful charts and reference books for air navigation 
are referred to in 7-2. Other references to books and libraries, to pam- 
phlets and to other sources of information occur in chapters 3 and 7, 


which deal with practical topics, and also in the section on practical work 
in this chapter (5-612). 


_ 571. The building up by a school of a collection of books about sub- 
Jects of interest to young people in which some use is made of simple 
Mathematics is of great value in providing stimulus to mathematical 
studies. Teachers will find that even books above the pupils’ mathematical 
level may make an appeal; provided that the notations used are not un- 
familiar, pupils will take some of the working on trust and gain a useful 
impression of the wider scope of Mathematics. 

The use of this literature of Mathematics, as it were, is a little explored 
field. The stimulus may come either from an interest within Mathematics 
to examine its applications, or, more probably at this stage, from an outside 
interest which is found to require mathematical expression. 


5°72. The Association’s List of Books for School Libraries also contains 
the names of reference books, more purely mathematical, many of which 
are at this stage more likely to be books for the teacher’s use than the 
pupils’. Abler and older pupils, however, will often be greatly interested 


by being allowed access to suitable sections of books of a more advanced 
type than they would normally use. 


5:8. Examinations and Testing. 


Regular stocktaking of work accomplished is a normal feature of secon- 
dary school life. In arithmetic certain aspects of the work are very easily 
tested, indeed testing is a part of teaching method in dealing with the per- 
formance of simple routine procedures or with checks on items of informa- 
tion which should be remembered. When groups within a class have 
covered different ranges of work, tests should be ona group and not a class 
basis. Testing and recording is discussed at length in the Association’s 
Mathematics in Primary Schools (chapter 5). 


It is more difficult to devise suitable tests of a pupil’s powers of dealing 
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with an unfamiliar situation, but it is val i i 
indivi é u > uable occasionally to set pupil: 
fens th tasks in which they have to cope with practical Problem" e 
The use reat own measurements or other data required for a solution. 

aces work cards in assessing attainment 1s discussed in 5-64. 
onanie possible to test pupils’ powers of comprehension of statements 
Rci 5 Tumerical or spatial information. The conventional * mathe- 
ae ie em ° is posed in verbal form but it demands in addition to 
Siaa on ot its statement the power to work out a solution without 
Paci, s. It is in this respect a harder and less suitable test than the 

> ical problem for many pupils. 
es powers of making coherent statements about circumstances 
tested SNN numerical matter, spatial relationships etc. may also be 
ice oe aps in the course of showing their understanding of some 
tically o atement or of describing some situation presented to them prac- 
Bae ded previously encountered. Such a statement is an exercise in itself 

The sealers pea i by agen gation 5 

ontent of work in geo: i 

Pa A na O oie geometry, in graphs etc. will vary 


nS itn External examinations. The pupils with whom this report deals 
years RS who have not shown particular aptitude for Mathematics at 11 
fron age. Many of the ablest among them may at entry be suffering 
A pressure due to a selection test in which they were not successful. 
y working towards external examinations early in the course is to be 


deplored, 
At later ages a few pupils may mature mathematically in ways which 
ions an acceptable objective. 


TAS a late entry to existing school examinat 
are emands of these examinations in logical geometry and formal algebra 
6504) the scope of this report (5-342, 5-344, 6:3, 6-319, 6:37, 6:501 to 


sate been widely suggested that special examinations for Modern 
ols might be devised, and in some areas these are already being tried. 
inations would over-stress 


the mremnatios the danger is that such exami V 
them sily examinable elements of courses and so tend to distort the courses 
w NE and to prevent them from serving the needs ofindividual schools. 
R G that the Mathematics itself may differ little from school to school, 
poi he process of learning is a protracted and varied one and the end 
= ae reached are mathematically few. A test in arithmetic only would 
T aeea to a wider course such as we recommend. „It is not easy even 
i aminations internal to the school to give the various elements ofa 
by fhe a balanced assessment. Moreover the wide range of ability covered 
i he term ‘ modern school pupil’ makes any single examination inade- 
quate for all pupils. 
leave school take courses in 
mie: le technical and trade courses, 
ar Tsing courses etc. It has already been pointed out in this chapter and in 
apter 3 that in the final years of a 4-year course vocational incentives 


May well influence the choice of syllabus. 


PART II 


CHAPTER 6 


THE MATHEMATICS IN THE COURSE 
6-0. The Scope of the Chapter. 


hi The ordinary citizen requires only a few mathematical skills to carry on 
s daily affairs, but to keep in touch with what goes on in the world 


around him he must understand something of the language in which con- 
Much of this language is mathematical, 


bles him to appreciate a good deal of 


e long chapter all sorts of 
within the scope of the 
d be chosen in any parti- 
ent of the mathematical 


a ners responsible for making syllabuses 
e parts of the subject which we consider likely to be su 


a ve pupils’ interests, while all will find 
È pications of what they have to teach. r 
apter with the practical contexts; these are fully discussed elsewhere. 
poe main section of the chapter contains poi 
Ses and stages. For notes on syllabuses see 5:33 


61. Mathematics as a Language. 


tet a secondary school pupil to make progress in mathematical thinking 

must have opportunity to perceive relationships and truths and then 

© express them in ways of his own choosing, and not merely to reproduce 
em in the standard terms of more mature minds. } 

f symbols written on 


pa athematics is often thought of as a system o. ls w 
per, whereas there are several ways of expressing mathematical ideas, and 


= discuss these under five headings: 
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(a) words, spoken and written; (6-11, 6-18); 

(b) drawings, both pictorial and diagrammatic; (6-12); N 

(c) modelling in various materials, including cutting and folding paper ; 
(6:13); 

(d) movement; (6-14); 

(e) chosen symbols such as numerals, letters and signs whose forms are 
traditional; (6-15 to 6-18). 


6-101. The entrant’s experience of these modes of expression may be 
very limited. His drawing, modelling and movement are unlikely to have 
been associated with mathematical ideas, though they have given him some 
elementary appreciation of space relationships. : 

In what follows we shall assume that the children have only slight 
knowledge of mathematical language, particularly where symbols are 
concerned. Primary Schools are however taking more account of mathe- 
matical ideas and the way they are expressed, so that some pupils may be 
better informed. Entrants probably understand the use of numerals to 
denote numbers which are small enough to be easily comprehended, but 
the signs + — x + are likely to be to them merely instructions to carry 
out certain arithmetical operations, so that 427 +936 is an exercise to be 
worked out rather than just a number, and a+b may seem at first to be 
meaningless because it cannot be worked out. Full understanding of these 
signs would be shewn by an ability to use them in appropriate contexts. 


6-11. Words. 


A young child first expresses his mathematical ideas and operations 1n 
words, but different verbal statements, expressing different real life situa- 
tions, may lead to the same statement about the numbers involved. Thus 
sharing 20 sweets among 5 children and finding how many 5 shilling books 
can be bought for 20 shillings both lead to 20 divided by 5. This is often 
a source of difficulty especially when pupils become accustomed to treating, 
for example, the word share as though it could always be used in place 0 


the word divide, as they often do when referring to a division as a ‘ sharing 
sum’. 


6-111. Many words and phrases have been taken from ordinary language 
and given precise mathematical meaning, such as obtuse, coordinate an 
index; while many of mathematical origin have been adopted for non- 
technical usage, usually with the same fundamental though less specific 
meaning, for example square, momentum and diametrically opposite. 

Thus the language of Mathematics is closely linked with the living an 
growing language of daily speech, and should be intelligible to the ordinary 
man, but the use of the same words with ordinary and with precise mean- 
ings is not likely to make for understanding. 


„6112. A pupil’s vocabulary is acquired largely at home and may reflect 
his environment by including words peculiar to the neighbourhood or to 
the occupation of a parent. Thus a farming community may use measures 
not in urban use and the technicalities of electrical trades may become 
familiar to younger members of a family. A teacher may well find it 
necessary to increase his own knowledge of words and technical terms 
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commonly used in the district of the school, and also to help his pupils to 
a clearer understanding of them. 
We recommend 


(a) That note be made of the pupils’ use of words having quantitative, 
spatial or technical significance, and that the refining of meaning be 
achieved by making later opportunities for their exact use. 

(b) That words not so commonly used in everyday speech, such as 
diagonal, triangular, or perpendicular, should be introduced in de- 
scribing some situation in which the pupils are actually engaged. 
The pupils would then be expected to use the words in suitable con- 
texts rather than to define them formally. In some cases, however, 
such as acute angle, a precise definition will aid the understanding 
and proper use of a term. : : 

Accurate verbal description should be considered an essential 
part of mathematical training, as should also the correct following 
of instructions given in quantitative or spatial language. On the 
other hand unnecessary technical terminology should be avoided. 
Words which it is desirable for a teacher to know for his own reading 
are not necessarily suitable for his pupils. _ Thus some words in this 
document are for teachers rather than their pupils. zi 

(c) That attention should be drawn, in suitable cases, to the similar or 
contrasting use of words or phrases in technical and in everyday 
language; e.g., acute, perpendicular (with its architectural signifi- 
cance), parallel in the sense of analogous, and multiply (with its 
biological meaning). f 

(d) That the association of words with more concise forms of mathe- 
matical expression be developed progressively throughout the course, 
so that a pupil will learn to speak of a right angle rather than a 
square corner, of a quotient instead of the answer to a division, will 
say that 13 is a factor of 1001 instead of saying that 13 divides 
exactly into 1001, and will write AB=AC instead of the equivalent 


statement in words. The reverse process of interpreting mathe- 
matical symbolism is referred to in 6-114. ay s 

(e) That attention should be drawn to the derivational connection 
between mathematical words and others, either technical or non- 
technical, the pupils being invited to add further illustrations; e.g., 
poly-gon, poly-technic, hexa-gon, dia-gon-al, dia-meter, tri-gon- 
ometry, ¢ri-angle, tri-partite, cent-ury, per cent. 


6-113. While pupils should become more and more able to express 
Mathematical ideas in conventional manner and terminology, it is not 
Necessary, or even desirable, to dispense entirely with less formal modes of 
€xpression. Thus the pupils should know the words numerator and de- 
nominator, but should still be allowed to speak of the top or bottom ofa 
Taction, The more formal language is customarily associated with the 
Written rather than the spoken word. P 
evertheless incorrect use of words must be promptly dealt with. 
Examples of common errors are: ‘I times the length by the breadth 3 
Straight’ for upright or vertical; and ‘ proportion for ‘ratio’. To 


allow an angle to be described as a corner is to lay up trouble for the future. 
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i i ct 
It should be explained why such expressions are wrong and the corre 
forms made familiar to the ear by repeated, though not laboured, use of 
them. 


6-114. The pupil should frequently use ordinary language to interpret 
mathematical statements, as in saying in words what is expressed by a 
formula or describing how some calculation has been performed. Some- 
times the mathematical language will be geometrical, and the verbal de- 
scription a statement of the geometrical relationships involved in Some 
diagram. Both comprehension and expression are involved in this inter 
change between verbal and symbolic expression. f h 

In the paragraphs which follow we shall, when appropriate, take eac 
discussion back to its verbal beginnings. 


6:12. Drawing. 


Drawing, together with modelling (6-13), is essentially the language of 
geometry, and as such it is fully dealt with in other sections where Boe 
metrical expression goes hand in hand with geometrical discovery. The 
power to make and to read a sketch which reveals geometrical relation: 
ships is sometimes overlooked as a teaching aim in pursuing the niceties 0 
draughtsmanship and scale drawing. i h 

It must not be assumed that a pupil has a proper conception of ne 
geometrical ideas as that of an angle or the equality of lengths until he ha 
shewn that he can both make and understand statements which involve 


But the use of drawings goes far beyond the bounds of geometrical 
thought. The appeal of the visual to most adults, and to children who hav! 


form are accessible to the ordinary man, but that those which cannot may 
well remain a mystery to all but the specialist, re 

The diagram is mainly useful in clarifying a situation, though not in 
frequently it may be the means of s 

Diagrammatic forms of symbolism develop alongside the purely sym- 
bolic forms. Like the spoken and written word they can be treated as 4 
Stage towards the learning of other symbols, and as such they will be note 
in discussing those symbols. For 1 
lengths, representing numbers, are helpful in the discussion of the natura 
numbers, of fractions, of ratios, 
of quantities of all kinds, inclu 
scale. 


Graphs, which form a particularly important class of diagram, are dealt 
with in detail in 6-4, 


6-13. Modelling. 


The term modelling is intended to cover any demonstration with material 
objects, other than drawing on a flat Surface, for example paper-folding- 
Modelling is most commonly used in clarifying spatial concepts: sy™- 
metry by paper-folding; equality of areas by dissection; the properties 0 
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solids by models, frameworks and developments; congruence by paper 
cutting and so on. Such examples are discussed in 6-5. 

_Diagrams may also have adjuncts, such as adjustable strings and three- 
dimensional extensions, which bring them into the realm of modelling 
rather than drawing. Dissections for illustrating the properties of frac- 
tions are a simple example. Often a model is made and used for some 
purpose other than mathematical demonstration. The teacher of Mathe- 
matics can take advantage of the occasion, either to point out its properties 
or to help overcome difficulties of construction. For instance in making 
models of buildings right angles have to be dealt with, and also perhaps 
awkward angles between planes. Dressmaking may raise questions of 
symmetry and of similar figures ; in carpentry interest may be aroused in 
the nature of a screw thread and the contrast between left-handed and right- 


handed threads. 


6-14. Movement. 

Movement as a form of expression also has its main uses in dealing with 
Spatial concepts and the line between it and modelling is rather hard to 
draw; for example folding may be considered as a movement, and curves 
pee by mechanical devices involving rods and strings as the product of 

Odels. 

Although the time element necessarily comes into demonstrations based 
on movement, it is, except in the study of movement itself as a part of 
Mechanics, usually disregarded in favour of the purely geometrical aspect. 

hus the angle concept is most readily appreciated in relation to a turning 
movement from a fixed line (6:511). In illustrating a right angle and two 
right angles by ‘ right turn’ and ‘right-about turn * the time taken to make 


the turns is not considered. Again the idea of a locus (6:55) is appreciated 


est as an actual track made in moving, but the time taken to trace the 


ocus is no part of the concept. : í 
Some R films Pad film-strips are available which exploit 
movement as a means of carrying conviction to the pupil. Angles may be 
swept out to draw attention to their placing, for example an angle of lati- 
tude in a hollow sphere may be first drawn and then rotated about the 
polar axis so that a point on the sphere traces out the small circle of lati- 
tude. A rolling wheel may be shown with a marked point on it, which in a 
second showing appears to trace its path. Again, figures the same 1n type 
ut changing progressively in their quantitative relationships may be 
shown in series, for instance circles with their common tangents as their 


centres approach one another. 7 

, Graphs Pi the distance-time type may sometimes be built up very emoi 
tively by experiment. For instance a pendulum carrying a marker wi 
trace out a sine curve on a paper pulled steadily across the swing. In 


6:42 (a) the continuous temperature reco. 
Ing trace. 


rder is an example of a slow moy- 


nded Ideas of Number. © à sa 
Our ten numerals 0, 1, 2, - , +9 are symbols, whose signi cance a chil 

can grasp from his early experience. For higher numbers we do not ee on 
Inventing new symbols; we have a system whereby these higher numbers 


615. Number Symbols and Exte 
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Diagrams or apparatus shewing a number built up of units, tens and so 
on may help appreciation of the notation. The abacus or counting frame 
1s an example. Pupils need help of this kind to understand the importance 
empty column. 
work on factors of numbers a class will meet such examples as 
32=2x2x2 x2 x2, and will readily realise the advantage of an index 
notation in which the result is written 25. Squares and cubes, which can 
g of area and volume, may soon be used quite 
competently, as may also powers of 10, which are an essential part of our 
decimal system of notation; but on the whole the index notation requires 
long use as a form of expression before attempt is made to build upon it- 

The Roman System of numeration must of course be dealt with, not only 
for its historical interest but because it is far from extinct. Other systems 
of historical interest might be described and discussed in the light of our 
Present decimal system. The term decimal system refers to our notation 
in which we count in powers of ten, and must not be thought to refer 
simply to our system of ‘ decimals ’ in the sense of decimal fractions. 


6-151. Fractions. Methods of indicating fractions, both less than 1 and 
greater than 1, form a very important part of our mathematical vocabulary, 
and it is as such that they are considered here; methods of teaching the 
use and manipulation of fractions are dealt with elsewhere. 

When fractions are first introduced it is recommended that special words 
for describing them such as vulgar and improper should not be used. It is 
generally better to use no prefix at all in place of vulgar and to call frac- 
tions greater than 1 by some such name as top-heavy fractions. Thus at 
it ae simply a fraction and 2 a top-heavy fraction if any distinction 18 
needed. 

When decimal fractions are introduced the word fraction without the 
prefix decimal can be used for any fraction other than a decimal fraction, 
from which the word fraction will soon be dropped. If greater emphasis 
on the distinction of type is required perhaps the word ordinary might 
replace vulgar. In this report the time-honoured words vulgar and 
improper are retained in circumstances in which pupils might use ordinary 
and top-heavy. pet ig. en 

A child’s first experience of a fraction is as a means of indicating a part 
of a whole; the denominator and numerator show how the whole is 
divided up and how many parts are taken. The impossibility of having 
five quarters of a particular cake tends to give the idea that a fraction 
cannot be greater than unity, but such examples as five quarters of a pound 
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of te: š 
a or the common expression ‘ three halfpence > should lead on fairly 
ixed numbers are readily 


at assistance in such discussions. 
tity may b € action of the whole, so one quan- 

y be expressed as a fraction of another quantity of the same kind, 
Such fractions may well be greater 
mproper fractions to give a more 


Vivi > j atv 
id mental picture of the comparative sizes of the two quantities; such 
ded as ratios. A 


fracti 
ctions, whether greater or less than 1, can be regar 


T 
atio can also be written in the notation 3:2 (6-183). l 
tably percentages and decimal 


d in special contexts, but is 


generally considered as a rate (6-182). 
d where the values of a number of 


ome implied standard as in 
ter t s a profit or loss, Or in- 
terest paid as a fraction of the sum of money involved. They are almost 
d into parts; ©-8- how the local 
i mixture of solids or liquids 
S made up of its constituents. A circ into sectors is an excellent 
a of diagram for illustrating such percentage: 

He 100% are much used, and m d 
whistorically percentages preceded the no 
valch they are a special form. The linear sa 

rms an indispensable diagrammatic approach to the appreciation of the 

rst place of decimals with estimation PE the second place as tenths ofa 
tenth. This is on the whole more important than the idea that two places 
of decimals give the number of hundredths. , T! his latter is often shown dia- 
grammatically by taking a square inch divided into 100 square tenths or 

undredths of a square inch. ‘Thus 0:37 sq. in. 18 given by 37 of the small 
Squares or 37 hundredths. But this interpretation alone does not suffi- 
ciently emphasize the importance f the leading figure. 

In Britain decimal fractions suffer aln e than any other part of 
arithmetic from being taught as a notation detached from experience and 
Without adequate foundation of a ‘ descriptive kind. This is due to the 
Nature of our weights and measures, few of which are related decimally. 

he use of tenths of an inch in grawing and measurement and in work on 
Squared paper gives OPPO! unity for decimal expression without heavy 

tas many pupils as possible should learn 


com A s nt tha F 
putation. Itis importa’ ite them with understanding in appro- 


eres i jons and to WI 
pee aes n the other nni much computation with decimals 
aton -o unimportant O NES, aig 

Clear any Pup out ibe decreasing significance of the digits in a N 
notation is an jmportant preliminary for any who consider irrational 
se rT. À 

The å a ae e idea of a system of fractional ‘ numbers’ is 
Breath: mien by the diagrammatic representation LER wines 
Other pes of diagram are discussed in 6-241. 
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6-152. Other extensions of the idea of number. There are topics which 
may be included in a syllabus and which give opportunity for the introduc- 
tion of the symbolism of directed number e.g. temperatures of 15° above and 
below zero on the temperature scale expressed as +15° and — 15°. Again 
the terms ‘ Zero Hour’ and ‘ Zero Hour plus (or minus) one’ etc. have 


is the number name for the chosen point or origin. If times are denoted 
by the numbers, the right and left property corresponds to after and bee 
zero hour. It is usual to denote the right and left property by plus an 


difference (6-29). The plus direction from the origin is conventionally 

noted by an arrowhead. > 
Discussion of quantities which can clearly have positive and negan 

values, such as temperature, time, height above sea-level, rate of flow © 


familiarity of the practical situation examined. Force and displace- 


ment are probably the easiest vectors to treat experimentally in the class- 
room. 


f corresponding 
verbal statements; but they generally involve the use of the gj Sees. 


x, +, to indicate the results of adding, subtracting, and so On, and not as 


instructions to perform these operations. This use of the Signs is at first 
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hloreoyer the ability to make such a general statement demands a com- 
plete mastery of the situation. Take for example the simple case of bring- 
mE shillings and pence to pence. A pupil may say 3s. 5d. is 41 pence 
aost without stopping to think; but if he has to bring a shillings and 

pence to pence, he must bring the process used out into the open again 
a say: first multiply the number of shillings by 12 giving (a x 12) pence, 

en add in the b pence giving [(a x 12) +b] pence. 


It is recommended that the form a x 12 be allowed at first and replaced 
as the implied multiplication in 


another. Many will hardly use genera 
advance safely much further tha: 
pupil. A detailed discussion as to how far 
be found in 6-3. 


6-16. Statements about Numbers. 


It may be appropriate to summarise here what has been and will be said 
ts of mathematical language. It 


about the signs Ee xX, ep aspar 

has been porta Cab that much fasto be done in the Modern School to 
fill out their fundamental meaning applied to the natural numbers. These 
Signs have no meaning apart from ‘numbers and in 6-244 there is discussion 
of how their meaning is extended to suit the extension of the idea of number 
to include fractions. Further modifications are required when directed 
numbers are considered (6-29). Statements using these signs, and others 
such as =, are made about numbers, and the signs should not really be 
used when the statement is made about objects; ¢-8- 36 +6 =6 is correct, 


but, pedanticall tatements 36 sweets = 6 =6 sweets, 36 in. +6=6 in. 
are A sooner tees BA accepted, extension of the symbolism. The fuli 


verbal statement of the situations all of which involve 36 +6=6 depends 


on the ‘ation which may be of the kind known as * measur- 
nature of the situatio 6 in. lengths in 36 in. is 6, or the 


ing’, 36 in. +6 in. =6, the number of the. gths in, i 
kind known as ‘ Sann g’, 36 sweets (or inches) divided into 6 parts gives 
sweets (or i in each part. f 
There is v inchnily more than one suitable form of a number statement 
e.g. 543 may be read as an instruction ‘add 3 to 5° or as a whole ‘ the 
Sum of 5 eS 
It is da but not easy, to encourage and refine verbal statements 
about Aumbers Yvithout unduly limiting the spontaneity of their form. 
= sas ction later by example is often better than 
ment to correct adult form. 
In symbolic state the various signs and symbols must 
be used with rigorous : 
ee Reese one of the most frequently misused. It expresses the 
quantitative equality of ressions between which it is set and corres- 
Ponds to such a phrase “js equal to ° or” has the same value as’ in, the 
Verbal statement. A very common error 1s to use it between consecutive 
in the sense of ‘therefore’. One statement 


statements of an argument, 
cannot equal other Statement. See 6-35 also. 
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The sign = is properly used to indicate that two expressions are identi- 
cally equal. Thus we have, for example 


2 


2x+5=11 (an equation) 
2(a+b)=2a+2b (an identity) 

The statement ‘ A4BC= APOR?’ means that the two triangles are 
congruent i.e. equal in all Tespects. dios 

When several numbers are Separated by the signs +, —, x an be 
brackets should be inserted to show in what order the operations are a t 
performed. Numerical expressions of this kind are unlikely to occur exc! Pa 
in situations in which there is no doubt about what is intended, for examp 
in finding the area of two walls of a room when it is convenient to a F 
length and breadth before multiplying by the height, or in evaluarii 
formula in which numerical values are given to an expression suc hee 
(ab + other terms), Attificial examples should be avoided unless it 


5 ane nt. 
Comes necessary to emphasise that the order of operations is importa 
us 


(8-3) x(2+10)+2=30 
8- (3x2) +(10+2)=7 
(8-3) x2] +(10 +2) =15 


If after leaving school pupils work in some sphere in which a convenra 
about the order of operations has been adopted, they will learn it the patel 
Teadily for having been trained to recognise that this order is of significansa 

e deprecate the testing of school boys and girls to see if they 
learned such a convention. 

The use of brackets is considered further in 6:314 and 6:38. hat it 

athematical symbolism is superior to verbal expression in t root 
eaves no ambiguity. To write that * the radius of a circle is the square ifie 
of its area divided by 7’ is ambiguous; the statement could be elar the 
by rewording, and the spoken statement made clear by pausing, bu 


mathematical statement r= 


: 5 cet. 
hese two examples of mathematical symbolism, the = sign and brack for 


skates if S 
y insistence on the use of the verbal equivalents. Some further detail 
of symbolism are discussed in 6-38. 


617. Other Notations. f 

There are other important mathematical notations, which may be intro- 
duced in some Modern Schools according to the hature of the course 
attempted. For example it is Suggested later that the use of logarithms 
is within the scope of pu ils of quite modest ability and that it may con- 
veniently widen the pupils’ range in computation. fi wed E 
will probably be employed with partial puderstanding as a lying to 
numbers found in a table and used for Perform; É Giana 

The term tangent of an angle however, may, if the course includes 
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ee work of a suitable kind, be used with real understanding of what 

be Stes in limited and particular circumstances. The symbol tan Awill 

Aeled SE a convenient shorthand in making statements about a right- 

en triangle. The strangeness may also be removed from statements 
involve other trigonometrical ratios. 


6 i Some Important Mathematical Terms. 
mies al important mathematical ideas are summarised by words whose 
fs iig ma only slowly as both practical and mathematical experience 
he fir = . Three such are chosen as examples: average, rate, ratio. 
biit bel two are in common use colloquially, the last only occasionally, 
For th elongs to a most important mathematical notion, that of comparison. 
relation ordinary citizen it is at least as important to have a clear idea of the 
aan nships expressed by these words as it is to know how to find an 
area he a rate and a ratio; but the ideas expressed can only be given 
Aan a if there is at least some simple experience 1n computing as well 
aca sing the words in a correct context. ‘ Using > and ‘ finding > may 
abet e g-ometrical examples and diagrammatic methods, which are parti- 
graphy 4 ective in making an idea clear. The actual calculations and 
F cal work are dealt with in other sections. 
lik example finding an average 1s discussed in 2-131; arate of change is, 
oa atively at least, associated with the interpretation of a graph at an 
tly stage (6:42); the comparison of two heights may bring out vividly 
at comparison by ratio and comparison by difference serve different 
Purposes. 
co PPortunities for using these terms will occur again and again, in any 
E which has real significance for the pupils. Some situations 1m 
ich the terms might be used are listed below : 


6-181. Average. Contexts in which this term is used inyolve statistics 
of some quantity which changes from individual to individual instance, 
such as heights of individual people, plants, etc. ; number of eggs laid week 

y week; scores from innings to innings, trial to trial etc. 

The average of a continuously varying quantity, such as the average speed 
of a car for a certain journey, is a much more difficult idea than the average 
of a finite set of values, and needs separate and careful treatment in so far 
as it is dealt with at all. On the other hand, the phrase ‘ average tempera- 
ture for July ’ probably does not indicate the mean value, but the mean of 


a finite number of temperature readings. 

6-182. Rate. A rate gives the amount of one quantity which corres- 
ponds to an amount of another quantity as in 2s. 6d. in the £1. This is a 
uniform rate, but in life exactly uniform rates are the exception. Never- 
theless the idea of an average rate is very simple and plenty of examples 


will come readily to mind, for example 


200 words per minute 
5 houses to the acre. 


nit for the second quantity; thus ‘ 32 stitches for 


It is usual to cite one U i 
an eight-inch band’ is a rate, but it would usually be simplified to ‘4 
stitches to the inch °. A birth-rate on the other hand, is usually given in 
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` the form ‘21-2 per 1,000’, where the 1,000 can be thought of either an 
convenient round number where 1 would be unsuitable, or as itself a un 
A non-uniform rate is a very much more difficult idea, though E | 
age of travel the phrase ‘ 20 m.p.h. at the instant’ probably has a a J 
definite significance to most children. Graphs showing the relation pa 
tween pairs of varying quantities such as distance and time, or barome 


: à > A e 
pressure and time, help to clarify the idea of speed at an instant, or of rat 
of change of barometric pressure. 


a 3 ; 1 f 
6183. Ratio. Variously worded expressions occur when the notion O 
the ratio of two numbers is concerned. For example: 


(a) * twice’ and ‘ times? as in 24 is twice 12, or three times 8, the ratios 
being 2 to 1 and 3 to 1. : ths is 
The ruler is twice as long as the pencil, or the ratio of their leng 
2 to 1, which is also written 2:1. , i f 24 

(b) fractional statements, as in 12 is half 24 and 16 is two thirds s 2 

giving ratios of 1 to 2 and 2 to 3. Again these can be varn 10 

and 2:3. 10 per cent or a ratio of 10 to 100 or 1 to 10, since 10: 
is the same ratio as 1:10, : in 16 

(c) equal ratios giving four numbers or quantities in proportion as tiona 
is to 24 as 2 is to 3; or the sides of the two figures are propor last 
meaning that ratios of corresponding sides are equal. This a 
example occurs in all ‘ similar ° figures and therefore in drawing 
scale, enlargement, etc. : vernier. 

(d) division of aline in the ratio mton, e.g.4 to 7; diagonal scales; waned 

(e) in mechanics, velocity ratio, gear ratio, compression ratio of eng 

Q) specially named ratios, e.g. the sine of an angle. ircle. 

(g) important ratios e.g. ratio of circumference to diameter of a ee mE 
the notation 4:3 for a ratio of 4 to 3 is often extended to the e are 
parison of three quantities, 4:3:1, so that if these 3 quantiti kole 
constituents of a mixture they are severally $, § and } of the w 


Ae e 

A ratio expresses, not the difference between two quantities of me 
kind, but how many times one is contained in the other, or the meas tad 
one when the other is taken as unit. , Thus to say that two distances Sper 
the ratio of 5: 2 can be thought to mean that, if the second is taken as ‘yen 
of length, the first is Zunits. But for most people the implication is oe 
simpler: that, if a suitable unit is taken, the two lengths actually The 
units and 2 units, just as two lines might be 5 inches and 2 inches. ate 
ratio of two quantities gives no indication of their magnitudes, sinc 
common unit is not stated. È k ftwo 

Ample experience is needed of this means of comparing the sizes O E 
quantities before it can become part of a child’s mathematical vocabu 
The idea of ratio grows slowly, and patient treatment is necessary. 


6-2. Numbers and the Basic Processes. 


i ledge. 
62. eae nee ith amall integral numbers ; tables, 
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6:23. The four rules for integers greater than ten. 

6:24. Fractions and calculation with fractional numbers. 

6-25. Other methods of computation. 

6:26. Checks. 

oer Approximate calculation. 

‘28. Logarithms and the slide rule. 

6:29. Computation with directed numbers. 
i This important section is concerned with the extension of the pupil’s 
oS of numbers and his powers of calculating both mentally and on 

r. 


621. Number Knowledge. 

In the Primary School the pupil will normally have learnt to use the 
smaller numbers, say up to 100, with confidence and accuracy, and to know 
their properties in some detail. The consolidation of such work is there- 


fore dealt with in the remedial section (4-4 and 4:5). 
Here we consider some of the interesting properties of numbers, both 


within and beyond this range, which will appeal to all pupils. 
6-211. Certain kinds of numbers have particular characteristics which 
are worth studying, for example, odds, evens, primes, squares, cubes. 
(a) 11, 59, 137 cannot be divided without remainder by 2 or any larger 
number, except 11, 59 and 137 respectively ; they are odd and prime. 


(b) 36 is even and a square 
121 is odd and a square 

(c) 27 is odd and a cube 
64 is even and a cube 


The pupil i thers of similar types- 
ie emanate ries which the class can continue, recognising 


eg ambers can form a se: 
e way it is built up, ¢-8- 


2, 6, 18, 54, oc eeee 


Certain numbers are connected with patterns, e.g. the triangular 


numbers. 
10 o APSA 


Note : The series 1,3, 6, 10...isa specially interesting one and occurs again 
` in building uP the square numbers: 


th 324 Senso 
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or, writing in series form, as below. 

I 3 6, 105, 15 

13; 6, 10 

De Os AE 25°. 


P e s ue 
Discovering such Properties involves only counting but has the val 
that it helps Pupils to become enjoyably aware of number relations. 


6:212. Some numbers are Temembered fo: 
Particularly in relation to measures of such 


For example, 22, 440 


, 1760 yards form a group. 
240 pence = (12 x 20) pence. ft 
12 in.=1 ft., 144 Sq. in.=1 sq. ft., 1728 c. in.=1 cu. ft. 
360° = 4rt. angles = (4x 90) degrees. 
60 min = ] hour = (5x 12) minutes. 


nan counting and computing er 
numbering of Pages in a book or houses in a street fd a, 
i to be made. On the other W hich 
gistration number may contain a figure wh in 
It is not used therefore as a true Spe six 
tly be read as six seven three and not better 
The study of such uses can lead to a f tens 
S a sequence arranged in a scale o. 


defines a district or a date. 
Such a case 673 Could prope: 
hundred and seventy three, 


understanding of number a 
(4:31), 


ides 
6-214. The decimal notation itself, units, tens, hundreds, etc., provide 
the number pattern of greatest usefulness and leads to the discovery 
other patterns worth remembering. 4 mber, 

For example, adding nines continuously, beginning with any nE 
gives a series with the units figure decreasing by one. If 8 is the s 


Point the series js 
8, 17, 26, 35, 44, 

The test of divisibility by 9 also 

2 must be divisible by 9 becaus 


: s: 
depends on the tens basis of our number: 
e 


7 tens equal 7 nines and 7 ones 
“. 72=7 nines and (7 +2) ones. 
+2=9 


<. 72 can be written in nines. 


The study of a few more examples will lead to the rule ‘ add the digits; if 
their sum is divisible by 9, so is the number”. 
Example : 76923. 


7+6=13. Cast out a 9. This leaves 4, 

Ignore the next figure, a nine. 

To 4 add 2 and 3. 

ale ; 46494243227, <. 76923 is divisible by 9, 
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ked by the pupils. But 76913 is 
y applying the rule and also 
ber properties used in such 


en 9 units. Ata later stage he will be able tor 

ate The ability to think of a number as the sur 
=20 +9, is necessary for the use o! e l g 

fuderstanding the composition of numbers with more than two digits for 
e purpose of long multiplication. 

6:216. Large numbers. Large numbers are awkward to write and to 
cea when set out in full; nor is their significance or comparison easily 
en. Expressed in terms of a large unit, or , th 
become more manageable. Writing 2,500,000 as 2} millions, and similar 
exercises will be found useful at this stage, but 1t 1$ better to defer writing 
such a number as 17,469 in thousands until the decimal form 17-469 can 
e readily used. Graphical ways of representing larger numbers are 
valuable before decimal methods are undertaken. The prefixes Kilo and 

Mega are becoming increasingly familiar. A 
6:217. By giving a group of numbers diagrammatic form as lines, columns 


e ` i be made. For 
Or symbolic pictures (isotypes important comparisons can e 
example, lto pictarea qoi ie 350 men, 200 women and 400 children. 


hese could ted by lines on a scale such as 100 persons to 
each inch. ae AR be ropresented by picture graphs in which each 
Picture, a symbolic man, woman Or child, represents 100 persons, as shown 


In Figure 1. 


REPRESENTS 
100 MEN 
MEN 


ĝ REPRESENTS 
100 WOMEN 
WOMEN 
Å Å A REPRESENTS 
100 CHILDREN 


CHILDREN Pat. 
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Any fraction of 100 less than 4 would be difficult to represent. It is bee g 
avoid this problem either by choosing a different unit, say 50 me ill ca 
working in round numbers, This figure could equally well serve to wee 
trate 3,500 men, 2,000 women and 4,000 children, if each picture re 
sented ten times as many people. The figure can be used to make anil 
parisons of two kinds: differences and ratios. The statements V 
could be made include 


(a) There are fewer men than children. 

(b) There are 150 more men than women. 

(c) There are twice as many children as women. 
(d) There are seven men to every four women, 


f d; 
(a) and (b) are statements of difference and will readily be volunte 
(c) and (d) involve ratio and would be equally true if each picture Em- 
sented a thousand persons, or fifty. The ratio statements are the more ar 


: n 

When the numbers to be represented have more significant figures than 
those shown in Figure 1 above it may be necessary to work to, S PE 
significant figures. This method gives most useful insight into the nea f 
and use of approximation and of such a phrase as to the nearest tho 


: ; ce, 
tween small numbers will be unfamiliar to most pupils. For ae , 
although the multiplication tables will commonly have been we have 
the idea of factors will often have been neglected. Measures may 


E BE or 
but little experience may have been given of writing 252 in its nos 
form 7 x3 x12, Nor may the pupil have thought of 7 and 36 as ae 7 bY 
factors which make 252, nor have learnt to find the factor to pair wi rules 
dividing 252 by 7. There is a tendency to teach the multiplication sae 
in the form 7x9=63 without giving sufficient attention to the r 
form 63 =7 x?. i PE 

Computation can be greatly eased if numbers can readily be splita A 
small prime factors. It is a good plan to practise in sae el: 
frequently used numbers in their factor form. For iver aa 
240 =20 x 12=(5 x2 x 2)x(2x2x3). This can then be gui we 
2x2x2x2x3x5in order to draw attention to the pattern of the ete 
and to lead to finding other pairs of factors which will make 240. ithe 
value of such knowledge about the structure of certain papas wW. a 
seen later in dealing with fractions as well as with money and measures. 


i itten computation 
K assumed in what follows about wri p 
sige he pa og already familiar with the oie en pubttaction and 
multiplication—division tables and suet ues th ee a ee e T 
oney and measures. Through us 
Pa better and more significantly known and therefore more 


fo J 
urteens, etc. instead of tens. 
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fein: ang certainly on call. To secure speedy and confident calculation, 

thea, i in dealing with combinations of numbers must be extended 

thee ghout secondary school life and well beyond the range required for 
orrect performance of the written procedures now to be discussed. 


s mU The Four Rules for Integers Greater than Ten. 
cae anes in 2-41 (c) that many modern school pupils require some 
Gane Ep work in the four rules for numbers greater than ten. In 4-812 an 
tae ay eis given of a fresh approach to the rule for multiplication ; through 
TA ork in area-finding the structure of this rule is re-taught. Further- 
Con ie plea is made for a gradual re-teaching of the elements of which the 
s a ex rule is made up rather than a re-teaching of the procedure as a 
te e. The importance of a thorough grasp of the four rules must be 

essed for, with their constituent tables, they are the only fundamentals 


ae computation. When the idea of number is extended beyond positive 
gers, for example to fractions, the meaning of the four processes, 
and division must be correspondingly 


addition, subtraction iplicati 
, multiplication 

fe ded but the new computations are still based on the fundamental 
rules Similarly when calculations relate to money or measures the same 
Operate but must deal with arbitrary groupings of threes, twelves, 
One difficulty dese special consideration at this point. Although 
ipost pupils EER the Modern School will have been introduced to some, 
not all, of the ‘ long’ rules, it does not follow that all will use the same 
Pattern for working and setting down. Teachers in many areas have spent 
a great deal of time discussing this problem and where agreement has been 
Teached on the methods to be used it is undoubtedly a great convenience. 
owever; if a pupil is secure in a pattern of working which is not that of the 
Majority, it is unwise to force a change of habit, particularly in the mental 
Working involved. Some changes in the way the work is set down can be 
achieved easily provided that the pattern has been understood and not 
accepted unthinkingly For example, in multiplying by 23, a pupil who 
multiplies first by the 3 and then by the 20 may not find change of order 
ifficult if he is clear that it is multiplication by 20 and not by 2 that he is 
Performing and that this determines the position of the figures of the partial 
Product. The stage by stage Teme ial work suggested in 4-812 may well 
be used to establi i new patterns of working without the pupil experiencing 

any sense of change. A 
o i ono es are taught and the patterns of setting 
tl endows nce n of the waas s given in the Association’s Mathematics 
Primary Schools. 
6 ; ot been taught at the primary stage, should 
Not pew nle ae hich P ondary school as just another rule for reckon- 
ine 6 roduce n for it should first be seen and the approach to it by 
nun ome real nee Jlow from that need. For example, long division 

umerical stages should follo w skill. It is not difficult to fi i 
Will often have to be taught as & ne y Wise fnd om 
cumsta ave to, W division bY 2 and by 20 would arise before division 
in similar ¢ i bE: 93. For example, suppose seating has to be 
arrang Baer £23, How many rows will be required to seat 300? If 

G 
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the number in each row had been 20, children could experiment and dis- 
cover for themselves some method of finding the answer, possibly by 
arranging double rows of 10. Such a method cannot be used for a prime 
number like 23. If the pupils are left to their own way of reaching an 
answer they are likely to make a count of twenty-threes: 23, 46, 69, 92, etc. 
When they arrive at ten twenty-threes, (230), they may realise that thera 
are still 70 people to seat, and may see that 3 more rows would seat all bu 
1 of them. The teacher now has the opportunity to show that in such & 


procedure lies a method of dealing with all divisions and can set it out in 
the usual form. 


13 rows 
1 23 23)300 Note 
2 46 230 At later stages 
3 69 70 the 0 of 230 
4 92 69 is omitted. 
etc. TRem 


+ 643 
The correct answer to the original question must be discussed. Is it r 
rows with 1 extra seat’? Or should it be ‘ There must be 14 rows to ma 


for many pupils the tabulating of products, i.e. the making of a table 
continued addition as set out above, will offer the most reliable an 
Gradually the number of products to be written will be limited to tho 
Suggested by inspection, or by using an approximate divisor, such as 
for 29, or 40 for 43, and will be found by multiplying. 


28 
Example: 29)827 
58 Dy soaa 58 
247 Bi ake 87 
232 OMT mi 261 
“T5 Rem. Sie orcs 232 


Note: Trial by 30 Suggests 8, but this might be too small: try both 8 and 
9 times. A pupil who has reached this ‘Stage, and understands what he 
doing, should be able to check by dividing 232 by g mentally before using 
this product in the example. sige 

It has to be remembered that long division is a complicated process, 
frequently involving subtraction, multiplication and addition, and the pos 
sibilities of error are many. Even the building up of the table by addition 
may contain a slip and it is wise to insist on carefu] checks: for instance 
the table can be carried on to 10 times when any error would become ap- 
parent, or for isolated products a check by division is worth while as sug- 
gested in the example above. At every stage Pupils should be on the aleft 
to notice if a remainder is bigger than the divisor, Confidence in dealing 
with 2-figure divisors is worth securing by frequent Practice of a method on 
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W 1 e 
jaci pupils feel they can rely, but struggling to work with large divisors 
ing lon. ers for the demands of ordinary life. Indeed, skill in perform- 
EAT ivision is of little value unless the correct form of answer to a 
iE yó sig lg can be given, and this depends on the circumstances. 
fle ene ave 14 bricks you can take 3 bricks from 14 bricks 4 times and 
Citer = Wo bricks over; you share 14 bricks among 3 boys and you can 
oven a e them unequal shares or give them 4 bricks each with two bricks 
piece if i the other hand the answer to the question ‘ how long is each 
lien Ge th inches of tape is cut into 3 equal parts? ° is 44 inches. Which 
two-thi a answer when 14 is divided by 3? Is it 4 and two over Or 4 and 
ap rds. The pupil must become used to giving his answer in the form 
propriate to circumstances. 
any type of computation 
ke of practice. The rule 


consideration. This does not mean that a chi 
not b do so, but computation should 
speci al made burdensome for the majority. It is far better to introduce 
tha calculating devices such as the slide rule or logarithm tables (6:25) 
n to hold up more significant work by labouring computation. 
al Numbers. 


6-24. Fractions and Calculation with Fraction 
ave little knowledge of frac- 


Roy children entering Modern Schools have li ledge S 
NE except a practical acquaintance with a few simple fractions in parti- 
nor T contexts. Halves, thirds, quarters are known by name and can 
Realy be accurately used. a > 
oa a teaching sequence the correct naming and writing of a few fractions 
Beas in particular experiences forms the groundwork, e.g. a half- 
eas y,2d.; a quarter of a pound, i 1b.; three quarters of an hour, Ẹ hr. ; 
third of a pint, } pt.; and so on. This groundwork is then extended to 
naming of fractions beyond the quarters such as fifths, one-sixth, 
Tee-sevenths. At this poin nce must be given 


to t ample practical experient 
ensure that pupils understand that the parts into which the whole has 
The next stage is t 


of o make clear the functions 
the numbers which form the top and bottom of the fraction. For these 
‘wholes’ divided into equal 


Purposes, and many others, diagrammatic : 
objects and measures which are the 


6:241. Use of explanatory diagra of diagrammatic 
faDlanation of fractional Sec are These should at 
ies be associated with familiar uses of fractions, e 
t apie of weight, time, money, etc. rwise there is a danger that 
tio iagram may, as it were, become the fraction rather than a generalisa- 
a n of situations involving the fraction. A varie! 
Safeguard. 

ar israms with the whole represented by an area, in particular a circular 
fon, are common. There is much interesting geometry involved in the 
re ling or dividing of shapes into equal parts 1n different ways, ¢.g. in 

lising that a square may be quartered by its diagonals or by lines through 
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the mid points of opposite sides giving triangular quarters in one case and 
square quarters in the other. 

The perfect symmetry of the circle makes it a specially appropriate figure 
for division. When compasses can be used to divide the circumference into 
sixths a circle can most conveniently show the properties of the twelltie 
group. Later when angular measurement is known, the dividing up © 
360° at the centre makes the circular diagram valuable for displaying 
statistics giving fractional parts of a whole. If the circular area is used to 
represent a 24 hour day in a pupil’s life, sectors can be drawn to show the 
number of hours he spends in different activities, e.g. sleeping, a 
playing and working in school. A circle shows quantities up to a singl 
whole very clearly, but it is limited to this, whereas segments measure 
along a line can be continued to represent fractions of any size. for 

This mapping of fractions along a line such as the ruler’s edge is A 
theoretical reasons the standard form of representation, but a long TeC 
angle like the rule itself serves most early purposes. Thus a piece of car 
12 inches by 1 inch might serve conveniently as one whole when considering 
the twelfths family. Pieces of the same width, say, twelve 1” long, six t 
long, four 3” long, and three 4” long, would make it possible to experimen 
with 12ths., 6ths., 4ths., and 3rds. The superposition of transparcn 
diagrams of fractional parts can also usefully demonstrate the meaning i = 
written fraction. A variety of diagrams and material is of great va ree 

or example, to demonstrate that zz is the same as one quarter, uae 
pennies, 3 of 12, can be equated toa threepenny piece, 1 of 4, and expresi 
as a fraction of a shilling in two ways; or a ruler marked in 12ths of inc ay 
will show clearly the three spaces in each ł inch; or the 3 twelfths m: 
cover the quarter in the apparatus described above.  onship 

So far the notation of fractions has been used to express the relations 5 
of a part to a whole, but it has other uses such as to express the A 
two separate magnitudes, and diagrams also help to explain these. AT 
to possess 14 buns for oneself is a different situation from having 12 b ing 
and sharing them equally amongst 8 people, though the result of doi a 
this is to give each person 1$ buns. The difference of the situations can is 
shown diagrammatically and equivalence of the numbers in the resu 
justifies writing 12 +8 as 42 and then treating 4 as a fraction. 


6:242. Before fractions are established as a system to which the word 
“number ’ can conveniently be extended, the pupil must be familiar WI r 
all forms of fractional numbers, i.e. he must be at ease with imprope 
fractions, and with wholes expressed in such fractional forms as 


& b å ñ ete. 


6-243. The principle of egtiyalnee The equivalence of such a series of 
fractions as P A a 100 TO. must become familiar through many 
experiences and varied diagrammatic treatment, \ 
Such questions as ‘ two out of every five; how many out of 15?’ will 
bring out the numerical relationships. Coloured Squares in a series of 
columns will help to make the generalisation Clear, (Fig. 2). A pair of 
equivalent fractions gives four numbers in proportion (6-183 ¢), 
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2i =) 2 our or Every 5 2 FOR EVERY 5 
6 15 IS OUT OF EVERY 15 1S 6 FOR EVERY 15 
Fic. 2. 


When the numerical relationship has been properly understood it can 
used confidently either for reducing a fraction or for raising its deno- 
minator. It is important to stress the idea of a common factor or a com- 
he multiplier in a numerator and denominator in the early stages rather 

an to speak of ‘ cancelling °. 
m The principle of equivalence is. 
t ving fractions which a pupil is lik 
© give time for such solutions by first 
our rules applied to fractions °. 


Example 1, What is the total length required if 5 girls want 4 yard each 
and 3 girls only § yard each? 
This could be worked as follows: 
& yd. and $ yd. x3 
=22 yd. and $ yd. 
=24 yd. and 1$ yd. 
= 38 yd. 


Example 2. What is $ of 62 


f 6 yd. =2 yd. 4 
boas Ye 3 yd. (changing 2 into $ to make the 


numerator divisible by 3). 
=4 yd. 
Total 2% yd. 
6-244. It is usual and convenient to take pupils of average ability to the 
s and extending the meaning of addi- 


Stage of treating fractions as numbers and 
tion, subtraction, multiplication and division S9 that the four rules can be 
applied generally in problems involving both whole numbers and fractions. 


e is sufficient for solving any problem in- 
ely to meet in experience and it is well 
principles before discussing ‘ the 


yards? (or share 6% yd. among 3 girls) 


this stage. iplicati 
g! e until the multiplication involves a fraction less 


Difficulty does not arise | plic 
than A E the pupil may complain ‘ But the answer is smaller, 
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multiplication makes things bigger’. Perhaps the most convincing ae 
ment is to show that the smaller the multiplier, the less the result in suc 
series as 


4 trays holding 24 eggs per tray hold 4x24 or 96 eggs. 
3 trays holding 24 eggs per tray hold 3 x24 or 72 eggs. 
2 trays holding 24 eggs per tray hold 2 x24 or 48 eggs. 
% tray holding 24 eggs per tray holds 4 x 24 or 12 eggs. 
3 tray holding 24 eggs per tray holds 4 x24 or 8 eggs. 
4 tray holding 24 eggs per tray holds} x24 or 6 eggs. 


This method implies that dividing by 2 or 3 may be written as multipli- 


cation by 4 or 4}. The extension to multiplication by such a fraction as 
% follows easily. 


6-245. Addition and Subtraction of fractions. It is recommended, ete 
the Association’s Mathematics in Primary Schools, that addition and on 
traction of fractions be done from first principles and that the Vracia aaa 
for the common denominator be omitted altogether for many chi Tise 
Abler pupils may formalise these operations at a later stage and genera’ 
the results using literal symbols such as 


a c_ad+bc 


b d bd 

Furthermore the use of the lowest common denominator is unnecessary 2 
any convenient common denominator suffices until pupils thee 
through their growing knowledge of number in factor form seek poe a 
denominators. At first work should be confined to commonly us ty- 
families of fractions, twelfths, sixteenths, tenths and perhaps eae 
fourths. For many pupils this will be the limit of their useful coer aie art 

In subtraction the main difficulty occurs when a large frachona vote 
must be taken from a smaller one. This is eased if the two fractiona Pao A 
are not brought together over a single denominator until the subtra 
is actually performed. Thus: 


4h -18=42 15 
=3$-18 
=23 
=o 


Throughout the work in addition and subtraction of fractions, examples 
Should be associated with measures or money, and in particular we 
lengths and areas. Diagrammatic representation „and the use of sca = 
constantly give rise to computation involving fractions; indeed it is Pais 
sible that the poverty of geometrical experience usually offered to gi ‘a 
has been responsible for some of the difficulties they have encountered i 
working with fractions. 


"246. iplication and division of fractions. (See sections 9-5 and 9:6 
R Teaching of Arithmetic.) Examples of multiplication 
and division in which only one element is aron have already been 
given. The ‘ multiplication ° or ‘ division f on by a fraction is 
another matter. It may appear arbitrary simply to i entify the multiplicas 
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en sign with ‘ of’ in such a phrase as å of 4. Presented as a practical 
Ero lem this can be found from first principles, using the meaning of the 
action of a quantity and the principle of equivalence, thus: 


4 of $=4 of 28 
aot 1 
<. Sof $=. But this is Exe 
Further examples establish the pattern and suggest the reasonableness of 


os $ x$ instead of writing * of’. 
Th wo diagrammatic ways of demonstrating the process can be suggested. 
They assume that the multiplication rule for finding the area of a rectangle 
is known. 

To find 4x3 ee, 
(1) A rectangle 4 in. by Ẹ in. is drawn within a square inch. (Fig. 3i.) 
he units are changed to 4 inches and the square inch subdivided into 


4 
t inch squares of which there are 16 in the whole square inch. 
x sixteenths or § of a 


hus the rectangle 4 in. by 4 in. is seen to contain st 

Square inch. 3 $ 

(2) Or a rectangle } in. by # in. is drawn and is shown to contain 3 
rectangles each square inch. (Fig. 3ii.) 


ii 
Fic. 3. 


Othe: i onstrating will suggest themselves to teachers. 
or eae at Pa of Greer of ticker tape can be halved by folding. 
The half is 134” long. Folding @ yard shows that 3 yd. is 43” long; 
133” <8 yd. so half E: a yd. is $ yd. Money offers a good illustration 
because fractions of a shilling can be converted into pence: thus, 
4 of 1 sh. 8d. = 10d. 
7 =} sh. or $ sh. 


2 of 14 sh. or 3 of 4 sh. is 
tance of the use of the multiplication 
such othod Jead D Eon sahen pplied to fractions. 


si iplying when 4 R g 

man she mie or RTA A will probably follow readily from its 

relationship to multiplication- 
4 ng, Jf}xł=8 then $+i=t 

It can also be seen to have a meaning in terms of one fraction being 


Contained in another. oma 
eg. $ contains % three times i.e. $ 


3 contains 4 14 times i.e. Bs 
a ruler Or illustrated with money. 


This can be shown 0? 


98 6-2. NUMBERS AND THE BASIC PROCESSES 


To find how many times 3 contain 4 most pupils would think of $ as 
$44 or a quarter and its half, and give the answer as 14 at once. — 
9 +3 1s a more complicated process but can be dealt with on similar lines: 


4.6 gig 2 


9°9 3 
The general rule is seen when such fractions as # and 4 are treated similarly 


4,2 4x3, 2x5 


53" 15 16 
=(4x3)+(2x5) 
4x3 . ; 4,3 
-2x5 Which can be written as §x3 
Thus the rule for inverting the divisor and multiplying will be accepted by 
the working of several examples, 


_ 6247. Decimal fractions. In Britain, because of our system of measures, 
it seems harder to induce pupils to think decimally than to make them 
familiar with the Properties of vulgar fractions. Yet advertisements A ' 
quently quote decimals; e.g. one firm advertised the thickness of the oi 
film in a car as -002”. Decimal numbers to show the degree of accua 
of a machine are commonplace. A class which collects examples of suc 
usages can have a most Stimulating introduction to the importance © 
decimals. The development of technical processes and the use of calcu- 
lating machines will make familiarity with the notation of decimal fractions 
essential for both producers and consumers of goods. The power to use 
such fractions readily when appropriate must precede any attempt to lear? 
the four rules applied to decimals’. Fortunately scale drawing an! 
graphical work give good opportunities within the range of the pupils’ ow” 
activities for stating measures ‘ correct to the nearest tenth’ of a unit, on 
even for estimating tenths of a tenth. Further they will give rise to simp. 
computation which can often be checked by actual measurement. Later, 
practical topics such as surveying will provide a full experience of calcu 
lating in decimals, 5 
here are several uses of decimal fractions which need to be brought out: 
(a) isne yes quantities are measured in units related to one another in 
ens, e.g. 


100 links =1 chain. 
1000 metres =1 kilometre. 
10 florins = £1. 


the decimal notation is economical and clear. Thus 7 chains 65 links can 
be written 7-65 chains and recognised at once as 765 links, since the second 
decimal place represents hundredths, or links. 

(6) Because our number system is based on tens it has been customary 
for purposes of comparison to use per cent or per thousand. In schools 
much of the calculation of percentages has been taught in terms of vulgar 
fractions, e.g. 


123% =o =2; 8% =iis=4; 


whereas expressed as decimals, 8% =-08; 123% =-125, 
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Conversely, 075 can be read at once as 74%. If, as seems possible, our 
Boe is modified into a decimal system within the next few years most 
of our computations will be by means of decimals. 
(c) It is possible through the use of decimal fractions to work to any 
ie degree of accuracy consistent with the reliability of the data 
85). The number of significant figures can be seen as readily for small 
eesuatics as for large. For example, -006375 can be given as -0064 to 2 
peuacant figures, just as 95,673 can be stated as 96,000 also to 2 signifi- 
dha figures. The standard notations for very large and very small numbers 
a strate this use of decimal notation. Such a number as 78,452,314 may 
as paR to only 3 significant figures. It could be expressed as 78,500,000 
we 8} millions; in standard form the first figure becomes the unit digit 
in the resultant number 7:85 is multiplied by 10’ to give its true value, 
a it is written 7-85 x10’. A small number such as “0003742 given in 
4 ndard form to 3 significant figures would be 3:74 x 10“. This combina- 
tae of powers of ten with a standard decimal form is so widely used that 
ae well worth while to build up an understanding of it. Some preliminary 
ork on negative powers of ten will however be necessary. The various 
th i ctions are illustrated in the statement that 
2 e average width of a hair is given in inches as +0025, or 24 ‘ thous ` or 
5x10. Practice in writing and interpreting such decimal measures is 


to decimals. (Association’s Ti eaching of 
the use and meaning of decimal notation 
ifficulty is experienced in addition and 
Subtraction, particularly if applied to measured lengths. Just as feet and 
Inches are arranged in separate columns to be added, so whole inches 
will be arranged in proper columns with the decimal parts on the 


i 6:248. The four rules applied 
rithmetic, section 10.) When 
ave been understood, little d 


right, e.g. 
3:2 
15:05 
PLL 
Simi  olicati whole number will be readily accepted, e.g. 
imilarly multiplicatio bye The multiplication can be 


17t ‘ 17x 35) tenths. 
imes 3-5 can be read | out as a whole-number operation and the 


oint inserted in the answer at the end. It is a 
tter if the multiplier also includes a 
fraction. Sucha multiplication could arise 
f a rectangle 1:2 in. by °3 in. 
of a diagram would lead to the realis- 


03 


= 
B 
th 
B 
e 
zj 
R 
Ps 
S 
© 
Pp 
I 
Q 
p 
o 


E| or ʻ36 sq. 1- (Fig. 4.) ; 
Alternatively, multiplication might be needed in 


changing from British to metric units or in convert- 
Fic. 4. ing a temperature expressed in degrees Centigrade 


such as 26°6° C. to one in 
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Example : 1°C.= 1-8°F, y 
ES 26-6° C. = (26:6 x 1-8) Fahrenheit degrees. 
z Se 
Tf this is read as 266 tenths x 18 tenths, the answer is seen to be hundredth 
266 x 18 
18 


266 
2128 


4788 But this is hundredths. P : 
“+ 47°88 is the equivalent in Fahrenheit degrees 


The Fahrenheit temperature is then found by adding 32°. 


, . ‘ the 
It is recommended that when abler pupils meet a situation like anoh a 
foregoing in which decimals need to be multiplied, the rule es d finding 
should be the simple one of multiplying as for whole numbers an ultiplier 
the place of the point in the product by counting places in the m 
and multiplicand. Sai with 
If division is attempted it is well for pupils to be snes aaa cy then 
the * fraction bar’ way of writing division, i.e. $% for 85 +16. 
easy to write 427-63 + 13-5 as ares 
and to re-write it in tenths as 2168 


135 


anit 42:763 
or in tens as 735 


In either case the position of the point in the quotient is rendi ocen A 

The use of the fraction bar also makes it easy to convert a vu fie deci- 
tion, such as # into a decimal. This is a valuable technique since articular 
mal can be found to as many places as are required for the pi 
problem to be solved. 


the 
6-249, Percentages, Paragraphs 6-151 and 6-247 both refer Hea Hee 
introduction of percentages as part of the teaching of fractions.. eedt 
being able to recognise 16% as -16, or as a vulgar fraction, pupi rectly by 
be able to find 16% of, say, 452 or 3067 and this can be done dire E 
finding the number of hundreds, 4-52 or 30-67, and multiplying BIY 
The converse problem of finding what percentage 85 is of 290 will pro p 
be done more easily as #95 of 100=85%°, which can be worke 
division of decimals: 
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It is also important to i isi +29 -8% = 1009 

K practise recognising that 53-2% + 46:8% = 100% 
pat if 53-2% of the electorate went to the polls tea, did a 1 
in ncrease (and decrease) per cent should also be studied. Ifa group 
3 a Sas from 40 to 50 that is an increase of 25%, but the newcomers form 
if Pie % of the final group. Another idea which proves puzzling is that 
fi is increased to 120 and then there is another increase of 20% the 

nal number is 144. 


6:25. Other Methods of Computation. 
eed girls who would like to carry their mathematical studies into 
ae the interesting fields open to them may be discouraged if the com- 
ALA ion is too burdensome. There is no reason why they should not use 
ae aids to lighten the burden. Such aids play the same part in 
that annig as the sewing machine does in dressmaking. It is essential 
but it e operator should know how to thread and work the sewing machine 
mel Tee not necessary to understand the subtle mechanism of the shuttle 
rect e interlocking threads. Similarly calculating machines and tabulated 
mystery, T be used intelligently even though their construction remains a 
pers making and using of simple tabulated ready reckoners is suggested 
ia z means of remedying weakness in the rules of reckoning. Graphical 
ady reckoners are discussed in 6°48 (c). Tables of squares and of reci- 


piceals can also be constructed in outline to serve some special needs, and 
an then be supplemented by the fuller published tables. The ability to 
though the detailed 


Use such published tables is worth acquiring and, gh the di 
arrangements of tables vary according to their nature, familiarity with one 
ype is a help in mastering others. 

6-251. Logarithms : the case for introducing them. (See the Asso- 


ciation’s Teaching of Arithmetic section 14 and Teaching of Algebra 
section 8.) Multiplication has always been recognised as involving a 
uries men have tried to devise ways 


of avoiding th .__Napier’s Bones (to be seen in the Science Museum 

T p ious way of literally carrying the multiplica- 
g diagonal addition to give each partial 
me and the invention of logarithms by 


apier gives him a greater © . ‘oli 
“Pupils of quite m aise ability ca o use logarithms for multiplica- 
tion and division. It is not necessary to give any detailed explanation of 
the rules for ane them ir practical version, the slide rule, before 
Multiplication is Carried out with their aid. Detailed suggestions for 
introducing logarithms and making 4 Sue’ 
need eed that many pupils feel a new respect for Mathe- 
only be emphasised r-saving properties of logarithms and 


matics w. realise the labour-sav: ies 
for this ieee if their future use will be small, it is a valuable experi- 
p 


ence for a boy or girl to ma e their acquaintance. 

6-252, ot. The idea of a square root may occur in investigating 
the ee . Sk on the sides of a right-angled triangle when the theorem 
of Pytha rie is being studied. For example, in the triangle which has 
sides of i A nd?” including & right angle, the third side will have upon it 


102 6-2. NUMBERS AND THE BASIC PROCESSES 


a square of area 5 sq. in. Measurement of its length and calculating the 
area of the square gives a result which is not exactly 5. If the square 
numbers have already been graphed and a smooth curve drawn through 
the points that represent them, a number can be read which, squared, 
gives approximately 5, or any other chosen number. 3 

Some pupils may feel dissatisfied if they are not assured that there is 
an arithmetical device for finding a square root to any required degree of 
accuracy, but it is suggested that it is not worth teaching the long arith- 
metical rule when logarithms and square root tables are readily available. 
The properties of square numbers and their differences are discussed in 
6-211. The geometrical properties of squares are treated in 6:5. 


6-26. Checks. 


_ We have already made some suggestions that the pupil who is engaged 
in making a computation should check the steps of his working: here we 
make a few observations on the importance of checking a final result. 

The use of checks on all possible occasions is sometimes advocated, but 
there is a danger that the zealous teacher may pursue this aim too far. It 
is worth while to spend time teaching the child to take all reasonable steps 
to test the accuracy or validity of a result, but the definition of ‘ reasonable 
will depend upon the individual child. It is clearly not fruitful to teach a 
method of checking which will involve more labour or difficulty than the 
original working; for example, it will not be fruitful as a rule to enjoin 
checking the accuracy of a long multiplication by performing the corre 
ponding division, since the latter is more likely to give rise to computationa 
error. Again, the testing of a multiplication by ‘ casting out nines’ may 
be an attractive example of arithmetical magic to some children—not 
necessarily the most able—but should not be considered applicable for 
all, although the computation is easy. 


6:261. Checks fall into two main classes, practical and computational. 
The practical check consists in the pupil’s satisfying himself of the reason- 
ableness of his result on grounds of ‘ common sense ’, as when he makes 4 
rough estimate, in units he can readily visualise, of the cost of 5% lb. 
meat, or the area ofa room or field. The growth in recent years of teaching 
methods which constantly have recourse to practical experience and experi- 
ment has fostered the habit of practical checks, and the teacher sho 
actively encourage this; the “common sense’ check on reasonableness 
does not, however, always lend itself to simple expression in writing, 40 


the teacher will need to verify orally that it is being used in appropriate 
cases. 


6-262. Accuracy in computation is fundamental and essential. The 
answer to a computation can be only right or wrong; there is no SUC 
thing as a degree of tightness, as ‘ nearly tight’. Suppose, for example, 
that the result of a calculation should be 5615, and that A and B have got 
6615 and 5616 respectively. There is a tendency for an inexperience¢ 
teacher to regard B’s answer as better than A’s, because it is ‘ only 1 ou 
whereas A’s is ‘a thousand out ’; this point of view is quite unsound, 
arising probably from the teacher’s failure to distinguish between accuracy 
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and reliability: mechanical learning of procedure in four-figure logarithms 
seems to result in the view that anything is permissible in the fourth figure 
in any computation. The two answers given above are both wrong, one 
1s tempted to say ‘equally wrong’, but the qualifying word ‘ equally’ 
is justifiable only if it is known that the answers arise from the same failure 
in table knowledge. Tables must be known, to be used with certainty ; 
the only acceptable standard of accuracy is 100%. Standards of reliability 
will be discussed in a subsequent section (6-85). 


6-263. In any computation it is worth while, failing an independent check, 
to go over the working again, preferably after a few minutes at least have 
been given to some other question or, better, some quite different activity : 
a short break in time between the two acts may reduce the risk of repeating 
a mistake. It is preferable, however, to use an independent check which 
will bring into operation different sets of number relations or processes. 
The most familiar is the practice of adding a column of figures both up and 
down, or a row of figures from both right and left. A development of this 
is the check afforded by the ‘ grand total’ of tabulated items which have 
been added both vertically and horizontally: ‘long tots and cross tots’; 
a table of numbers may be usefully set periodically as * self-checking ” 
Practice in addition, as in the once popular * Civil Service Tots’. Sub- 
tractions should be checked by additions. These are the only cases which 
the teacher may confidently regard as worthy of general application. 


aan division the possible occurrence ofa remainder com, 

an exact check by multi licati 

check may be PRE orie, It will be noted here that the exact numerical 

Check is giving place to the rough estimate, which lies between the two 

kinds of check first mentioned. 
the habit of checking 


. 6265. The pro of deciding how far to press 
rs analogous problem Fee far one shold an or methods. Some 
pes of check whi be applied intelligently anc © 
Ten having ake ed panes Tight for less able children fend oy fo 
make confusion more confounded. For example, suppose a ou as ? 
Work 59 x24; probably most children should be able to apply the ae 
that the answer must be an even number; fewer might be expects x 
Tealise without prompting that the answer must be divisible by $ ome 
might check by working 60 x 24 and then subtracting 24. To take aS 
example, 37 x31 may be worked by using either aombe a au Pee 
tnd bas most puple mn) yh wl on al se 
Check, i however, that the Pt will mo i 
opportunities for checks of special and limited applicability 1s least in need 
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of dependence upon them; for such a pupil the devising of special checks 
is valuable in developing mathematical insight but should not be forced 
as an unnecessary prop to his confidence in his own manipulative 
skill. 

The general principle is that the value of a check diminishes as it becomes 
more complicated or cumbersome; apart from the simple, certain, checks 
for addition and subtraction, the teacher should demand no more from 
the child than that he keep an eye on the reasonableness of his results. 


6-27. Approximate Calculation. 

When a pupil works 49 x 89 he knows that there is a definite right answer 
to be obtained and that he can complete his calculation. If he decides to 
work instead 50 x 90 that too has a Correct answer, a rather larger one, and 
more easily obtained, but certainly not the same as the previous one. We 
have discussed in 6-231 whether the correct answer to 14 +3 is 4 and 2 over, 
or 4%, and decided that it depends on the circumstances, but when the 
circumstances are known one of these is right, and the other is wrong: 
the only acceptable standard of accuracy is 100%. aa 

When the idea of what a number is, has been extended to include decimal 
fractions, in working a division which does not ‘come out’ in integers a 
pupil may ‘add noughts’ in order to continue dividing as far as he wishes, 
or is instructed, to go. The answer he must obtain is no longer absolute 
but only ‘ correct to the nearest hundredth’ or‘ to three significant figures F 
Unless great care is taken at this stage confidence in the certainty © 
Mathematics may be lost when an answer has no longer to be exactly 
right, but only approximately so. Results read from tables, or from graphs, 
Suffer from this defect, and methods learned for checking results break 
down. Thus if 3° has been found by division or from tables to be 4-348 
and then 4:348 x 23 is worked the result is not exactly 100 but 100-004; 
The discrepancy is small, but enough to puzzle a conscientious pup! 
accustomed to absolute accuracy. Further difficulties arise when calcula- 
tions are based on measurements but these will be discussed in section 


6:85. Here we only draw attention to the approximate nature of work with 
logarithms. 


10=101 100 x 1,000 =102 x 103 nS 
100 = 102 100 x 1,000 = 100,000, which is 10° or 10 
1,000 = 103 Similarly 10 x 100,000 = 101 x 108 
10,000 = 104 10 x 100,000 = 1,000,000 = 108 or 10!+5 


etc. 
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i Mathematicians have been able to calculate decimal indices, or 
eh, for numbers lying between the powers of 10 and have tabulated 
em for our use. For example, they tell us that to 3 dec. places 2 = 10° 
and 3 = 10-477, 
Add these indices 301 
‘477 
-718 
The tables tell us that 10:77 is 6. 


Further simple examples will show how the tables work. Itis strongly 
urged that from the start calculations with logarithms should be set out 
without equal signs and in a precise form such as the following— 


Number Logarithm 
1:5 -1761 


sae 
The logarithms of numbers greater than 10 involve finding the charac- 
teristic, or whole number part, of the logarithm. This can be done by 
referring to the whole number indices of the powers of ten set out above. 
This is a frame of reference which the pupils will find useful. s 
Thus 3256 is greater than 1000 and less than 10,000. Therefore its 
logarithm will be 3 plus a decimal part. 
32-56 has 1 as characteristic of its logarithm. |. 4 
3:256 has 0 as characteristic, and the logarithm 1s read directly from 
the tables. 
The main stages to be observed are: 
(a) Multiplication by numbers greater than 1. ae 
(b) Division with dividend and divisor greater than 1, yielding a 
quotient greater than 1. : A d 
(c) Division by 10 or a power of 10 introducing a negative charac- 
teristic. y 
(d) General use of logarithms in evaluating products. ; 
Note. Many pupils may find stage (c) too difficult, An alternative 
Procedure is as follows: 
@ 473x095 A 8-25 
) 4:73 x-0825=—>99 
Calculate the numerator by logarithms. 
Divide it by 100. 


ai 1638 _ 16:58 x 1000 
0039 3-9 
Evaluate 1658 by logarithms and multiply the result by 1000. (The 


less than the numerator.) 


denominator must be 
ould at first be treated from 


The evaluation of powers of a number sh 
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first principles as repeated multiplication through repeated addition of the 
logarithm of the factor involved. Later a rule may emerge in, for example, 
finding squares and square roots required in mensuration by doubling 
and halving the logarithms of the numbers. Problems of growth in which 
a growth factor is of significance can then be treated by logarithms (1:24). 

Doubling the logarithm to find the square presents no difficulty but 
halving to find the square root needs care in the case of numbers less than 1. 


Example ./-359 
If this is written as ya in order to avoid a negative characteristic the 
pupil will not be able to deal with the denominator. It must be written as 
ae in order that the square root of the denominator can be found by 


inspection, and the number written as a The numerator is then 


found by logarithms and divided by 10 to give the correct answer. 


6-281. The use of a slide rule is fascinating to most young people and is 
readily seen to be a linear alternative to using logarithm tables. It is well 
to have slide rules available if possible so that pupils may use them in turn. 

The making of a slide rule is an achievement coveted by many boys an 
will appeal to a fairly able class. Semi-logarithm paper can be bought and 
cut into convenient strips with the logarithm scale along their lengths. < 
two strips are stiffened and numbers are inserted along opposite logarithmic 
edges, the simplest form of slide rule can be demonstrated. Refinements 
such as fixing grooved slides can be added if time and opportunity allow. 


6-29. Computation with Directed Numbers. 


The meaning given to directed, or signed, numbers in interpreting €X- 
perience is discussed in 6-152. The representation of these numbers by 
points along a line from a zero point in a chosen positive direction, gener- 
ally left to tight, and in the opposite negative direction, is a basis for the 
extension of addition and subtraction to them. Thus addition is achieved 
by successive steps along the line, and if such a step is itself negative, &-8- 
the second step in (+5) +(—7) the effect of it is a subtraction of the mag- 
nitudes, giving in the example +5 —7 or a resultant step of (-2). Again 
(-5)+(-7) are all steps in the negative direction or a resultant of (- 12). 
Similarly subtraction is achieved by comparison by difference of positions 
on the line in favour of the first-named number. 


Thus: 

(+5)-(+2)= (+3), that is the first position is 3 steps to the right of 
the secon 

(+5)-(+7)= (-2), that is the first position is 2 steps to the left of 
the secon e 

(+5)-(-7)=(+12), that is the first position is 12 steps to the eee i 
the sec 

(-7)-(+5)=(- 12), that is the first position is 12 steps to the left of 
the second 


and so on. 
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After some practice with a dia its i i i 
: z gram and its interpretation, an activi! 
ae eee early age, pupils may be able to formulate a ‘ rule of cee 
Rei cuties i. em to dispense with the diagram and the reasoning which 
a Pas ee for multiplication and division of directed numbers involving 
heed plore of signs is not so easily dealt with. Discussion of it may be 
SCEE e meaning of results when a formula involving a product is 
this gay Soyer signed numbers. This is somewhat outside the scope of 
nE ough with patient preparation it may be within the scope of 
tte hat pupils. Too often the step 1s taken arbitrarily in order to facili- 
S Gee ae of formal algebra. The line taken throughout this report 
whieh n that expanding ideas of number follow closely the opportunities 
Korm give them and the processes involving them real significance. Such 
are for the multiplication of directed numbers may occur in some 
moms of the work in statistics (7:513) is made easier if pupils are pre- 
to use signed numbers for excess OF defect from a mean. 
o 


63. Algebra. 


6:31. Uses of letters. 
6:32. Extension of the idea of number, including directed number. 
6:33. Index notation. 
6:34. Algebraic form. 
6:35. Equations. 
6:36. Algebra used in other branches of Mathematics. 
ie 7. Algebra as a yocational study. 
“38. Additional notes on written symbols. 


concerned with the generalisation 
nipulation of symbols, is unlikely 
bable that it will arise 


ears abstract branch of Mathematics, 
T fetes of arithmetic and the ma ati 
tial to interest modern school pupils, nor is it pro 1 
ara rally out of the topics we have suggested. It should not be included as 

| Separate subject of study in the curriculum, but there are certain con- 


{lderations about the use of letters and other symbols which are placed 
gether here for the convenience of the teacher. Though the pupils will 
f symbolism will be a 


n : 
eae study algebra for its own sake some treatment of Sy! 
cessary preliminary for the many who later require formulae etc. 


Vocationally. 


631. Uses of Letters. 

adwetters of the alphabet are frequently used to stand for numbers; 
ults interpret these letters in any particular case according to the context. 
ere we attempt to consider in what different circumstances such letters 


May be used. 


ch-are used for specific numbers. Thus in 


6311. There are letters whi 
n, V for five, L for fifty, C for a hun- 


the Roman system we have X for te 
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dred. Again, in listing the points of an argument a,b,c... etc. are one 
used as alternatives to numerals. Then, too, certain important irrationa 
numbers, notably z and e, are always denoted by letters. 


6:312. For many purposes it is traditional to use certain letters though 
these do not stand always for the same number as in the preceding para- 
graph; thus an integer is usually denoted by n, a coefficient of friction by 
p, an eccentricity by e, the first term of a series by a, the acceleration due 
to gravity by g. In this last case the same letter g is used whether the units 
are centimetres per second per second, or feet per second per second, but 
the number is not the same in the two cases. 


6-313. Letters in formulae. Pupils in school will be likely to use letters 
to formulate rules about what to do with measurements: ‘ Multiply the 
number of feet in the length by the number of feet in the breadth to fin 
the area of a rectangle in square feet’; ‘ Divide the number of miles by me 
number of hours to find the speed’; ‘ Find the average length of the para’ 
‘Yel sides and multiply by the height to find the area of a trapezium + 
“Subtract the principal from the final amount to find the compound in- 
terest’. For these, and other formulae, they can choose their own letters 
and should do so, though most textbooks use the same ones. for 

Some attention must be paid to seeing that the letters stand only 10 
numbers and care is necessary to get the units right. Though letters et 
often used in formulae to stand for quantities, the practice of making letter 
stand for numbers only is strongly recommended for beginners. Sug 
statements as ‘distance over speed equals time’ cannot be proper y 
understood without a mature and intimate knowledge of units and dima 
sions; to say that ‘ the number of miles divided by the number of mule 
per hour gives the number of hours’ reduces the matter to simple common 
sense. Similarly an unknown distance should not be called x, but, s4¥» 
x miles or x cm. It 

Some formulae when found are useful as an aid to memorising a resu. J 
Thus after a long investigation and some theoretical thinking pupils cra 
cover that the area of a circle of radius r can be calculated from the formu 
A=7r" and that the details of the method by which the formula was foun A 
need not be repeated or remembered; moreover the formula itself has ar 
expected form, r? because it is for an area, m because it is for a circle. 
By contrast, pupils find the simple interest in many numerical cases, Pre 
then find the interest on £P in ¢ years at r% per annum by exactly t 
same method: they may remember this result, but they need not, ar 


dei : ; Pxrxt (PH, 
indeed should not, be required to memorise that J= 100 oF 700 


the formula, if not remembered, can be found again by repeating the train 
of reasoning by which it was found. n 

But all such formulae, whether remembered or just found, or ie 
supplied by the teacher or a book, will be understood merely as mnemonics ; 
It is an exercise to state a rule in this form: afterwards when the formula i 
used, specific numbers are substituted for the letters, and a numeri 
answer is obtained; there is no question of manipulating the formula 
working with the letters. 
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6-314. Letters in general stat ts. i i 
t . It is rather different whi I 
Pe dtoe Salle emen! ifferent when etters 
very at pies Spe: ee ae about numbers. A pupil may know 
Coan to realise this as a particular q r 
PH ofaxb=bxa. He may learn to 
ee 5 away the brackets from p(q +r) 
iar a understanding that this too is 
e. e’, and time could well be 2 
eal on illustrating it both numeri- 
2 y and graphically (Fig. 5). An 
sawed may occur in problems on 
R inting the walls of a room to obtain 
paulat formula 2h(/ +b). 
tastos converse exercise of inserting brackets after ‘ spotting’ a common 
12548 a two or more numbers will also help. Such expressions as 
Tier ic =5(25 +17); 64+ 36 =4(16 +9) lead to 7a +14b=7(a+2b) and 
pupils rampie: which are all letters. Though not many modern school 
oS el reach so far, teachers may realise the value o: i 
nore before dealing with the formula Qar? +2arh =2ar(r+h). 

they SER simple use of letters which some pupils do not meet as early as 
odd ae ht is the generalisation 2n for an even number and 2n+1 for an 
of thi anoen; and similarly 37 for a multiple of three. It will be a new way 
TE 3 ing about numbers for some, and practice can be given such as * if 

what is 2n? what is 2n +1? °, and also the reverse exercise of finding 


n if the even number is, say, 38 or the odd number 53. 

i fee. Letters for unknown numbers. This last exercise introduces the 
which using a letter to stand for a number which has to be found but for 
On nee explicit formula is not given. 
which —53 is not arranged as a formu 

P can be solved for n. 
upils should make equations 


Fic. 5. 


la to find n but as an equation 


will n k before they learn to solve them, but they 
BA ot at first find it easy to make statements about numbers which they 
‘pag kaont * Let’s call it x until we have found it > may be a somewhat 
han. but effective way of beginning. In finding the angles of triangles, 


x +28 + 114=180, x+x +36 =180, 


or when Pythagoras’ truth about a right-angled triangle is known, 


ae al 


T 
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These examples have been taken from geometry, but the answer to an 
arithmetic problem can also be called x: it will be a new idea to most 
pupils to write down a symbol for the answer as a beginning. 


6-316. Changing the subject of a formula. In early examples both equa- 
tions and formulae, then, use letters to stand for numbers which are even- 
tually to be found. Except in 6-314 there has been practically no suggestion 
of actually working with letters or doing any algebraic manipulation. If 
the statement ‘ The length of the perimeter of a square is four times the 
length of one side ’ is expressed algebraically, with p inches and s inches as 
the lengths of the perimeter and a side, 


we have p=4s 
and we then deduce s=5 ; 
Again we can rearrange c=rd as d=" 
mT 
A 
or later A=rr? as r=4]—. 
m 


Most modern school pupils will think of such examples as something quite 
fresh and unconnected with solving equations. Indeed for the above 
formulae about squares and circles it will be better to derive the second 
form direct from the figure, and not from the formula at all. But cases 
may occur where the subject of a formula has to be changed by general 


reasoning: for instance a boy who knows Nes may want to find ¢ when 
d and y are known, and he may proceed in two steps, tv=d, and then 
ma ; or if a pupil knows that the average of a, b, and c is n he may write 


a+b+c=3n and then deduce c=3n-(a+b). Pupils should think these 
steps out for themselves and not be hurried into rules like ‘ Divide both 
sides by v’; ‘ Take the same thing from each side ’. 


6-317. The formula as a relationship. In time, too, pupils will come to 
understand a formula in a rather different way, not so much as a rule for 
finding something when something else is known, but as a relationship 
between two, or more, numbers derived from quantities each of whic 
may vary, though the relationship persists. 


Area of a square =square of its side. b 
Length ot a spring =a + bw where w is the weight carried, and a and 
are constants. 


The convention by which some letters represent variables and others Te- 
present constants is always puzzling to beginners, even adult ones, and at 
first specific numerical constants should be used. 

But the graphical study of a number of cases where y varies directly as x; 


and of others where y varies as z or as x?, as well as cases of the law 
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y=ax+b should be well within the ca; i 
pupils (6-47). pacity of many modern school 
$ At first however teachers may find it best to speak of ‘ the graph of x? ° or 
ay graph of sin x” rather than to introduce a second letter, y, to stand for 
e function. The graph of a function is a simpler idea than the graph ofan 
equation, especially if pupils have been using equations to solve problems. 
6318. The fore-going paragraphs give in some detail the contexts in 
which modern school pupils may become familiar with the use of letters 
to denote numbers, but we would stress again that this familiarity will be 
gained in the course of all kinds of mathematical work, and not in a series 
of lessons specifically labelled ‘ Algebra a 
Gradually too pupils will come to realise that expressions like 


3 „K; eae man TE 
a+b; p-9; 33 r+5; 59; m; -7 


also denote numbers and that the plus and minus signs in them are not 
auctions to work a sum, or a difference, but a part of the * answer ’. 

his aspect of the use of signs is referred to in 6-153 There too it is 
recommended that at first ax 12 should be used rather than 12a, but 
when pupils come to use expressions which adults use e.g. lb; 2ar; ah 


they will need to understand that multiplication is intended, and they must 


also become familiar with A instead of d +t. 


a OSIE Steps in manipulation. So 
an understanding of algebraic num 
ft their knowledge any further they must j > 
ii at some combinations of letter numbers can rm without 
eing altered in value. For the pupil who has struge i 
ound place value in decimal notation a difficulty it will seem puzzling that 
e may write either /b or bl for the are 


P+12s can be the answer in a reduction to pence: 
he has been allowed to proceed at 


are two very different things. Unless 

S own cies, however slaw it seems, and has been able really to under- 

stand and absorb each new idea, it is small wonder if he gets muddled. 
Some steps in working he may take: 


a b_a+b 
SER 543? res, 
3a+5a=8a 1b —3b=4b 
c 
p-p=0 ar 


But mani i i i his extremely elementary level 

ulation should certainly begin at this extremely ete y 

fo d be kept closely in touch with other Sork: although it is not difficult 
T pupils of moderate ability to obta 

techniques under skilled instruction, tend to become 

Meaningless habits, which are Very liable to be forgotten as soon as prac- 
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tice in them ceases if they have no foundation other than memory of the 
teacher’s instructions, and then mistakes are made in such things as ‘ col- 


: ` ‘ s za CE 
lecting terms ’, or ‘ cancelling an a’ in an expression like L56. 
= P a-2b 


6:32. Extension of the Idea of Number, including Directed Number. 

Pupils who have come to use formulae will have little difficulty in accept- 
ing the fact that a or b or r or x may stand for a fraction. Thus if a length 
is called a inches they will not be surprised to find that a is 3-8 or 22 or ay 
and they will soon see that when s=4, s shillings=8 pence. They will 


also be quite ready to write R. 3k tn 
S Tg 

but such expressions as ane will prove more difficult, and should not be 

introduced unless and until they arise naturally, if they ever do. 

If fractions occur in solving simple equations, say, 5x=29 or 7y=3, 
vulgar fractions should generally be used in preference to decimal fractions, 
since many simple vulgar fractions have no exact decimal equivalents ; 
but there may occasionally be some over-riding advantage in giving & 
decimal answer, as for instance if several answers have to be added, or if 
the number is a trigonometrical ratio from which an angle has to be found. 
Recurring decimals are best avoided. 


_ 6321. The use of plus and minus signs as the labels of directed numbers 
is referred to in 6:152 and 6:29, but the magnitudes there used are all 
expressed numerically and the signs are explicit. But x may be used for a 
number which is a directed number, such as a number of feet above oF 
below sea level, i.e. for both a magnitude and a sign. We do not however 
Suggest that the modern school pupil should proceed to work with negative 
numbers even in addition and subtraction, except in particular cases which 
may occur in connection with other work, e.g. in dealing with logarithms. 
The teacher should note that the negative number occurring as the solution 
of such an equation as x +5=2 involves the general rule for the addition 
of directed numbers since (-3)+(+5)=(+2). This equation will occur 
for the modern school pupil only when he is making a statement about 
quantities which are directed, for instance ‘ A rise of 5 degrees brings the 
temperature to 2 degrees above zero; the original temperature, x degrees, 
was therefore —3 degrees forx+5=+2°. On the other hand a statement 
which is incorrect or a problem which is false may be revealed by a negative 
answer; for example the false problem ‘ What is the vertical angle of an 
isosceles triangle each of whose base angles is 100 degrees?’ gives the equa- 
tion x +200 =180 or x = —20 which is meaningless in this context, though 
positive and negative angles have meaning, counter-clockwise and clock- 
wise, in problems of rotation. ; 

That algebraic form supplies the urge to invent positive and Depa 
numbers is too mature an idea mathematically to be within the scope © 
this report. Teachers who are interested will find it discussed in Appendix 
I of the Association’s Teaching of Algebra where it is contrasted witl 
Appendix 2 of which our own treatment of the generalisation of number 15 
a much simplified version. 


and to speak of these as fractions, 
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E Some introduction to the relation of directed number to algebraic form 

7 ay however be gained by extending such graphs as ‘ the graph of ax +b’ 

T include, negative values, and appealing to a geometrical continuity. 

Ae in this the argument will be more effective if x and ax + b have some 

di significance for the pupil. Particular cases of ax +b can of course be 
iscussed, e.g. 3x +2 or 2x-5 or 7—*. 


633. Index Notation. 

be who can express 64 as 43 or 28, and recognise 105 as a hundred 
oan (6-15) may still have difficulty in realising that x4 is only another 
i ay of writing x xx xx xx unless preliminary work in using the notation 
is simple and meaningful, and for this reason x? in area problems, and xs 


in connection with volumes are worth the most carefulattention. It is well 


to accept xx or x xx as a first stage, and to offer x? as a neater form 


rather than to say arbitrarily ‘ we do not write xx but x*’. 


e realisation that it may be 
when no question of area is 
nce a yard would cost g 
the first time he may well 
earing; hitherto he 


peal. What will prove more difficult is th 
ins cessary to multiply q by q and to obtain q* 
volved; for instance q yards of tape at q pe 
Sie When a pupil meets such a number for th 
re that one of the advantages of using letters 1s disapp ; 
hin used one letter for a length and another for a price, and this has helped 
Ser to understand what he was doing. So not many pupils in the Modern 
chool will be able to take this step, ‘and in any case it should be deferred 
Until it is required in some other work, e.g. ¥ in some formula for energy 
Or resistance, or various powers of r in the terms of a geometrical pro- 
gression. Numbers of the type k* 43k are unlikely to be wanted at all. 


t 6:332. The powers of 10 will however be wanted if, and when, logarithm 
ables are introduced (6'28); and some pupils may learn to make a graph 
of 10% which will serve for finding logarithms, and, if extended to the left, 
will help to explain how a negative number can be an index. 


yr Algebraic Form. T. AE E 
e have implied that pupils are most likely first to use letters to stan 
for numbers a giving a emonic form to a rule. The fact that letters 
are being used has been emphasised, but we have so far laid. less stress on 
the form itself. Algebra is essentially written Mathematics: its vocabulary 
meaai, but anyone who is to use it must be able to recognise and compare 

€ various forms of expression. r 

Thus A=/b d=vt k=pv are similar forms, each involves a product. 
The same three relationships can be written as divisions (in more than one 
way, of course), and assume the form associated with a rate 


A d __k 
l=7 tag Py 


Other fo : to be recognised are « difference of squares ” 
andiy S nf yo ee oF algebraic form is mentioned in 6:5313 in 


Connection with symmetry in geometry. 


114 63. ALGEBRA 


6-35. Equations. 

The equation is itself an algebraic form, and when the pupil first meets 
it he must learn to regard the sign = in a new way, and to write only one 
such sign in a line. This sign has often been inaccurately used in the 
Primary School, but it is not new to the pupils; what is new is that the 
expressions on either side of it are both still to be used in solving whatever 
problem is in hand, whereas previously he has used the sign only between 

, One stage and the next of his working. A formula is, of course, an equation, 
but it is usually first met in a form ready for the insertion of numerical values 
on the right-hand side, and no manipulation has to be done. Thus a pupil 
will quite happily find a temperature in degrees Fahrenheit from the formula 


Pa-= +32, but not from the same formula written as c= Œ -32), 


and he will not readily derive one form from the other. 
Pupils may first solve easy equations by inspection or trial, thus 
2x +5=9 is true if 2x is 4, or xis 2, because if x =2, 2x+5=(2x2)+5=9. 
Again x*=25 has by inspection an answer, or root, x=5: the negative 
root is not in the pupil’s experience at an early stage. In 6-316 it was pointe 
out that the general reasoning involved in the techniques of solving 
equations (or changing the subject of a formula) must be approached slowly. 
Pupils who are quite accustomed to equations are often confused when 
one" side’ is zero; they do not always realise that x -7 =0 is equivalent to 
x=7. Solution of the equation by inspection or trial is more convincing 
than the form of general argument ‘ add 7 to both sides’. 


6:36. Algebra Used in Other Branches of Mathematics. } 
Most of the examples of algebraic symbolism we have given will easily 
be accepted by the pupil as part of arithmetic or geometry, but Mathe- 
matics is a unity, and the same language of symbols is used in all its 
branches. Our recommendation that algebra should not be taught as & 


6:361. In the section on trigonometry (6-6) there are warnings about the 
notation being new, but trigonometry cannot progress far without the use 
of formulae and equations. Even in the right-angled triangle we have 
a=b . tan A, and the pupil who has not done any algebra may learn to use 
a dotas a multiplication sign. Ifhe progresses to the formula sin? A + cos?4A 
=1 there is a new use of the index to be learned, particularly puzzling if he 
has previously only used squared numbers in connection with area. Simul- 
taneous equations demanding considerable experience in algebra will Be 
involved if the problem of finding an inaccessible height by the metho 
given in 6-63 is undertaken by abler pupils. As with many of the equation 
and formulae of trigonometry, the coefficients when expressed numerically 
are in decimals. 
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7 6-362. Pupils who become at all deeply interested in the topics of chapter 
, Surveying, navigation, mechanics, statistics, require at least to be able 
to read formulae, some trigonometrical, some purely algebraic. If the 
language of algebra is familiar, pupils may gain some idea before they leave 
school of the part played by Mathematics in these subjects without being 
able to establish any but the simplest of the formulae which they find 
quoted in the books. 


637. Algebra as a Vocational Study. 

In 3-5 it is suggested that in the last year in school the Mathematics 
Studied may be given a vocational bias. For pupils who hope to go on to a 
technical college, or to enter some employment in which a certificate in 
Mathematics is desirable, algebra may be undertaken as a vocational study. 
Teachers of such pupils should consult the Association’s Ti aching of 
Algebra, but we are confident that they will find that pupils who have 
understood the limited use they have already made of symbols in a course 
planned in accordance with the suggestions we have made will make rapid 
progress in the more formal work, when they undertake it with the know- 


ledge that they will need it as a tool in their chosen life-work. 


6:38, Additional Notes about Written Symbols. 

It is advisable that pupils should use the written form of x, and not just 
a cross, but whatever form of letter is used it must be adhered to for the 
same number throughout a piece of work: if two forms of the same letter 


are used (as R and r in the formula 7R? - 7r? for the area between the cir- 
cumferences of two circles, one within the other) they stand for airen 
a suffix, or in 


numbers. Sometimes letters are modified by the addition of fi 
Other ways, to make extra symbols: it is usual to call the radii of the 
escribed circles of a triangle r1, 7a and ra and the average of four numbers 
Vi Ya Yz and y; is often called F. i 

Brackets form a part of algebraic symbolism e.g. a+b +c+d may be 
written (a +b) + (c + d) to indicate that the expression is to be thought of in 
two parts instead of four. Different forms of brackets should be made if 
One bracketed expression forms part of another one, as for instance 


a- [p=@+y)]- 

A tie, or line, over the expression js sometimes used instead of a bracket, 
thus, the above might be written 

+ a-(p+n+y) 
With the same meanin. Swe 

The fraction line is © metimes extended to act rather like a tie woop two 

h Wee ie. ; 

fractions have the same denominator, thus A +f is written —— and is of 


Course equivalent to (p +4) +7- 
A note on the peg! +a) Fed in both 6:16 and 6:35. Here we would 


stress again that it must be carefully used. 
x+5 1+5 aa 


+5 Prey T a S 
To check that x=7 satisfe: E =2x-10 write —3 3 


2x -10 =14-10=4 but do not allow such a truism as 4=4. 
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6-4. Graphs. 
6-40. A graph as a symbol. 
6:41. The axes, dependent and independent variables. 
6:42. Building up a graph from observations. 
6-43. Distance-time graphs. 
6-44. Space-space graphs. 
6-45. Discontinuous graphs. 
6-46. Histogram, frequency polygon, ogive. 
6-47. Quantities connected by a mathematical relationship. 
6-48. Using a graph. 
6-49. Drawing a graph. 


6:40. A Graph as a Symbol. 
Examples have already been given of the use of diagrams in which 


pupils if they were expressed solely through numbers and algebraic nota- 
tions, can be approached by further development of this spatial symbolism. 
In particular the ideas connected with the related changes of two quantities 
can be approached through what we call a graph. Some details of the 
techniques involved in drawing graphs are given in 6:49; it is here assumed 
that the reader already knows their main characteristics, 

The way in which the pupil becomes familiar with the graphical symbol 
follows much the same pattern as that for other symbols. Able pupils 
grasp its meaning and power fairly quickly ; $ 
stage by stage, not necessarily following any logical order but dealing with 


statistics is less effective at the early stage because it can be a cumbersome 
process while the symbol is unfamiliar. 


6:41. Axes and Variables. 
Of the two related variables in a graph one generally appears independent, 
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pa eaetemined in the sense that one selects convenient values of it. For 
to de mr some quantity varies from one time to another, its value appears 
Pantie: on the time at which it is noted and time is thus the independent 
Hiner ee the value of the dependent variable is then recorded at predeter- 
ie faeries of time, that is we ‘plot its values against time’. Alternatively 
Sanib] 1 oe vary from place to place and then place is the independent 
larly if e. It is conventional to represent the independent variable, particu- 
Use, 3 4 is time, along the line, or axis, drawn from left to right on the page. 
fro it i sanctioned a few exceptions to this convention, but deviations 
sh s ould be discouraged as it forms a part of the visual familiarity, its 
ape’, by which deductions from the graph are made easier. 


6:42. Building up a Graph from Observations. 
h Two examples, both with time as the independent variable, will illustrate 
ow familiarity with the quantities represented leads towards the use of a 


graph as a vehicle of ideas: 
(a) The temperature chart. 


aoe ordinary thermometer exhibits changes of temperature spatially by 
anges in the height of the column of mercury (or other liquid). Any 
BPs will be able to make, quite readily, pictures of their thermometer 
ee out along a time line, and it is not a great step to isolate from the 

Tawings the heights of the mercury column as the actual measured lengths 
a: to some convenient simple scale. If more than one record is taken each 

ay irregularities in the way temperature changes may be suggested. If 


me school is fortunate enough to possess, 
nuous drum recorder, the idea of an irregu 
generally without any sudden alterations, will be strengthened. The record 
pall also give material for discussion of daily ranges of temperature, re- 
aT red to again in 6:45. Again, if readings of the mercury thermometer 
TS taken twice daily, the continuous recorder will show how misleading 
may be to join up the heads of the columns graphing these readings. 


(b) The graph of the growth of a plant. 


This graph contrasts usefully with the temperature chart since it pictures 
Be inuous, though probably irregular, increase. ‘Time takes precedence of 
eight as independent variable. A growing flower stalk gives quick 
and easily comprehended results although if the graph were being used as 
a tool for botanical investigation other more significant measures might 
recorded. A very simple way of making the record is to move the plant 
along in front of the record paper noting the height each day. Pictures 

may be drawn, or these may be replaced by lines and then by points. , 
. Unless prejudiced by previous experience of joining points by straight 
es, it is probable that most pupils will suggest a smooth joining of the 
Column heads, or points, as a picture of the plant’s growth in the times 
intervening between the actual recordings. This smooth joining of the 
different heights is the more likely if the probable line is traced out by a 
lation of values between 


nger bef i illed line. Znterpo 
es A ss for the weekend, makes assump- 


those actuall 
A recorded, as for example à 
tions about rate of growth which are only tentatively shown by the curve 
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drawn. Even so, the possibility of interpolation, which is a progression 
on the first idea of reading a graph, should be realised. R 

Comments by pupils on how the plant grows will probably show that in 
their minds there are notions of rate of growth based on an idea of the 
average rate found by comparing actual growth in equal periods. This is 
at once associated with the steepness of the graph between any two points. 
To analyse this idea and to give it precision is a mathematical aim to be 
pursued from such beginnings throughout a school course. No opportunity 
which a graph provides for taking another step in understanding rate of 
increase should be neglected. At the stage here described the impression 
gained will be mainly qualitative. 


6-43. Distance-Time Graphs. 


The growth curve just discussed is an example of the distance-time 
graph. The slowness of growth masks the fact that it is in fact a graph of a 
vertical motion which is being drawn. Many examples of motion records 
must be drawn before the pupil is fully familiar with the idea of a panorama 
in time and can keep it clear from confusion with a panorama in space. 
Examples from recorded statistics should precede any examination of the 
particular case in which the motion takes place at a given constant rate. 
For instance the distance-time graph might be drawn of a miler’s per- 
formance on the track. Here the timing of standard distances is more likely 
to be given than the distances run in equal intervals of time, but this should 
not prevent time being represented on the x-axis thus giving the graph its 
conventional look in relating steepness and average speed. Information 
about ‘running steadily ° ‘ putting out a great effort’ or ‘a spurt 1 
yards from home ’ may be used to guide drawing between recorded points. 
This could lead naturally to the consideration of the form of the graph 
when the speed of the runner (or the speed of a mechanically propelle 
vehicle) is unchanged. 

Distance-time graphs in which stops occur and in which therefore there 
are sections parallel to the axis bring out both the time-panoramic quality 
of the diagram and the connection between slope and speed. The value 
of such a graph to the compilers of railway time-tables will become ap- 
parent by graphing the distance-time factors for express and goods trains 
on one diagram. 

Again the journey illustrated in a distance-time graph may be shown 
by measuring the distances from a place on the route other than at its be- 
ginning: it will then be necessary to consider distances East and West 
(or some other pair of directions) of the selected place and so to introduce 
directed numbers. This would open the possibility of appreciating the 
graph of a to-and-fro motion, Similarly time before or after a given zero 
hour might be considered, 


6:44, Space-space Graphs. ol 
Among the great variety of graphs which may be drawn from stat ska 
perhaps the space-space graph is of special interest since it links the grap. 
and the scale drawing. For example the heights above sea level might be 
drawn for points along a line drawn on a map, or experimental work migh : 
yield some information about levels of a road or hill from which simple 
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contours could be drawn. From these a pi i 

A € : picture of elevation along a sec- 

Pon would be obtained, but the picture would be distorted unless the scales 
height and for horizontal distance were the same. 


6-45. Discontinuous Graphs. 

ee pontiast to the continuous changes discussed in the preceding para- 
phs examples of discontinuous records may be of value. Two examples 

are now given: 


(a) Maximum and minimum temperatures. 


The records of daily values shown on maximum and minimum thermo- 
heights above a time line marked 


Enown but if they are placed one above the other, is 
easure of the range of temperature for that day. No joining of points or 


eed times of these may be plotted and 
The, own in a similar way to the range of temperat 
re ere is, however, one marked difference. The val 
posulariy, If, for example, plottings were ma 

o intervening values could be estimated by interpo 


curve joining the known points. : : 

b hese two examples show the importance of understanding the practical 

packground when drawing graphs of statistics if valid inferences are to be 
e. 


ple of the systematic arrange- 


ment of a collection of data. Its graphical representation may be familiar 
illustrating economic facts in 


newspaper reports and in advertising. 
Where the variable is not sentinuoUs, the information to be graphed 
Consists of the numbers, or frequencies, of the cases found to have each 
Possible value of the independent measurement. For example if the coins 
th a collection of dinner money were sorted out into heaps according to 
eir dates, the number bearing each date would be graphed. $ 
In the case of a continuous variable the number of cases falling in speci- 
1 ed intervals is made. For example each child in the class could find the 
suas of his span and the number of cases falling 1n the half-inch intervals, 
uch as 6 inches and less than 6} inches, C? d be determined. í 
The frequencies thus found may be represented graphically as follows: 
(a) By a Histogram. This probably owes its origin to the bar or column 
chart as it consists of a number of adjacent bars of which the area repre- 


Sents th i i nvariably drawn with 
e appropriate frequency. Since t ava iferent frequen- 


the same wi + hel 

` width, their heights also give a mee 

ma „The children can begin this by visualising the appearance of the ele 
Coins placed next to one another in order, 1 th i ` ill be 
© second example above, the idea of representation by a column wi 
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apparent if the number of cases is shown by constructing a tally sheet, 
where the tallies are simply ticks or crosses, or the appropriate number of 
isotypes (6-40). R 4 

(b) By a Frequency Polygon. This is a variant on the histogram in 
which points are plotted with ordinates equal to the number of cases, the 
points then being joined by straight lines. Alternatively this polygon can 
be obtained from the histogram by joining the mid-points of the tops of the 
columns by straight lines and completing the polygon by joining the first 
and last mid-point to the beginning and end respectively of the horizontal 
axis. Pupils will be able to appreciate, just as in the cases of 6-42, that it 
might be possible to replace the straight lines joining the successive points 
by a smooth curve. This would be clear if, for example, the items were 
frequencies based on the number of marks in examinations obtained by @ 
large number of children, or on the heights of a large number of children 
of the same age. The greater numbers would allow a smaller interval to be 
used on the base axis, and the suggestion of a smooth line to replace the 
polygon would be strong. Further, if the distribution were fairly regular, 
the frequency curve would have a shape reminiscent of that of a bell, and 
there would be a decided mode or ‘ most fashionable ° value. 

In fact there would be enough evidence to justify mentioning the curve of 
normal distribution, showing its bell-shape, discussing the meaning of its 
mode and the value at which it appears, and stressing not only the scientific 
value of the curve, but its value in the commercial world as well. T 

(c) By an Ogive or Cumulative Frequency Diagram. This is a convenieni 
way of expressing frequency distribution in a form which shows the tota 
number of cases which lie below various values of the measurements. 
This is obtained easily by adding successively the separate frequencies 
determined for each measurement, that is, obtaining the cumulative fre- 
quency up to and including the particular value of the variable. The 
graph of the cumulative frequency plotted against the variable determining 
it, is called the ogive. Such a graph based on the data from examination 
marks would show at once the number (or percentage) of children below 


(and therefore also the number above if that were the information required 
specific marks. 


6:47. Quantities Connected by a Mathematical Relationship. 

Where changes in two quantities are connected by a mathematical rela- 
tionship we have the meeting place of the graph and the algebraic state 
ment, as for example, in the graph of an equation with two variables. 
The equation may not at first be explicit but experience with the gane 
should lead, at the least, to the possibility of a generalised form of t d 
relationship being discovered. For example points showing the calculate 3 
areas of squares for sides of different lengths may be plotted; this fables 
of course the graph of squared numbers which may or may not be ae, 
marised as y=x*, Plotting the particular case of an area problem ma a 
it easier for the pupil to accept different scales for y and for x, if this see 
desirable. The graph for the area of a circle, found by square counnnp 
as the radius increases, will also appear to be a smooth curve conei 
upwards through the origin, when the curve of best fit is drawn throug! ai 
experimental values. If drawn on the same scale as the first curve it 
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radii, when a number differi i i 

2 differing slightly from = will result in each case. B 

ere ch values will be shown up by greater differences from = ot 
check of plotting the circle area against (radius)? would give a 


strai i isai 
raight line whose slope (2) is ~ i.e. the line y=7* where x = (radius). 


Some pupils ma; i i 

lin y carry on beyond this experimental stage but the variou: 

hig recente are outside the scope of this report. Tt may be noe. 

line a at concentration on direct proportion, that is, on the straight 

Gach (64 may defeat its own ends. The importance and power of this 
8) is made more vivid by contrast with that of y=kx*, 


ab ; z j ; 
ove, and with that which shows inverse proportion, that is y=—- 
x 


This latter type i i i i 

le er type is constructed quite easily by plotting, for example, the 
eon the breadth of all the rectangles which can be constructed 
aye en one aneh ae of card, or one factor against the other in every 
journey of 120 forna for 72, or the speed against the time taken for a 

6:471. The abler pupi i i 
E E pupil may take some first steps 1m drawing graphs of 
ees stated algebraically; the full value of this work cannot how- 
one e experienced until the y and x are directed numbers. Thus the 
ae yx considered above consists of one half only of the parabola 
ugh the origin; the other half is produced when x is negative. 


a oe The real function of the graph in the Modern School is to provide 
ne a in which to describe related changes between quantities met with 
perience. This throws. responsibility on the teacher for providing 


raat 
ubjects worthy of exploration. Other subjects of the curriculum may 


ds of investigation described in chapter 


often provide these. The kin 
tical back- 


will gi ; 
ee fruitful occasion for diagrams and graphs. The prac 
nd will in the first place help the understanding of the graphical 


symbol. Finall: 
i y the graph will come to be a owerful means of descrip- 
tion and analysis. cis p 


ia Using a Graph. 

of hia is drawn for a purpose, not for th 
a ese purposes are summarised below: a 3 
cu a) To display information. Statistics Or algebraic statements are diff- 
cult to grasp as a whole; a graph presents relationships in an effective 


immediate form. 

avs a source of information. Statistics are used t 

Pai ey are, as it were, stored in it and may be recovere! 

rs of values from it. 

stg dditional information may also be obtained in favourable circum- 

ee The continuity of the graph may make it allowable to interpolate 

fo: ues not given in the original ‘nformation, that is to estimate the values 
T points on the graph lying between known V: ues. It may be possible in 


e sake of drawing it. Some 


o draw the graph 
d by reading back 
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some cases to extrapolate, or to find values outside given ones, by con- 
tinuing the curve beyond its original limits by considering the trend of its 
shape. 3 

The rate of change of one quantity with another may be estimated with 
increasing precision as understanding of its relation to the slope of the 
graph is deepened from its qualitative and intuitive beginnings. B 

(c) As an aid to calculation. Generally graphs used to aid calculation 
are those in which two variables are related in a way that can be expressed 
by an algebraic equation, although they may have been drawn by using 
information that was given in some other form. For example graphs which 
are meant to be ready-reckoners for cost and quantity are straight lines 
which are drawn by calculating two pairs of values and joining the points 
plotted from these by a straight line. Here, although the equation of the 
type y =kx is not given, it is assumed that this relationship holds good, i.e. 
that there is a constant cost per article (or per measure). A straight line 
graph is often used for converting one unit to another, as for example to 
convert kilometres to miles, or degrees Fahrenheit to degrees Centigrade. 

Because it is easy to construct, and also because of the certainty O 
reasonable accuracy, a straight line graph is most often used in this way- 
If, however, enough points are plotted to make a free-hand drawing satis. 
factory, curves can serve the same purpose, that is as an aid to calculation. 
For example if against the numbers 1, 2, 3, 4, etc. their squares 1, 4, 9,4 
are plotted, and a few other intermediate points taken such as 1:5, 2:5, 3:9 
with the corresponding squares 2:25, 6:25, 12-25, it is possible to draw @ 
reasonably smooth and accurate curve from which a fair approximation 
can be found to the values of, for example, 2:9? and ./12. 


6:49. Drawing a Graph. 

(a) A graph is a record which must have a title explaining what the 
changing quantities are, as for example, ‘ The Growth of a Plant from 
(date) to (date) ’, ‘ The Heights above Sea-level along a Section A to B, 
or simply, ‘ Y=X?’, h 

(b) A graph must have two axes which must be labelled to show which 
quantity is measured along which axis. 

(c) Unless a graph is a sketch of the relationship only, it must have two 
scales, one for each quantity (i.e. for each axis). If desired, these may g 
shown by marking the axes as well as, or instead of, stating the scale; 
The use of the expression ‘ small squares ’ as in‘ 5 small squares to 1 mule 
is not strictly correct; it is better to say, remembering that scale is coni 
pened with length, ‘0-5 inches’ or on tenth-inch graph paper, ‘5 sma 

ivisions ’. 

The choice of scale is the most difficult part of graph drawing for the 
beginner. If the graph is one of statistics and the numbers are large, there 
is likely to be confusion unless some preliminary work has been done on the 
lines suggested in 6-216 or 6:217. The habit of noting the range of numbers 
required on each axis should be acquired. The omission of an unused es 
of the numbers, as in the height diagram in 2-131, that is omitting to take 
one axis as far as zero, is a useful device to make a larger scale possible. 

(d) The teacher should not leave the actual draughtsmanship of grap 
drawing to chance but should consider with the pupils how the graph may 
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pt be drawn. This depends to some extent on the nature of the graph 
ee in respect of plotting points and of joining them. For instance 
ee values may be treated differently from calculated ones. 

Tom the former the children will be able to see the reasonableness of 
using ‘ a line of best fit” as the resulting curve. 


65. Geometry. 


6-50. Three aspects of geometry ; the practical foundations of the 
course ; some main objectives ; means of learning. 

6°51. Lines and angles. 

6-52. Length, area and volume. 

6-53. Shapes, two and three dimensional; symmetry ; plane shapes 
bounded by straight lines ; prisms and cylinders ; pyramids 
and cones ; the circle. 

6-54. Similarity and congruence. 

6:55. Loci and envelopes. 

6:56. Conic sections. 

6:57. General ideas in three-dimensional geometry. 

6-58. Generalisation in geometry > the argument from measurement, 
from symmetry, from orderliness, from the necessities of 
construction ; generalisations not readily discovered by the 


pupil. , 
6:59. Some general considerations ; riders. 


6-50. Three Aspects of Geometry. 


For the ordinary person, geometry is the study of spatial properties. 


a any pupils who have little appreciation of numerical properties and pro- 
SES discover an unexpected interest and pleasure °° investigating the 
orld of space in which we live and in which objects of diverse size and 


Shape occupy a definite position, or move in an observable path. — 
The importance of a study of geometry can hardly be overestimated 
i struction, furnishings, dress 


aday when travel, machinery, building con: i s 
esign, horticulture, and indeed the structure of the Earth and its place in 
th e Universe all call upon us constantly to use geometrical jdeas. Con- 
“dered in these terms geometry makes a powerful appeal to adolescent 
Oys and girls. But both constructional skills and a mental picture of the 
Space-world are dependent on the growth of spatial perceptions. Such 
Perceptions can only grow through ample spatial experiences. 
b At all stages of the Modern School one main consideration should be 
Orne in mind: The geometry to be taught must be based on practical 
Spatial experience. os 
Three aspects of geometry can be distinguished : 
proportion, relative position, 
ent, and leads to a 


(1) Perception of properties of shape, 
f orderliness and 


etc. which develops from observation and experim 
recognition of principles and an appreciation O 


; beauty of form. 
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(2) Ways of measuring and calculating length, angle, area, etc. which are 
based on spatial properties. These help to deepen understanding as 
well as serving practical purposes. 

(3) Opportunities of reasoning and making a series of deductions from 
the facts of observation and experience. These may be simple 
linkages of one fact with another or the perception of a relationship 
which enables a length or an angle to be calculated from known 
measurements, but in their essence they are steps of logic. 


6-501. Foundations in experience. There is detailed discussion in the 
Association’s Mathematics in Primary Schools of the ways in which a child 
begins to develop powers of talking and thinking and writing about space 
relationships and geometrical facts and truths. It cannot, however, be 
assumed that the entrants to the Modern School have gone far in this 
development or indeed that any secondary school entrant has had adequate 
basic experience on which to found a systematic study of geometry. Other 
reports of the Association (First and Second Reports on Teaching of 
Geometry in Schools, 1923 and 1938, Teaching of Mathematics in Prepara- 
tory Schools, 1924) all distinguish a first stage in which the work will be 
experimental and associated with arithmetic and other studies such as 
geography. Land measurement is noted as a likely source of geometrica 
experience. (This is elaborated in Mathematics in Preparatory Schools). 
Where crafts play any large part in a school these would of course also 
give many opportunities for geometrical experience. d 

Valuable discussion and examples of this experimental stage, calle 
Stage A, are to be found in these earlier reports. In many text books 
however the work of the stage tends to be planned solely as an introduction 
to systematic deductive geometry. This treatment is unsuitable for the 
modern school pupil who may only make brief excursions into the fiel 
of deduction and must rely on more practical experiences throughout 
study of geometry. It is therefore proposed in this section to make a fres 
approach to the work of Stage A and the possible developments from at, 
and to recommend the interested reader to supplement what is said by 
reference to the four earlier reports. 


6:502. For the modern school pupil the value of experimental work 10 
geometry will depend to no small extent upon the choice of practica 
themes. The risk of work in geometry becoming desultory or time-wasting 
is greatly reduced if background experiences are chosen which are a 
themselves worth while and interesting. Examples are to be found in Tl; 
7-2 and 7-3 in which the background study in itself forms a course of work; 
such purposeful studies are particularly helpful in avoiding the desultory 
and in revealing a connected body of geometrical truths which are relevan 
to men’s work and conditions of life. ith 

The geometry included in the course should be related to matters wi 4 
which the pupils have some acquaintance. The appreciation of a 
metrical truths and the effective use of drawing and measurement shou s 
grow out of the situations and problems in which the pupils have, a eat 
develop, an interest, and not be arbitrarily imposed as an academic a 
pline devoid of other value. For example, the value of accurate mensus 
ment and drawing may be realised through its effect in more careful dre: 
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making, in the pleasing lay-out of a garden, or in the exact setting-out of 
an athletics course. But the study should not be confined to utilitarian 
topics or those which appeal only to boys and girls who delight in craft; 
all pupils should have opportunities to experience the aesthetic and intel- 
lethal values of geometry to the full extent that their individual abilities 
allow. 


_ 6:503. Coordinating different aspects of geometry. Although we have dis- 
tinguished three aspects of geometry (6-50) it is not intended to suggest 
that there should be any such division in the mind of the pupil nor in the 
teacher’s planning of a syllabus. Any geometrical study may involve all 
three. In the planning of a garden choice of shape and judgment of size 
arise and there is opportunity for making short deductive steps; all are 
in addition to the obvious need of calculations in such an enterprise. The 
division into three aspects was made in order to call attention to the variety 
of possible approaches to the discovery of a geometrical truth. The 
teacher who is aware of all these aspects will be able to enrich his teaching 
by a greater width and liveliness. For the pupil it is important that he 
should increasingly see geometry as a related and consistent whole and as 
a coordinated part of his total study of Mathematics. 

A purely geometrical theme may be handled in the same three fold way. 
he discussion which leads to the discovery of the rule for finding the 
area of a triangle springs from experiment and develops by argument into 
a generalisation about all triangles. The tule is then used to find the area 
of particular triangles; formulation follows and finally the formula is 


used to find triangular areas of many kinds. 


6:504. Some main objectives. Tt will be seen that we recommend that 
the syllabus for the Modern School shall not be developed in a strictly 


logical order, each step being dependent on what has already been learnt, 
as is possible for the ablest pupils in other schools. Instead, the teacher 
r period in new terms 


must think out the geometrical content of the four-yea é 
and with clearly defined aims. We suggest that he should try to give his 


Pupils opportunities to acquire: Deka 

(a) an appreciation of shape. both in plane figures and so’ odies, 

E appreciation to include arrangement of the shapes relative 

to one another. This will necessitate the growth of the ability 

to compare by ratio rather than by gutters aod should help in 
understanding the numerical significance of Ta io; 

(6) an saeco of such properties as symmetry, smoothness of 
curvature, parallelism, and of such relationships as congruence, 
similarity ; n 

(c) an ability to produce a desired shape working from ees a 
model, an imagined object, or the development of a solid; con- 
versely, to devise from a solid a plan which would enable a copy 
to be made; A 

(d) an understanding of eometrical terms commonly used; 

(e) eine) skill with eats such as the ruler, compasses, protractor, 


clinometer ; r 
(f) some knowledge of methods of comparing and de! 


in length, area, volume, angie; 


termining size 
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(g) some power to envisage a locus, an envelope, or a solid generated 
by a moving area; } 

(A) an ability to recognise a triangle or other figure in space where its 
sides are not visible. This power to visualise a configuration has 
many uses, not only in practical work such as surveying, but also 
in the building up in the mind of a spatial structure which enables 
the pupil to think about his world geometrically. 


6-505. The means of learning. The forms of expression to which re- 
ference is made in 6:1, i.e., spoken and written words, pictorial and dia- 
grammatic drawings, modelling in various materials, movement and sym- 
bolism, will all be used in the study of geometry, and the reader is advised 
to re-read 6-1 in connection with this section because of its particular 
importance in geometry. 


6:506. There are in common use a considerable number of geometrical 
terms to many of which 6-111 refers. Whilst the understanding of these 
terms should be part of the equipment of the ordinary citizen we strongly 
deprecate the deliberate teaching, in an academic way, of a vocabulary, 
or of verbal expressions, apart from their use in relation to a pupil’s own 
experience. On the other hand, mathematical words which are require 
to describe such experience should be used accurately. Certain topics 
discussed below will by their nature call for many new words. When a 
pupil reaches awareness of a new concept he feels a need for new words in 
which to talk about it. Accuracy in use depends on the extent to which the 
concept has developed. Some pupils will have acquired at the primary 
stage a limited geometrical vocabulary but will require further experience 
in order to expand it and to refine the meanings. All pupils will have vague 
ideas of the meanings of such words as level, vertical, sphere, dimensions, 
but after experience and discussion will come to attach to them more strictly 
mathematical meanings. . 

It is very important that pupils should have opportunities of making 
statements about their spatial discoveries in their own words; they shou € 
not be given a form of words by an adult until they have become a 
satisfied with their own attempts and are ready to accept the new words a 
an improvement. Pupils should frame their own definitions. f 

It is likely that the teacher will introduce a new idea with the use O 
phrases which are not yet within the pupils’ written or spoken vocabulary 
making the meaning clear by demonstration or discussion. In such cast 
it is important that the teacher uses the words with mathematical accuracy 
in order that the level of the pupils’ own speech be thereby raised. | An 
lack of precision in the teacher’s use of the words is likely to be imitate 
by the pupils. 


6:507. Some examples of drawing and modelling. By its very nei 
geometry will involve many diagrams and drawings. These are of Prout 
value to pupils who find the verbal expression of abstract ideas ae 
yet can readily interpret a pictorial representation. So important is ae 
ing that 7-3 is entirely devoted to it. We therefore turn now to the Me 
practical activities in which pupils take pleasure and through whic tra- 
cepts are developed and properties discovered. The list below 1s illus 
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tive only; teachers will find many other activiti i i 
> 3 es which fit thi 
their particular classes. 3 sa 
Spacing shapes, for example mounting a photograph, spacing buttons 
igen a dress, plants in a garden bed, or furniture in a room. 
rrangement of shapes such as bricks in a wall, tiles on a floor. (See 
also 6°53.) 
aoe patterns, freehand, on squared paper or using instruments 
Making a model in connection with history or geography, in which 
eee rather than scale is important (6-574 etc.). 
iscovering the ‘ pattern ° which can be used to cut out a desired object, 
Re example a lampshade, a circular skirt. 
ae a plans and models, for example, of classroom, school, play- 
ing fields. 
Enlargement and reduction of maps and drawings (6:54, 7-335). 
Tactical ways of constructing right angles (6:512) to use for setting out 
Des points of the compass, laying out a games pitch, testing an angle. 
eat a protractor, a clock-face, a mariner’s compass, a clinometer, a 
extant. 
Studying and using the orientation marks and scales of maps (7-2). 
Making or using models to show the meaning of latitude and longitude. 
Making a moving model such as a winch to show the effect of rotation. 


b 6-508. In addition to the activities set out in the previous paragraph, the 
road topics of chapters 3 and 7 afford valuable means of discerning an 
applying the truths of geometry. In the rest of this section we consider 
She study of geometry from two standpoints: t 
ould form the structure of the course, together with additi 
ne often included, and also the ways in which pup's >20: 
e truth of such ideas and can generalise them into principles. 


6-51. Lines and Angles. i í 
A pupil readily apprehends a line as a path traced out by his pencil on 
Paper, and he recognises that it may be either straight or curved, but his 


ag of these words may be somewhat vague; in common usage the word 
traight is sometimes associated with direction, as in the phrases straight up, 
ord will therefore need 


qtraight on, and the geometrical meaning of this word 
© be made clear. This meaning will include several ideas: 
h any two distinct 


(a) that a single straight line may be ‘ drawn’ throug! 
points 
(b) that it may be continued be 
(c) that innumerable other points lie on it j 
(d) that a third point chosen before the line is drawn may be on it or 
may not. l 
(e) that a line of sight can be imagined so that the ide 
line can be isolated from a drawing 7:1 
) that plane surfaces meet in a straight line. 
The idea that one straight line may go On and on without beginning 
and without end B an poet in enough from the straight lines which are 


yond them in either direction 


a of a straight 
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already familiar as the sides of squares and rectangles and triangles, but 
which have definite end-points and definite lengths. Later, the pupils 
will draw wave curves (sine curves) and others which have this unending 
property. They will compare these with the completeness of a circle or 
ellipse which encloses an area; a pencil used to trace out a circle returns 
in course of time and passes again and again over the same path, but in 
drawing a straight line or a sine curve each point and each piece of path 
is passed over only once. 


6-511. Angles. Some teachers introduce pupils to the angle through the 
idea of a corner, ‘ sharp’ or ‘ right’, but it is doubtful whether, in fact, 
the corner is anything more to the pupils than a sector of a plane. Obser- 
vations of the changing shapes of a jointed framework, e.g. four Meccano 
strips joined at their ends, may lead on to the more dynamic idea of an 
angle. It will be seen as the result of a rotation of one line moving away 
from a first fixed line, as when one leg of the compasses is held and the 
other opened. Later, two lines rotating simultaneously, the angle between 
them changing, will be observed, e.g. the hands of a clock. When dia- 
grams are made of, for example, a clock-face and the hands, the angle is 
seen as formed by two intersecting lines in a static way. 

The right angle is seen to have special properties: four make up a com- 
plete turn, two adjacent right angles make a straight line, or ‘ straight 
angle’; the corner angles of most objects in the classroom are right and, 
in common usage, the right angle is understood in the order ‘right (of 
left) turn’. In fact, movements of arm and body are readily used to show 
‘turning through a right angle’. Association of the word ‘ right’ with 
“upright ’ and * forthright ’ will avoid the mistake of talking about a ‘ left 
angle’ for the contrary turning. 

Through discussion and observation pupils will become aware of angles 
of different sizes and will, in comparisons with the right angle, learn to 
distinguish angles which are acute, obtuse and reflex. Consideration of the 
rotation of a moving arm, e.g. the minute hand of a clock, or the spoke of a 
revolving wheel, may give rise to the question of the size of angles greater 
than a complete turn, and the meaning of revolutions per second can be 
explained. ' 


6-512. It is advisable not to hurry the early part of the work as the con- 
cept of an angle is not an easy one to assimilate. Useful and interesting 
work may be done with right angles and their halves and quarters, before 
introducing the degree and the protractor. Some applications are given: 


Paper-folding to get the right angle, its half and quarter, thus giving each 
pupil an individual measure for use. 

Construction of right angle with compasses or with set square for the 
accurate drawing of patterns and plans. ‘cal 

Meaning of horizontal, vertical, parallel; distinction between ve 
and perpendicular (6-112 b and c). Pupils will be interested to see th 
plumb-bob and spirit level. Rectangular plans and elevations, an 
marking the position of an object upon them, use these ideas. fe 

Making a 3, 4, 5 triangle from knotted string, thus giving a right ang 
useful for the lay-out of a larger rectangle out of doors. 
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Construction of a mariner’s compass card showing 8 points and the use 
of this to find directions (and, with pacing or tape, the lengths of 
routes on ground or map). This is an extension of primary school 
work in which the compass point is probably only the name of a 
direction. 

Construction of a simple sectograph, 
show parts of a whole (6-241). 


With the introduction of the degree a wide field of application is opened 
up. In the suggestions of 6-507 and the topics in chapters 3 and 7 many 
Opportunities are offered for the fostering of an understanding of angles 


and their practical uses. 


6:513. Many of the generalisations about equal angles are intuitively 
understood and accepted, and may be approached almost as a matter of 
language training. Thus when two lines cross, the vertically opposite 
angles will readily be accepted as equal, and any pair of adjacent angles 
as supplementary. 

F Again, when a line cuts two other li 
Tones) such as a, b can be used to compa c 
ines (Fig. 6 i), and the fact that parallelism and equality 
angles go together should easily be realised. 

similar statement using alternate angles (or Z-angles) such as c and 
d, or e and f, follows in the same way, though it may be a little less obvious 


(Fig. 6 ii and iii). 
| ii us 


Fic. 6. 


i.e. a circle divided into sectors to 


nes, two corresponding angles (or 
re the directions of those two 
» of corresponding 


Whilst measurement of angles may be used to verify the equalities which 

ave been realised Eua it should not be assumed ha such a sae 
Cation necessarily leads, in the pupil’s mind, to the generalisation or a 
results (6-58). Certainty comes rather from comparing the pein oe 
figurations in which the lines are parallel with those in which they are not. 
6-52. Len: 

x gth, Area and Volume. ? bA 

. A line has length, a surface has area. and the three-dimensiona space 
ohne we live fae volume. Definitions of a atin eee wit oe 
abstract form are out of place in the Modern Schoo» 

i i i they 
young pupils, but boys and girls will use the terms with accuracy as 
gain ET of compass length with length, area with area, volume 
With volume. 
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6:521. Length. For an understanding of length the pupil will need to 
have accepted the following ideas: 


(a) that a length of line stretches from one point to another, 

(b) that two lengths of line may be equal, 

(c) that there can be a length of curved line but that this is longer than 
the straight line joining its end points, 

(d) that a path may consist of a series of straight lines, as, for instance, 
the perimeter of a hexagon. 


The concept of length, or segment, of line definable by end points grows 
with the appreciation of decimal notation. For example, a length of 3:7 
inches may be approximately measured as 3-65 inches ; 3-69 is nearer to 3-7; 
3-695 and 3-699 are progressively nearer still. This sort of consideration 
helps to crystallise the idea that there are end points to this line segment 
which we can designate 0 at one end and 3-7 at the other, on the unending 
line of which the segment forms a part. Ss 

No formal teaching, or even drawing together, of such ideas is required 
but the teacher must be aware of what is involved, and ready to seize 
opportunities for nurturing his pupils’ perceptions. 


6:522. Area. Though most pupils will have heard of area and probably 
had some lessons on it in the Primary School, ordinary children beginning 
the secondary stage of education will require to study it as a measure. of 
surface in its fundamental aspects, without first using conventional units. 
Several possible opportunities for its introduction are mentioned in this 
report, e.g. through gardening in 3-41 and housecraft in 3-42. In 4811 
a remedial approach is outlined which is suitable for many first-year 
pupils. 

In this section we set out, though not necessarily in a teaching order, 
some of the geometrical experiences and ideas which underlie the under- 
standing of area. 

(a) Recognition that two amounts of surface can be compared by superni 

position; if they just fit they are equal; if one is entirely enclose 
it is smaller; if it entirely overlaps it is larger. The cases of partia 


Fic. 7. 


overlap will give rise to uncertainty (Fig. 7). Suggestions may B 
made for division into smaller pieces. For this work templates hes 
useful for outlining portions of surface on paper. They can t m 
be used in variety for superposition. Pupils will probably obie 
in passing that pieces with the same shape may have differe 
areas. 
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b 

(b) es Les added or sub-divided. In Fig. 8 the shaded sectors 

areas Of as and compared with one another and the whole; 
, 3/8, 3/8 of the total, can be identified by superposing 


Fic. 8. 


a movable sector. Similarly a movable i 
e ; piece can be used to test 
the equality of the shaded and the unshaded portions in Fig. 9. 
aes 4 Pp ae that equal areas may have different shapes. This 
‘ought out, as in Fig. 10, b covering them wi 
number of identical shapes. 5 : ng 


Fic. 10. 


arious ways and the 


s can be cut up in Vi 
ms), as in Fig. 11. 


A number of equal square 
different shapes (tangra’ 


pieces re-arranged to form 


qaqa se 
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(c) Comparison of areas of familiar things such as table tops or shelves 
by counting the number of round tins or rectangular packets that 
can be packed closely upon them. It will be observed that round 
shapes leave gaps uncovered ; rectangles leave no gaps. 

(d) Comparison of two irregularly shaped pieces, e.g. of land; the 
questions * How many cabbages would they grow?’ suggests count- 
ing patches, either round or square; the square patches would leave 
no gaps between them. A 

(e) Construction of a Square inch and a square foot, and their use in 
covering rectangles, ignoring at first any excess over a whole number 
of units. 

(f) Finding the number of Squares which would cover a rectangle by 
noticing the number in a row and the number of rows. This notion 
is quickly grasped intuitively but should not be understressed since 
it is the essence of the argument. After some experience with this 
semi-practical method the rule can be formulated and practised. 
Fractional sides can be easily dealt with geometrically in two stages, 
first with one side a whole number, then with both sides fractional. 
See Fig. 12, and also 6-246 on the multiplication of fractions. 


e another by fitting square feet into a square 
f a series of squares, fitting them into the 
i s » and noticing the square numbers, 4, 9, 16, 
ete., will help pupils to visualise 144 square inches in a square foot. 

to see ṣọ and z45 of a square inch; 
areas of rectangles with sides measured 
results in sq. chains, sq. links, or sq. CM. 
r various shapes which can be rearranged 


as sets of rectangles or squares. Applications to the faces of prisms, 


A cubes, etc. 
G) Experiments to establish methods of finding the areas of the triangle, 
trapezium, parallelogram, circle. Some pupils could learn the 


method of reducing any rectilinear figure to a triangle of the same 
area. 


(k) Estimation of irregular areas by counting squares in a drawing on 
Squared paper. This could be taken at an early stage if desired. 

() Consideration of the area of curved surfaces. Realisation that 4 
piece of paper can be stuck on the surface of a cylinder or cone to 
show that the curved area is equal to a flat one; the surface of a 
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sphere cannot be shown equal to a flat one, but it can be painted 
and the formula for its area quoted. 


ane Volume. The first interest in volume, the measure of 3-dimensional 
fen is shown in relation to capacity, the amount that a hollow vessel 
eee say a watering-can or a teacup. This is traditionally measured 
nae nparison with the capacity. of another vessel holding, say, a gallon 
ad ey and is found by pouring the contents, possibly corn or milk, 
allow ee o the other. This process 1s independent of shape and does not 
Routt = culation in terms of length. When it 1s required to find the 
aa of space occupied by a solid body some means of measuring other 
eel Ge on g from one vessel to another must be found. Ifthe new method 
ine. Je based on length measures it would have the advantage of making 
te Possible to calculate theoretically the volume of a solid known only in 
T of its surface measurements. 
soli cukusion may arise about what is meant by the phrase “volume ofa 
ats in the case of a hollow body, e.g. 4 wooden box; a clear distinction 
Abe on should be made between the internal capacity of the box, or 
of t ae contents if the capacity 1S measured in cubic units, and the volume 
Th wood which forms the box. 

yoh e usefulness of a cubic measure ca! L 
vol me of water contained in a full rectangular aquarium tank. If this 
ume could be stated as the number of bricks of a certain size which 


would build up a block with the same measurements it would not be neces- 
its internal volume. If the tank is 


a to empty the tank in order to find it i ) the tank 
ready empty its volume can be found in “ brick units’ by filling it with 
t ticks; a comparison can then be made with the number of pints required 
o fill it. The connection between the two kinds of volume measurement 


can then be clearly seen. Wy 
ae nluable experience of the © brick ° method for solid bodies is gained by 
eng, say, 96 bricks in a number of different stacks, which will of 
: urse have equal volumes, €.8. 3 layers of 32 bricks, each layer having 4 
aa of 8, or 4 layers of 24 bricks, cach layer having 4 rows of. 6. A block 
I 96 bricks can also be looked at as consisting of vertical slices; thus 3 
orizontal layers of 32 bricks may be regarded as 8 vertical slices of 12 
ES This is the geometrical equivalent of the algebraic statement 
axb) xc=a x (b x c) =b x (a x €). ; l 
_ For solid bodies the connection between cubic and capacity measures 
is most readily seen if a block of, say, paraffin wax, 13 melted and poured 


qto a graduated measure. Conversely a pint of fluid jelly can be poured 
nto a rectangular mould to form a measurable block. 
pserve a number of facts: 


Through such experiments pupils will o 

(a) the volume is unaltered if the stack of bricks is divided into two or 
more stacks, or arranged on an L-shaped base, etc. 4 

(b) a cube is the most convenient shape of brick for measuring volume 
because it enables a count of row, layer, and number of layers to be 
made in terms of the units in the length, breadth and height of a 
rectangular block, or tank. t 

(©) ifthe nue of layers is doubled, trebled, etc. the volume 1s doubled, 
trebled, etc. 


n be seen by pupils interested in the 
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i i jam-jar, i ic inches or cubic 
the graduation of a cylinder. e.g. a jam-jar, in cubic inc! 

2 Enn can be demonstrated by pouring from a hollow, os 
The connection between pints and cubic centimetres or cubic inc! 
can be shown in the same way (3-512). ; 

(e) the volume of a solid can be found by reading off the ronime 
indicated in a graduated vessel before and after the solid is ET i 
in the water it contains. This displacement method can be used bo 


for finding the volumes of irregular solids and for experimental 
checks on computed volumes. 


the aboye and related ideas. When pupils are ready to use ‘ rules’ they 


will make their own formulae for the volumes of such regular or easily 
Tecognised solids as they require. 


Collections may be made by the pupils of examples of the shapes they, 
have learnt to recognise. Some fruitful sources of the descriptive type 0 
geometry are walls, gates, trellis-work, railings, pavements, garden plani 
decorative details on doors and furniture, Gothic and other styles of archi 


tecture, leather work, patchwork quilts, plaster work, the many shaped 
tins and boxes 


and some printed materials. 
bers of ‘ families ? such as drain 
too to note that the rectangle 


patterns, of the design of a length of dress or curtain material, suitably 
chosen, Or of the shape of a tea-pot may lead to ideas of symmetry an 
Proportion. i al 

By his efforts to make a model of a church or to draw some architectur 
outline or deta: i i i 


1 il, such as a Gothic style window, a pupil may become more 
alive to the geometrical aspects of hi i 


appreciation of it, 


6531. Symmetry. Symmetry appears in many forms in almost every 
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aspect of life. Its aesthetic value is a subject in itself; why we may like 
a symmetrical façade but not a symmetrical tree or mountain is not our 
concern here. Nevertheless we miss much if we fail to appreciate the beauty 
of mathematical symmetry, both of geometrical and of algebraic forms. 

From the mathematical point of view we can say that in symmetry we 
have an ordered repetition of form or measurement; though this does not 
imply that any such repetition, such as two equal squares, constitutes 
symmetry. 

Consideration of geometrical symmetry in one dimension would be 
unrewarding here, and we therefore consider it first in two dimensions and 
then in three. 


6:5311. Symmetry of plane shapes. A plane figure is symmetrical about 
a line in its plane if the reflection in that line of every point of the figure is 
itself a point of the figure; thus if the figure were folded along that line 
the two parts would coincide. The converse of course holds, and in 
geometry we normally deduce the existence of an axis of symmetry from 


the balance of the figure rather than vice versa; then having done so we 


can go on to say that what happens on one side must also happen on the 
Other. Thus the balance of an isosceles triangle points to the existence of 
an axis of symmetry through the vertex, which belongs to both sides. 
We at once infer that the base angles are equal; the doubting can be asked 


Which would you expect to be bigger? °. ‘ 
Again it eat hardly be doubted that a circle, on account of its ilies 
alance, is symmetrical about any diameter; and it follows at once t at 
the ngeni at one end of the diameter Do equal angles, that is rig 
angles, with the diameter (6-582 Fig. 27 iii). 
Such symmetry, about f line, is sometimes known as T-symmetry, 
Many children will be quick to feel that there is some kind of ba! an 
about a parallelogram although it has no axis of symmetry, and the simp le 
idea that it can be turned through two right angles about its centre’ an 
Still look the same may lead to the concept of symmetry about a point, or 


S-symmetry. Here, the repetition of form after r 
ahalf-turn implies the existence of a point which 5 
epen that the reflection in it of every point of J. 


€ figure is itself a point of the figure (Fig. 13). 

the school stage this kind of geometry 1S ig Fic. 13. 
Interesting than mathematically important, 10r i 
such figures E N and their main properties oi ete 
Known before the S-symmetry becomes apparent; but the artisti 
Teferred to later. 

hereisamodified form of S-symmetry wherea turn eis ts ean 
than 180° repeats the original pattern, as in such figures as tho : 


LHe *® 


Fic. 14. 
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Discovery of these symmetries is a matter of discernment, not of applying 
any simple tests, and it is a good exercise to look for axes and points of 
symmetry in such figures as the equilateral triangle (3 axes), the square 
(4 axes), rectangle (2 axes), the figure-of-eight (2 axes), the ellipse and so 
on. An excellent opportunity is afforded for the pupils to suggest pro- 
perties and to discuss their importance. 

All regular polygons have such symmetries, and deductions concerning 
inscribed and circumscribed circles and the lengths of diagonals can be 
made. The circle is, of course, the perfectly symmetrical two-dimensional 
figure, being S-symmetrical about its centre and T-symmetrical about any 


uniter: This is the basic reason for the universality of the circular 
wheel. 


6:5312. Symmetry of three-dimensional figures. Three-dimensional 
figures can have (i) symmetry about a plane, as a table drawer or a garden 
fork, (ii) symmetry about a line, as a two-bladed air-screw or the fitment 
which holds an electric lamp, or (ii) symmetry about a point, which is 
seldom met alone. There is also the modified form of symmetry about a 
line found, for example, in a three-legged stool and the cutting cylinder of 
a lawn mower. Many figures, of course, have more than one of these 
types. The sphere is the one perfectly symmetrical three-dimensional 
figure, being symmetrical about its centre and about any line and any 


plane through its centre. It is for this reason t} depend 
on a spherical ball. eg e 


by the formula Js(s—a)(s— 
or by be sin A, which implies t 
as equivalent formulae (6°62). 


6:5314. The occurrence of symmetry. We are always meeting or using 
symmetry, and its beauty and a ae can be appreciated S ihoni a 
need to analyse it being felt; the teacher should not force analysis on the 
pupil, but anyone wishing to build up a symmetrical pattern will find some 
knowledge of the principles helpful. Pupils will have cut out patterns in 
folded paper and then opened them out, e.g. to make open-work doyleys, 
or have used a pattern of half a yoke ot half a collar on folded material; 
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they will probably have pla; “sk ? iti i 
wil i yed the game of ‘ skeleton ’ by writing a signa- 
oes in ae along a line on paper and then folding the abe: RET the line 
a e the ink was still wet. Many, wanting to make a drawing of a vase 
4 oa shape has pleased them, will instinctively pencil in a central line as 
oe e in getting the two sides alike; and some will welcome the help of 
bee ematics while others will feel that a freer if less accurate drawing 
eC a expresses what they want. 
ae he mirror-image type of symmetry can be found in early art, for ex- 
RRS e a some Egyptian patterns, in the craftsman’s jug or spear and the 
GN zoi erer’s design; and qualitative symmetry appears for instance in 
ly religious pictures, such as the triptych with the central figure sup- 
Ported on either side, and the balance of the sheep and the goats. 


In architecture, S-symmetry of the two-fold and four-fold types is 


common. Five-fold symmetry, as well as other forms, is frequently found 


the organic world as in flower-shapes but does not occur in the inor- 
ae world of nature. Six-fold symmetry, however, is to be found in 
ow crystals, in the section of the honeycomb, and so on. 


lo 6:5315. Asymmetry ; conclusion. The recognition of asymmetry fol- 
ane from the recognition of symmetry, and asymmetry has its own impor- 
aan in theory and practice. It is of interest that it is the asymmetry, 

ten slight, of the human face and hair that makes a photograph of one- 


self appear subtly different from what one sees in a mirror. 
A As Suggested in the opening paragraph of this section, symmetry is 
Fe nine more than an aesthetic study of shapes. For instance it may 
form the basis for many intuitive generalisations about shapes. This idea 
4. developed in 6-582, together with an extension to asymmetry. The loci 
etermined by some conditions of equidistance are also examples of sym- 
metry (6:556). p 
7 Again many important deductions depending on symmetry are made in 
Pplied Mathematics. For example questions of balance, centres of 
gravity and of pressure which occur in mechanics can be treated by the 


use of symmetry. 


p852 Plane shapes bounded by straight lines. In 6:53 the 
ii rectangle and the circle has been men } i 
ilt up on the triangle. Pupils will almost certainly 


word triangl Modern School, but they may associate it 
gleron aE Coi line made up of three lines. 


an with a complete shape and not with an out! U 
i most certainly they will know best the right-angled triangle, as half a 
Tf aanele, or the triangle which has symmetry, like the gable end of a house. 
t they call this an isosceles triangle there will be no special emphasis in 
aeir minds on the fact that two sides are equal; it will just be a general 
ay of recognising the symmetry. Small tiles which are equilateral tri- 
angles will be seen to have this symmetry whichever side is used as see 
ae again will seem their characteristic property, rather than the equal w 
d the three sides. The same shape may be recognised in some printe 
sign or in the print left in soft soil by & three-legged stool. Caen 


E uling straight lines in order to 
5 Pose, for example, because the pup 
Serve as part of a model, or to make a s 


il wants to make an exact drawing 
cale drawing to solve some 
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i de 
i roblem of surveying. The number of measurements to be ma 
oe to copy an existing triaiele will be considered in the next pee 
on congruence, but once again we would stress that the logical arrangeme E 
is for the convenience of the teacher, and that the pupils’ development 
unlikely to follow a strict logical order. : : nae 
Of the rectilineal figures built up from triangles, pupils are likely 
become familiar with the quadrilateral, and its particular forms, the trapez- 
ium, parallelogram, and rhombus, and to learn some of their properties. : 
Among polygons those which are regular are likely to be noticed ` 3 
and will form the basis of much pleasurable pattern making, particularly t! 
regular hexagon and the regular octagon. These two can be made g 
tile mosaics, equilateral triangles for the hexagon, and right-ang e! 
triangles and rectangles for the octagon. When inscribed in a circle ma 
can be accurately completed without the use of a protractor. The do g 
cagon formed by drawing radii to bisect each side of a hexagon and the 
joining the twelve points on the circumference is a comparatively E 
next step. For the pentagon and decagon it will be best to begin with t! 
angles at the centre. 


6:533. Prisms. Through experience of various containers, pupils will bs 
familiar with square, triangular, hexagonal and possibly other rig! 
Prisms, i.e. those solids which have base and top identical in shape em 
size and have rectangles as their side faces. The right cylinder will readily 
be taken as a prism ona circular base; the fact that its curved surface ope 
out into a rectangle is a further link with prisms. These solids can be 
pictured as made up of a pile of tiles of the same shape as the base. 
the tiles overlap instead of fitting, so that the pile leans over, they give @ 
suggestion of an oblique prism, i.e. one whose side faces are inclined to 
the base at an angle not a right angle and which are not in genera 
rectangles. An obli 


4 A que cylinder will be recognised as one whose circular 
top is not directly over its base. 


Finding the height of prisms, 
the planes in which lie the base 
exercise. The analogy with piles 
volume is given by multiplying the 

6534. Pyramids. 
dinary life but pupils 


i.e. the perpendicular distance betwee? 
and the top, is an interesting practica 
of tiles leads to a realisation that the 
area of the base by the height. 


Pyramids occur less frequently than prisms in Of- 
are likely to have seen a square pyramid surmounting 
a square column and will certainly have seen cones, These solids will come 
to be recognised as having bases like those of prisms but having a point of 
vertex to which the edges of the base are joined. Right pyramids or cones 
are those in which the vertex lies on the perpendicular to the base drawn 
from its centre. The side faces of pyramids are triangles and finding ther 
area 1s an interesting exercise, especially if it is compared with the area © 
the rectangular face of the Corresponding prism. If a pyramid is given 
theoretically in terms of its base and height a section will have to be pic- 
tured and drawn to determine the slant height, i.e. the height of the tri- 
angular face. The curved surface of a right circular cone offers a stimu- 
lating problem to abler pupils who can work out the theory from the prac- 
tical procedure of ‘ developing’ it into a sector of a circle (6-574). 
Geometrical methods of dealing with the volumes of pyramids and cones 
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are more difficult than for prisms. A relevant fact is that 6 ri 

a aan yos height is half the side of the base can be eae da 
Could it ve or, to look at this from another point of view, that a cube 
Pe Iv ed into 6 square pyramids each with a cube face for its base 
ESIS a re Pa the cube as vertex. A model can show this structure and 
ea e realisation of the one-third relationship with the volume of the 
pone & ihg prism. A hollow cone can also be used to fill the corres- 
PE e 2 a that the ratio 1 : 3 appears again as the ratio 


Gee me Circle. It will no doubt be generally accepted that the store 
plet- ma nowledge desirable for the ordinary person would be incom- 
of th ithout consideration of the circle and its measurement. The names 

e parts of the circle, diameter, circumference, radius, sector, arc etc. 


are in common speech and by discussion and example (6-506) their meaning 
ides the standard of size for 


connection between 
to the drum. An- 
licated, is the distance travelled 


experiment may be begun. 

ig Although a close approximation to the value of 7 Fe 

nne within their power, pupils must have oppor- 

the y to realise that there is a number which is l 
same for any circle, large or small, and they must 


Be some attempts to measure diameters and cir- 
ere and to find this number. ‘ 
the ey may notice in a circle, with radius r that 
ee is longer than < 
dta ribed regular hexagon, so fami 
Sites s that is the circumference 1S more than e o i 
fe e AB=r (Fig. 15). If a square 1$ drawn outside the circle, the circum- 
rence is seen to be less than 8r. etween 6r and 8r. 
apese observations have the advantage of drawing attention to the fact 
ditt the size of the circle does not matter. Different pupils should draw 
fli sized circles and look at one another's drawings. Questions may 
low, ‘Can we get any nearer to c?’, ‘Is it more than 7r?’ and so on. 
his would be a good preliminary to attempts at measurement. 
The teacher should refer to 6°82 on approximation 1n measurement. In 
he circumferences of 


Schools m ; ft 
i é uch of the ex erimental measurement o: 
ces is unpractical peruse the objects measured are SO small that the 


the perimeter of the 
familiar in pattern Fic. 15. 
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error in measurement is large in comparison with the length measured. 

This will lead to serious discrepancies between pupil and pupil in comparing 

the circumference and diameter of a penny, but for a one gallon paint can 

exciimferente will agree more closely. Error can be further 
diameter 


reduced by the following methods: 


the ratio 


For circumference : 


(a) by wrapping several turns, instead of one turn, of thread round i 
cylinder and then dividing the length of thread by the number © 
turns. 

(b) by wrapping a strip of paper round the cylinder and pricking through 
the two thicknesses with a pin, opening out the strip and then measur- 
ing the distance between the pricks. 

(c) by marking a point on the circumference of a large hoop such as & 
bicycle wheel, rolling the wheel along a straight line and then 
measuring the distance covered in one revolution (or in several). 


For diameter : 


(a) by placing several identical objects side by side against a straight 
edge with a set square or other right-angled object at either end, ton 
measuring the distance between the set squares and dividing byt 
number of objects. f 1 

(b) by measuring the diameter directly using calipers and diagon4 
scale or micrometer with vernier. 


It is z good plan to organise the measuring in groups using different 
methods. 

When several circular objects have been examined and their diameter 
and circumferences measured, the appropriate quotients can be found 
one or two places of decimals. The various results should be compare R 
and discussed. Their average can be found if desired, but when PUPS 
have looked at the grouping of their answers they are usually ready a 
accept that a number exists which is the same for all circles. _ Hey ee 
be told that the number is called ~ (for perimeter) and that it has vite 
calculated by mathematicians to a large number of decimal places; ‘i a 
correct to two places of decimals; 34 is a good approximation. Ca os is 
tions can then be used to find the circumference when radius or diamete’ 
known and the radius when the circumference is known. 


6-536. The area of a circle. When the area of Hr 
circle is considered an approach can be made throni 
Fig. 16 which shows that it lies between 27° an! ay 
About 3r? is then a possible guess, and, pupils aan 
NS themselves suggest that perhaps ~ is coming in agait- 


Circles can then be drawn on squared paper, esti- 
Fic. 16. 


y 


mates of the area made by counting squares, and the 


ratio area ortir obeirele worked out. 
r 


S 
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_A useful geometrical method is to cut out a number of equal circles and 
divide them into 4, 8, 16, 32,... sectors, and then to form them into the 
€quivalent shapes shown in Fig. 17. 


SLIP LIV KAVA 


Fic. 17. 


If the last sector is subdivided along the dotted line and half of it trans- 
ferred to the other end, the shapes will be seen to become more and more 
nearly rectangles whose sides would be the radius and half the circumfer- 
ence. If the sectors could be small enough the circle would have the same 
area as a rectangle ar by r with area 7r?. 


6:537. Solids with circular sections. Calculations about cylinders, cones 
and spheres also involve the use of m. When surfaces and volumes of 
Prisms and pyramids have been studied, it will be possible to adapt the 
methods to cylinders and cones on circular bases. Cylindrical containers 
are so common that this knowledge is likely to be wanted. The methods 

Or finding the formulae for the sphere are too difficult for these pupils 

ut the formulae are sufficiently interesting and useful to be given from a 
Teference book. 

5 If Suitable containers are available it is worthwhile to compare the capa- 
Cities of a hemispherical bow], a hollow cone, and a cylinder, all of radius 
r and height r. They can also be compared with a block of 4 cubes of 
Side y (Fig. 18). 


> aa) aa 


1 
Fic. 18. 


6:538. Practical topics involving circles. We append here notes on two 
topics which provide opportunities for the mathematical study of circles 
and circular objects. 


(1) Wheels; diameter and circumference; angle turned through; 
length of arc. Wheels and belts; comparison of circumferences of 
unequal circles; bicycle chain; tangency ; pulleys; wheel and axle. 
Gears; ratio of numbers of teeth. Revolutions; mileometer, 
speedometer. Graph of areas of concentric circles. The cylindrical 
wheel surface; volume; properties of shape of solid ring-tyres. 
Curve traced by a point on a rolling wheel (Appendix 1b). 

(2) Earth Measurement. The study of latitude, longitude, and prob- 
lems of navigation offers opportunities of great practical value and 
much interest; the difficulties are not formidable if ample use is 
made of diagrams, drawings on a sphere, wire models, etc. (7-213 to 


7-215). 
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6:54. Similarity and Congruence. 


The enlargement, or reduction, of a pattern, picture or map is an example 
of a practical problem which might present itself at almost any stage of a 
course. If the figure to be enlarged is a simple one the problem may be 
solved numerically by a change of scale and the fixing of a few lines an 
angles, but for more elaborate configurations, in which some freehan 
drawing may be necessary, different methods of enlargement offer interest- 
ing and profitable exercises. ; 

The simplest method, probably, first superposes on the original a 
square mesh sufficiently fine to determine the position of enough salient 
points of intersection with the lines of the mesh; the mesh is then enlarge 
or reduced and the points corresponding to these intersections marked on 
it as a guide to drawing (Fig. 19). 


This method of construction and another one, conveniently referred tO 
as ‘the spider web method’ (7-335 Fig. 69 i), are given in the section 
on drawing. Whether one uses an arbitrarily imposed mesh, or works 
from a centre of similarity, interested pupils will want to know ‘ why 
does it work?’ and the practical activity will thus provide an opportunity 
for a study of the properties of shapes. Such a study will often be illumine 
when a distorted figure is produced through some error; it will be neces- 
sary for the teacher to help the pupils to clarify the meaning of the wor 
similar as it is used with precision in mathematical language. Pupils may 
at first call all objects having the same ‘ shape name’ e.g. rectangles, OF 

pentagons, similar figures: they must discover 

=| that two four-sided figures, each with 4 right 
angles, may be of very different shapes, one 

being long and thin and the other almost squat? 

(Fig. 20). Again two extremely dissimilar 5- 

sided figures can be drawn even if all their cor 

responding angles are made equal (Fig. 21). 

Similarity in its geometrical sense means that 

Fic. 20. two figures can be changed one into the other by 

í enlargement or reduction, a process very famil- 

jar to viewers of TV and to readers of the experiences of Alice in Wonder- 
land where she was in danger of drowning in a pool of her own tears. 


6:5. GEOMETRY 143 


Pupils will also recognise the lack of similarity when they are so unfortun- 
ate as to have seats at the end of a front row at the cinema and find the 


actors unnaturally elongated. 


A B, A2 B> 


E 
Dı 5 7 
2 


Fia. 21. 


ui idea that if two figures are similar one is a larger version of the other 

to ee be readily accepted, and pupils will admit that if the larger one is 

Butir rawn the sides of the smaller must all be increased on the same scale. 

Dar I the figures are similarly placed and lines drawn mechanically with 

À allel rulers the fact that the interior angles of the figures are severally 

Sal in pairs may escape notice. Itis also much more difficult to appre- 
ate that the ratios of the sides of one figure, 


A,B; : B;G, : CiD : D,E : Ar, 
must be equal to the corresponding ratios in the other, 
ApBg : BoCy : Ca D2 : DE, : Ep42 


ifthe figures are to be similar, though in fact this property is very useful in 
Constructing scale models. 

Attention can be drawn to the necessity of examining both sides and 
angles by comparing, say, a square with a rhombus, a rectangle with a 
Parallelogram whose corresponding sides are equal, a regular pentagon 
With one which is equilateral but not equiangular. It is also instructive to 
Cut out similar figures and to superpose one on the other in different 


Positions (Fig. 22 iia). 
| 
ia ib Fio. 22. iia P3 


6-541. Areas and volumes of similar figures. The relationship between 
the areas of similar figures can also profitably be studied by means of cut- 
outs or diagrams; a few suggestions are given (Fig. 23). 

numbers 4, 9, 16, etc. (already known as square 


The recurrence of the num’! 
Numbers) is more convincing than arguments about the ‘squares on 
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corresponding sides’ but for the areas of irregular figures it is useful to 
notice that the square method of enlargement shows the dependence on 
the size of the squares used (Fig. 19). 


A> FT 


i Shaded triangle is 4 of ii Shaded parallelogram iii Shaded square is 
the whole is + of the whole +8; of the whole 
FIG. 23. 


The building up of 8, 27, 64 etc. cubes will be necessary to establish that 
volumes of similar solids are Proportional to the cubes of corresponding 
sides. These similar solids may be bounded by curved as well as by plane 
surfaces ; their volumes are then Proportional to the cubes of any of their 
corresponding lengths; for example in a young and an adult animal there 
18 an approximation to this. The rapid growth of surface area as lengths 
are increased and the still more rapid growth of volumes are well worth 
emphasising as of great practical significance. t 

Pupils may be led to discover that the similarity of two plane rectilineal 
figures depends fundamentally on the similarity of the triangles from whic: 
they can be constructed, the triangle being the only figure composed © 
Straight lines which is determined uniquely by the measurements of its 
sides only. In order to Survey a piece of land we first divide it into a num- 
ber of triangles; to obtain rigidity in building frameworks the triangle 15 
used by the introduction of tie-beams. 


_ 6:542. Congruence. As the pupil becomes aware of the property of 
similarity he will at the same time be developing the idea of the special 
case of similarity when the objects not only have the same shape but also 
the same size i.e. when they are congruent. This is a concept which, Be 
cause of its very obviousness, is not easy for pupils to isolate. Ifa pup! 
wants to make a copy of a triangle which is there before him he will make 
a tracing, or prick through the paper at the corners and then rule lines, 
or devise some other way for himself ; he is unlikely to try making ree 
ments of the separate parts of the triangle unless this has been suggeste 
to him by an adult. But he will be interested in the question whether, when 
certain measurements have been made in a field exercise and he and his 
friend make scale drawings from these measurements, they will both get 
the same answer to the problem in hand. If he has already had experience 
of similar triangles he will know that angles, even three of them, will not 
give any information about lengths, or not in units of length—if two 
angles are equal, then two sides will be equal, and if angles are unequal the 
larger will be opposite the longer side. J 

In the course of practical constructions pupils may attempt to draw 4 
triangle from a variety of sets of measurements they have made (6-584), or 
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He identify two triangles which have certain equalities. Their efforts will 

nee to discussion and some classification. Teachers should be prepared 

ep the following possible cases of congruence; they include some over- 
S. 


(a) Two right-angled isosceles triangles with one side of one equal to the 

corresponding side of the other. 
b) Two isosceles triangles on equal bases and of equal heights. 

(c) Two right-angled triangles with two sides of one equal to the corres- 
ponding sides of the other. 

(d) Two triangles on equal bases, and the angles at both ends of one 
base equal respectively to those at the ends of the other base. 

(e) Two sides of one triangle respectively equal to two sides of the other, 
and the angles between the two pairs of sides equal. 

(f) pitts sides of one triangle respectively equal to three sides of the 

er. 

(g) Two obtuse-angled triangles with equal obtuse angles, and two sides 
of one respectively equal to the corresponding sides of the other. 

(h) Two triangles with two sides of one respectively equal to two sides 
of Pater, and the angle opposite the longer side the same in each 

Tiangle. 


x E also desirable that teachers should consider the following types of case 
ere triangles are not congruent. 


(a) ABC and DEF AB=DE AC=DF ŁLBAC=Ł DEF 
(5) ABC and POR AB=QR  LACB=LQRP  L4ABC=LQPR 
(similar, but not generally congruent) 


The following information is ambiguous, and the triangles may or may 
Not be congruent. 


ABCand XYZ AB=XY AC=XZ LACB=LXZY 
where AB is less than AC 


655, Loci and Envelopes. $ 

Among the geometrical topics not usually included in the range of study 
for pupils under 15 is an investigation of loci and envelopes. Yet the idea 
of following or making a track or trail appeals to children from an early 
age: footsteps in the snow, the trail of a creature, the paper chase or even, 
Tather differently, the wake of a ship as evidence of where it has been. 
Even at this quite informal stage the track can be described: ‘ The foot- 
Steps go from the back door to the right, then along the side of the house, 
across to the oak tree which they pass on the left and down to the nearest 
Point of the stream etc. ” 

6-551, cus of a moving point. The locus of a point, viewed dynami- 
Gin as rs a track with the movements of the point which describes 
the locus regularised and the path eae oar ee by some guiding rule. Thus 
Points at arm’s length from a line at shoulder height are found by walking 
along the parallel line beneath it with arms outstretched, so that the finger- 
tips trace out two parallel lines. Again a circle is drawn by a moving 


146 65. GEOMETRY 


` pencil point which is constrained by a loop of string kept taut round a pin, 
and an ellipse (Appendix 1a) by keeping the loop taut round two pins 
some distance apart. 
A point on a moving object or on a deformable linkage of rods traces 
out a track or locus, for example in a recording barometer the point tracing 


the record moves in obedience to an up and down movement and a circular 
movement. 


6:552. A locus as satisfying a condition. A locus may also be considered 
from a static point of view as an aggregate of points satisfying a condition. 
Thus, all the points whose distances from two fixed points have a constant 
sum lie on an ellipse. To find a place on a map 5 miles from A, I must 
realise that all points 5 miles from A are on the circle with A as centre and 


5 miles as radius. It is this aspect of the locus that is used in fixing post- 
tions by loci (6-556). 


, 6:553. Loci in three dimensions. From the static point of view a condi- 
tion might be satisfied by the points on a surface in three dimensions in- 
stead of a path in two. Thus ‘a given distance from a fixed point’ gives 
an aggregate of points forming the surface of a sphere and ‘a given dis- 
tance from a straight line’ the curved surface of a cylinder. 

The loci discussed in 6:551 are limited to movement on a surface, but à 
track might be traced in three dimensions as for example the smoke-tral 


of an aircraft or the path of a hand on the handrail of a spiral stairway 
during a descent. 


6:554. The idea of a locus may also be extended to the notion of a line 
tracing out a surface and of a surface tracing out a solid. For example the 
pencil point in a taut loop of string round a pin traces the circumference © 
a circle, the string itself Sweeps out a circular disc, and if the disc were 
revolved about a diameter it would sweep out a sphere. 3 

A high speed rotation as in an electric fan or the propeller of an aircraft 
lowe the circular disc traced out by the radius as though it were a physica 
reality. 

_ Again, a motion of translation instead of rotation might be used. For 
instance, one side of a rectangle moving parallel to itself and with one en 7 
remaining on the side at right angles sweeps out the rectangular area; 


this area might itself move at right angles to its plane to trace out 4 
right prism. 


6:555. Formal wording has been used in describing some of the loci 
above, but informal treatment of the subject will at first consist as far ie 
Possible of action, sketching and construction, together with the pupils 
own descriptions which will only gradually approach any standardise 
form of words. Questions such as * How does this revolving bob or r0 
travel? ’, Why is this curious shape introduced into the sewing machine 
winder?’ (Appendix 1c) may at first produce answers which are not very 
shapely and which even if correct may not be complete. d 

Thus the question ‘ Where will the vertex P of an angle of a cardboar j 
template lie, if it slides with the arms always touching two pins A and B? 
(Fig. 24) may be dealt with by marking a few points, including the one in 
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which AP=BP, and observing that it looks P 
like part of a circle. Further observations may 

lead to noting the positions in which P ap- A 
proaches Aor B. The centre of the circle may be 

found and, asa final step, symmetry noted as giv- 

lng another part-circle, the reflection of the first 

In AB. All this will lead to a great deal of 

informal statement; a formal summary may 

Wait until the locus has been accepted and 

used. (See 6-588 for angles in the same seg- 

Ment of a circle.) 


6-556. Fixing position by loci. The most familiar use of loci is for fixing 
the position of points. Problems of the ‘ treasure hunt’ variety often 
Involve finding the place where two loci intersect. The intersection of loci 
1s implicit in giving the coordinates of a point. For instance, to take the 
less familiar polar coordinates, a point is fixed by saying 


(i) it is on a line making a given angle with a fixed line through a point 

.. O, e.g. a line from O bearing N.E. 7 

(i) it is a given distance from O, e.g. 5 miles. It therefore lies on a 
circle round O with radius 5 miles. é i 
The point is fixed by the intersection of the circle and the line 
bearing N.E. from O. 

The following loci with their construction are worth study : 

e locus of a point 


(a) equidistant from two given points A,B: the perpendicular bisector 
(6) PRELA from two given lines: the two bisectors of the angles 
between the lines i à 
(c) a given distance from a given line: 
line (6-551). 
These constructions can be thought of as having three dimensional 
extensions, thus 


(a) becomes a plane through th 


endi A 
(b) eee plane pisecting the angle between two planes (6:573). 
(c) becomes a circular cylinder surrounding the line. 

3 Renews i i jated with the circle, e. 
T dition interesting loci associa ith , €.g. 

MERETE TE a a eh contain sets of points equidistant from the 

circumference of the given circle. 


5 wn as loci. The tracing of loci can be easily and 
ee mae Care tel beyond the conventional instances of straight line 
E der I y Details of the construction as loci of several curves are de- 


scribed in Appendix 1- d point by point i i 

A be plotted point by point according to geometrical 
Tamne mey eA by a point controlled by mechanical means, for 
on ee linkage of rods or a rolling wheel. 


FIG. 24. 


two parallels either side the 


e mid point of AB, having AB as per- 
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6-558. Envelopes. The tracing of a shape by tangent lines, an envelopa 
is a fascinating experience which may easily be given to quite young Pira 
either by drawing lines according to some agreed rule, or by pene 
a card so that threads represent lines.* For instance if points are ma i 
off round the circumference of a circle so as to divide it into equal ae A 
portions and a chord joining two points of division is drawn, or stitc wili 
equal chords may be drawn by joining further pairs in order. These le 
appear to envelop a smaller circle. This is a simple rule with a SE 
resulting envelope; the more complex the rule for constructing the lin 
the more complex the pattern. 3 ifed as 

The curves obtained by constructing envelopes may not be identifie a 
shapes with particular names but their study provides a foundation 
valuable experience of the property of tangency. TE 

Other simple examples are the curve of pursuit, described in the Assoc! 1 
tion’s Mathematics in Primary Schools, the ladder slipping down a eae 
with ends on the wall and ground, and the ellipse, parabola and hyperbo: 
as described in Appendix la. A dto 

For further discussion of loci and envelopes the reader is referre 
the Association’s Teaching of Geometry, Second Report. 


6:56. Conic sections. 


The circle is the only one of this family of curves which is traditionally 
included in the early study of geometry, but if the teacher has the necessary 
background and interest, and chooses a predominantly practical approae” 
pupils can be interested also in the ellipse, the parabola and the hyperbo re 
Generally it will be wisest to approach some members of the family Š 
individuals before dealing with the property which gives them their noma 
but in the following notes the property that the curves are sections vine 
cone is put first. Other approaches are suggested but the fact that ot 
curves which result are, as well as appear to be, of the same type is 1 
demonstrated, nor are the notes exhaustive of possibilities. 


; i ` is 
6:561. The following can be associated with the occurrence of thi 
family of curves as sections of a cone or conic sections: 


(a) The elliptic appearance of a circular shape from an oblique view 
point. 

(b) The edges of shadows cast by objects with a circular edge, for arepe 
a lamp shade, from a ‘ point’, or concentrated, source of lig ie Ta 

(c) The model of a solid right circular cone cut by plane sections OnE 
wire model of a double cone in which are inserted plane oe ne 
The hyperbola is a section by a plane cutting both branches © Sie 
double cone and the parabola by a plane which is parallel to 
of the slant lines forming the cone. 


6:562. Among additional occurrences of the individual curves which 
might be noticed and recorded are the following: 


i matics 
* Pati ing by this means is described in A Rhythmic Approach to Mathe. p: 
E This little book has long been out of print in this country, but it 
has been reprinted in America. 
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(a) The ellipse occurs as an oblique section of a circular cylinder e.g. 
at a right-angled junction of pipes, as the orbit of the earth round 
the sun (with axes in the ratio 7001 +7000) or of comets which 
recur at regular intervals, as the inner curve of a crescent moon; 
in some arches. A E 

(b) The parabola occurs in the path of a projectile treated simply, in 
the profile of a jet of water, in the curve of a suspension bridge 
ee in a clothes-line), as a graph in the curve of squares 

Parabolic cylinders occur in the reflectors of bar fires and in the 
non-reflector windows of some shops. 

The constancy of shape in the parabola makes it very easy to 
recognise in the diverse situations in which it is found. 7 
_ Paraboloids of revolution occur in reflectors, e.g (of lamps in 
lighthouses and searchlights to send out a parallel beam of light, or 
in a telescope to focus light) and in the surface of a revolving liquid. 

(c) The hyperbola is associated with inverse variation. Its construc- 
tion (Appendix 1a) brings out the characteristic property that it 
approaches two intersecting straight lines (asymptotes) more and 
more closely but never reaches them. A few comets move in 
hyperbolic orbits and so never return. 

If the curve lies in the obtuse angle between the asymptotes the 
resulting curve will recall the cooling towers at power stations. 

An outline model of a hyperboloid of revolution can easily be made 
by thin cords joining two parallel circles; the fact that straight 
pipes can be laid along such a surface thus becomes apparent. 


meses. Notes on the construction of all three conics as loci and as 
Velopes are given in Appendix la. 


6-57. General Ideas in Three-dimensional Geometry. 
Solid bodies have already been referred to both as shapes (6:533 and 
‘534) and volumes (6-523) but there are other important ideas and facts 
about three-dimensional space which we gather together here, though, as 
With other mathematical ideas, we recommend that pupils’ study of them 


should be in connection with their experience. 


6-571. Lines in space will be visible not only as the short lengths of line 
which form the edges of solid bodies but also as railway lines or telephone 
Wires, as kerbstone edges, or as 4 skyline; invisible lines will join one’s 


eye to the t A distant spire, or stretch out to the stars. ; 
Straight topora a plane Pither meet or are parallel, but when lines are 
Observed in three dimensional space some of them clearly miss one another 
altogether without being parallel. Such straight lines are called skew 
lines. All lines on the ceiling will either be skew or parallel to lines on the 
floor. Or again a slant edge of a square pyramid and the far side of the 
base are skew. The word must be learned and then used again in varied 


I by abler pupils may give meaning to the phrases ‘the 
ater enquiry 23 kew lines’ and ‘ the perpendicular distance between 


an, two 5 
nee E formal work on these topics would not be suitable. 
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6:572. Familiarity with the word plane in its geometrical meaning wi 
comprise a number of particular ideas and associations: for instance all 
terms inclined plane, vertical plane, the idea that a plane extends in Fz 
directions i.e. that it has no edge, that the plane face of a solid is only p 
of a plane. PA ag 

Meaning must also be given to the idea of a line lying ina plane, Sni 
the diagonal of the base of a square pyramid, and to the idea of a p. be 
section of a solid. The fact that planes intersect in straight lines may 
shown by folded paper or observed in the gable ends of houses. ait 

Generally it is easier to visualise several planes if one of them, or a Fike 
of parallel planes, is thought of as placed horizontally or vertically id 
the floor or walls of a room. For instance, in thinking of a right pyram 


slant faces for neither Placing nor symmetry is as helpful in dran ie 
the necessary perpendiculars at some convenient point in the 


along which they intersect, Practical solutions with large-size models 
are suggested. 


(a) The idea of a plane itself : carpenter’s test; planes determined by 
two lines which intersect or are parallel; plane containing a 


ar ae 1 
(c) A plane meets parallel Planes in parallel lines and if a line Zis patti 
to a plane S, a plane through / cuts the plane S in a line paralle 


angle of greatest slope of a plane; 3 ; 
skew lines, the angle nes them, the perpendicular distance 
between them. ; al 
6:574. Developable Solids. Solids with plane faces and some with E 
surfaces, e.g. the cone and the cylinder, can be constructed by Men d 
modelling, or to put it geometrically their surfaces can be unfolde ly for 
opened out into a plane. The outline of their faces placed properly 


Tow. This pattern might be thought of as the walls of a room with ceiling 

and floor. f ‘ z 
The making of polyhedra from their nets is an attractive and instruere 

practical exercise. The nets required for regular prisms are easy to visu: 

and the difficulties involved are constructional only. 
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The relation between the curved surface of the right circular cylinder 
and the rectangle (with one side equal in length to the circumference of the 
base) from which it can be formed may give rise to useful discussion. The 
nets of pyramids are easily envisaged and drawn, but when pupils make an 
attempt to construct a cone, triangles may be tried instead of sectors; the 
discovery that the arc of the sector is equal in length to the circumference 
Of the base is memorable. 


6575. The regular polyhedra can be built up from their nets. This is a 
Subject in which many books deal with the constructional detail. The 
approach to it and the ideas which may be derived from it, apart from the 
Interest aroused by the existence of such forms, should be carefully con- 
Sidered before it is decided to undertake a task which might easily become 
Mechanical. 

n the construction of any solid from its net the interesting fact should 
merge that the sum of the angles of the faces of any solid angle must be 
ess than 4 right angles. 


6576. Solids of revolution. The idea that a solid may be formed by the 
Tevolution of a plane shape, or its surface traced out by the revolution of a 
Straight or curved line, has been discussed briefly in 6-554 and paraboloids 
and hyperboloids are mentioned in 6-562. The symmetrical properties of 
Such shapes make them important in a machine age. 

he cylinder and the cone are also solids of revolution traced out by the 
Tectangle and the right-angled triangle respectively. i ‘ 
e sphere is the most important member of this family of solids and 
Some study of its geometry is called for both because of its interest and 
cause of its practical use in earth measurement (7-213, 1:214). If 
© earth is thought of as a solid of revolution it is easy to picture lines 
longitude and latitude as great and small circles. Most pupils should 
aPpreciate what is meant by great and small circles of any sphere, angles 
at the centre of a sphere and at the centre of a small circle. The considera- 
tion of spherical triangles is not as difficult as might be supposed, especially 
3 ented in connection with the distances between places on an actual 
obe. 


658. Generalisation in Geometry. . 
We have pleaded for the study of geometry to be based firmly on spatial 
€xperience and we have pointed out how the pupil’s ideas of space are 
Clarified by giving them expression in speech, drawing and action. In this 
Section we examine the place of intuition, of argument and of mere repeti- 
tion of instances in leading a pupil to accept some of the more complex 


8eneralisati f geometry. P 
Asa TS we divide general statements into two classes: 


(i) those which are accepted by the pupil as generally true with little 


(ii) pede are not readily discovered by the pupil himself without 


help from the teacher. 
Th may be accepted immediately from the wealth of past 
opie ob ihe perception of the nature of the shape of the structure, 
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e.g. the equality of the diagonals of a square. If acceptance is not im- 
mediate the teacher may be tempted to offer measurements as the grounds 
of belief. This needs careful consideration and is discussed in 6:581. 

To establish the second type of statement the pupil may be guided to 
argue in short steps from facts already known, e.g. in discovering that each 
internal angle of a regular hexagon is 120 degrees; or, if the mathe- 
matical techniques are too difficult for him, measurement may be used to 
convince him of the likelihood of its truth. The implications of this latter 
method must be fully understood by the teacher and are so important that 


oe nent paragraph is devoted to them. (See also 6-535 on the discovery 
of 7. 


6-581. The argument from measurement. We must point out at once 
that measurement, important as it is as a part of geometry, can never by 
itself constitute proof. By its nature it is approximate and particular. t 
can give a number of instances which make it likely that a certain statement 
is true and so give a clue which can be followed up. If the results O. a 
number of measurements of a particular quantity are tabulated the proba- 
bility of the truth of the statement may be seen to be high. But the truth | 
has not been logically demonstrated; it has only been made acceptable as & 
working hypothesis. Sometimes, as in the determination of 7, pupils nee 
to be told that mathematicians can in fact give a complete proof. 

The use of particular numbers in making statements is a different matter 
from quoting measurement as an argument. It may help the understand- 
ing of pupils to state an individual case thus: (a) a triangle has two sides 
each 2 inches long; _if the angle opposite one of them is 40°, the angle 
opposite the other will be 40°, or (6) if I know that two angles of a triangie 
are 40° and 60°, then the third angle must be 80° because the three add UP 
to 180°. We now consider several instances of class (i), 6:58. 


6:582. The argument from symmetry. The equal-sided triangle in @ 
above is seen to have symmetry aboh line tiectinig the FEE between 
e equal sides. At first, recognition of the symmetry may depend on tg 
position ofthe triangle relative to the observer. Of the two positions shown 
r A the one with axis oblique may not appear to be symmetric 
: m e pupil has adjusted himself to such changes of position. He can 
en generalise through experience the property of equal angles. 


A 
c 


Fic, 25. 


To demonstrate symmetry a cut-out triangle can be placed in different 
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positions, or folded, or turned over and replaced in the hole from which it 
was cut. Some pupils would need to carry out these operations in imagina- 
tion only; but, in any case, once symmetry had been perceived measure- 
ment would be unnecessary as a verification 
and would indeed be an anti-climax. 

The converse idea that if the angles are 
equal the sides are equal may occur practi- 
cally in some situation such as the following. 
From two points A and B on a line a distant 
object C is found to have bearings such that 
angle CAB=angle ABC; it will be readily 
agreed that CA=CB; C can be visualised 
Intuitively and the line of symmetry recog- 
nised as the perpendicular bisector of AB (Fig. 26). ts 

The property of the equal-sided triangle is made vivid by considering 
what happens if the sides are unequal. This will help to emphasise the 
important point that equal angles always go with equal sides, and unequal 
angles with unequal sides. 

Properties involving perpendiculars can often be generalised from the 
Perception of symmetry. If a pattern is pricked through a folded paper 
which is then opened out, the lines joining corresponding points are per- 
Pendicular to the axis of symmetry. Thus, it is possible to say that 


(a) the diagonals of a rhombus are at right angles. | 

(2) the figure formed by joining the mid-points of the sides of a rectangle 
is a rhombus (Fig. 27 i). 

(Q) the triangle formed by joining alternate vertices of a regular hexagon 
is equilateral (Fig. 27 ii). 3 i 

(d) the diameter drawn perpendicular to the tangent of a circle bisects 
all chords parallel to the tangent (Fig. 27 iii). 


Fic. 26. 


ii iii 
Fic. 27. 


ik 6-583. The argument from orderliness. Generalised statements can also 


© made o e orderliness which parallel lines give toa 
aan eA ie oan ee Sealey of alternate and corresponding angles 
made by parallel lines is treated in this way. Similarly if parallel lines ‘ are 
equally spaced ’, a non-technical phrase for * cut off equal intercepts on a 
Tansversal at right angles to them’, it is readily seen that they cut off 
€qual intercepts on any line crossing them. A special case of this property, 
that the line drawn from the mid-point of the side of a triangle parallel to 
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the base divides the other side in half, appears as an expected orderliness. 
The application of this property in the use of the diagonal scale reinforces 
its generality. 


6-584. The argument from the necessities of construction. Another class 
of accepted generalisations is based on the necessities encountered Fi 
problems of construction. To eliminate the influence of symmetry we wil 
consider drawing to scale an irregular 4-sided playing field. At a first 
attempt pupils may be content to measure the 4 sides, only to realise when 
they come to make the drawing that further information is necessary. 
this point a demonstration with a framework of 4 jointed rods is likely to 
evoke the suggestion of choosing a diagonal as that fifth measure. This 
may lead to a realisation of the rigidity of a 3-rod frame and a discussion 
of the convenience of dividing shapes into triangles in order to reproduce 
them. From this will arise questions about the information require 2 
construct a triangle of particular shape and size. All possible cases 0 
congruence as listed in 6-542 could now be dealt with as sets of measure- 
ments and such questions asked as ‘ Given this set of measurements can 
copy the original triangle? ’, ‘ Is a triangle determined by 3 angles? ’. very 
valuable ideas will be gained about conditions which are sufficient, Te- 
dundant, incompatible, or ambiguous. 

Pupils who can take part successfully in such discussions may yet be 
unable to identify and use the congruence of two triangles as part of a 
generalised logical argument but they will have understood the importance 
of triangular structures and will make use of them in countless practica 
ways. 

If construction is taken to include movement, manipulation, and the 
making of 3-dimensional models, generalisations connected with 1001, 
envelopes and the properties of solid figures can be established. 


6:585. Generalisations of type (ii). The generalisations which fall within 
the class described in 6-58 (ii) will usually come as a surprise to pupils: 
They will need therefore to reach them either by some very convincing 
experience or else by argument based on facts already known. Truths 0 
this type can often be seen in general terms and as implicit in the con- 
figuration being studied, if they are demonstrated by folding or by dissec- 
tion and a re-assembling of the parts, e.g. the area theorems relating to 
parallelograms and triangles. Where, however, a few ordered steps © 
thinking can relate known truths to one another and so establish a new 
truth, the pupils find the intellectual experience a valuable achievement. 
The form of expression may not be the generalised statements of systematic 
geometry; it may make use of hypothetical numbers to illustrate the gener if 
case (6-581) but it must be shaped in the mind of the pupil as a truth whic 
he could apply to all cases. i 

Three important generalisations of this class (6-58 ii) are discussed in 
the paragraphs which follow. 


6586. The angle-sum of a triangle. The fact that the angle-sum of 4 
triangle is always two right angles is not likely to be discovered by the pup! 
for himself. It is not impossible that in watching, say, a model car on a 
triangular or other closed circuit (not re-entrant) he has seen that in making 
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the circuit it has made a complete turn but the identification of the angles 
turned through and their connection with the interior angles of the figure 
of the circuit are not easy to see. 

Again, the pupil may notice the sum of the angles of a particular triangle 
such as the half-square or the half-rectangle if he is encouraged to do so. 
It may then be convenient to begin with right-angled triangles and show 
by folding as in Fig. 28 that the two smaller angles together fit on the right 
angle. (Incidentally this folding shows also that the mid-point of the 
hypotenuse is equidistant from the three vertices.) 


Fic. 28. 


For the general triangle it is convincing to fold all three angles down to 
meet on the base at P (Fig. 29). 


Pek OAS 


Alternatively, though less convincingly, the three angles of a paper 
triangle may be torn off and fitted side by side to form a * straight angle ’. 
soon as the general truth has been accepted numerical work on the 
angles of a triangle should proceed, for not all modern school pupils will 
€ able to pass on to the stage of showing that this property 1s a consequence 
of facts already accepted. ; 
cal or those pupils who are ready for logi- F/R 
th argument the familiar proof of the 
corem, involving the construction of a 
Parallel to one of the sides, may first be 
Pproached numerically. Fig. 30 shows @ _ /60° a6 
the usual position of the parallel in which B 
ide, numerical values of the angles are easily Fic. 30. 
€ntified by the pupil. : f 
Extension to the sum of the angles of figures with more than three sides 
Should in general be numerical only. The formula for the n-sided figure 
is likely to be reached only by the ablest pupils. 
t will be noticed that measurement of the angles has not been recom- 
mended as a method of approach but once the angle-sum has been accepted 
L 3 
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as 180° calculation may well be used as a check on accuracy in drawing and 
measuring. 


appropriate. Although measurement is known to be inconclusive, if right- 
angled triangles are drawn in which all three sides can be expressed be 
integral numbers of units (inches, centimetres, tenths of an inch, etc.) a Ç 
error in measuring the hypotenuse is likely to be small and the results of a 
number of measurings will probably be closely grouped about the integer. 
For this work the following pairs of numba 
are suggested for the sides containing the rig 
angle: 3,4; 5,12; 7,24; 6,8; 10, 24. 2 
These constructions can be followed by somi 
simple method .of dissection selected from t 
many methods available. The special case O: 
the isosceles right-angled triangle makes a goca 
introduction. Figure 31 shows that the gava 
on the hypotenuse can be divided into four the 
angles each equal to the original, and each of 


ing without need to dissect and superpose. t f 
Figure 32 shows a general method based on two different dissections 0) 


the square on the sum of the two sides a, b which enclose the right angle- 
If the construction shows the given t 
two sides, 


each figure four triangles identical with the given one are needed to make 


up me square on a+b. This can be verified by superposition of the tri- 
angles. 


Fic. 32. 


There are many ways of treating this theorem by argument but they are 
beyond most modern school pupils. A film strip is available enmar ne 
methods of dealing with Pythagoras’s theorem; this would interest teacher: 
but it is too full for these pupils. 


6:588. Angles in the same segment of a circle. The remarkable fact of 
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the constancy of the angle in a segment may first be discovered in the special 
case of the right angle in a semi-circle. This might have occurred inci- 
dentally as suggested in 6-586, folding having shown that the three vertices 
of a right-angled triangle are equidistant from the mid-point of the hypo- 
tenuse ; „or an examination of the angles of a triangle inscribed in a semi- 
Circle might have led to the pairing of the parts of the angles formed when 
the free vertex is joined to the centre. Figure 33 shows the numerical 
treatment: ‘ What is the size of the angles marked with dots? ° 


A 
AÀ 


mane temptation to deal with the general case by measurement should be 

th Sted. A logical treatment of the relation of the angle at the centre to 

-2° angle at the circumference standing on the same arc is not too difficult 
numerical values are given to the angles as in Fig. 34. 


Fic. 33. 


The use of the angle properties of isosceles triangles in these two cases is 
4 good example of simple deductions from facts already accepted. 
he theorem on the angle in a segment could be suggested by plotting 
the locus of the vertex of a triangle with a given base and a given vertical 
angle (6-555). An interesting application arises in navigation: when three 
Nown points, A, B and C, on a chart can be sighted from a ship, S, the 
Position of S is determined by the intersection of arcs containing the angles 
SB and BSC. In practice the arcs are not drawn but arms SP, SQ, and 
R, are set to contain the correct angles and adjusted in position to pass 
through 4, B and C respectively on the chart. 


6-59, Some General Considerations. 

We have used some of the traditional theorems of geometry to illustrate 
the way in which young people satisfy themselves of the truth of geometrical 
Statements and proceed from acceptance of the particular case to recogni- 
tion of a general principle. There is, however, plenty of opportunity to 
Use such methods in dealing with less formalised spatial properties. More- 
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over it has been suggested in this section that the method of delibera 
deduction, as opposed to intuitive acceptance, belongs to the later stag ; 
and is suited in general to abler pupils. Nevertheless it must be ra 
phasised that connections between one fact and another can be establis a 
in quite informal ways throughout the course, so that conviction abo i 
new fact can be reached by very simple reasoning by all pupils. | fen 
observation of the behaviour of two rods jointed together at their a a 
points can lead to the realisation that equal rods will always have t ar 
ends at points which form a rectangle, whereas unequal rods will defines 
parallelogram that is not right-angled (Fig. 35). Discussion of such Se 
linkages can be used to establish the properties of various 4-sided figur 


and their diagonals. Experiment can be made by varying the point 0. 
intersection of the rods, 


6:591. The risks of intuition. 
certainty that some relationshi 


to give any reason for his conclusion except that ‘it must be so’. It is 


When experience brings to a pupil ble 
p is a universal fact he may be quite unabl 


unwise to press him to state his Teasons until accumulated experience 5 
talking about his discoveries enables him to convey a little of his thinkmg; 
Confident use of accepted properties or an explicit contrasting of fai 
situation with another will usually enable a teacher to judge the extent 
the pupil’s perception. 


It sometimes happens that a pupil jumps to conclusions which are wrong 


or only correct in particular cases. These occasions are valuable oppa 
tunities for discussion which will lead pupils to become critical of 


spatial intuitions. They should naturally provoke further observation an 
experiment. 


6:592. Riders. Geometrical problems, “ riders’, become possible ae 
soon as a body of main facts is not only accepted but systematised. Ri le 
in which angles and lengths are given numerical values, e.g. ‘ If a ag 
has two equal sides and the angle between them is 70° find the other 
angles’, are particularly suitable for pupils of average ability. 


6-593. Systematisation. The kind of systematic arrangement of ee 
ledge that is useful for modern school pupils is rather a gathering Uae Ba 
of groups of related facts and properties than an attempt to establis. Er 
unified sequence. No particular order of such groupings should be e 
scribed nor is it desirable that the statements should be conventional. E 
individuals of a class may well summarise in their own way the knowle a 
which has a bearing on some problem or constructional task. Or they m 
collect together all the facts they know about a particular structure, ¢.g 
a cylinder. 
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i i i try suitable 
Discussion of the more fully systematised treatment of geometry s 
for abler pupils who may contemplate examinations in T aie is to be 
found in the reports of the Association referred to in 6-501. 


66. Trigonometry. 


6-60. Relation to other mathematical topics. 

6°61. Introduction to tangent, sine and cosine. , 
6:62. Range of work for average and for abler pupils. 
6:63. A problem for abler pupils. i 
6:64. Construction of the sine graph ; the general angle. 
6-65. Using tables. 


6-60. Relation to Other Mathematical Topics. 


i i i i ic; it has 
Trigonometry is far from being an isolated mathematical topic; it h 
Contacts with Reamer particularly the geometry of the triangle, P 

algebra, with graphical work and in its numerical form with arithme i 
1S indeed a most valuable study in which to display the unity of elemen any 
athematics and it has the added advantage of linking up readily wi 
Practical topics, such as surveying, which are of interest to young peon ie 
In trigonometry angles and lengths are brought together through e 
Concept of ratio; but numerical trigonometry can be introduced so as 2 
Strengthen the concept of ratio rather than to depend upon it. aomu 
‘“gonometry is not a difficult study, its early stages must be taken s eee 
1n order that the pupil may gain familiarity with its new terminology, an 
acility in making statements in a new notation. ; are 
, Details of the early mathematical treatment can be found in the a 
Clation’s Teaching of Trigonometry in Schools, which should certain y e 
consulted for any work in advance of the solution of right-angled triangles, 
Or example for alternative solutions to the problem in 6:63 below. 


661. Introduction to the Tangent of an Angle. 


Most of the work will be confined to right-angled triangles and it should 
be introduced as an outcome of situations which would otherwise have 
cen treated by scale drawing and thus may arise in connection with prob- 
ems concerning heights, distances, gradients and direction. 
Although the practical situation chosen „will determine whether one 
gins with the sine or tangent (or even cosine), whichever is first taken 
ill give meaning to the new notation by its use; the formal definition of, 
for example, tan A as a ratio will come later. Thus, from the measurement 
Of the length of its shadow and the angle of elevation of the sun’s rays, the 
eight of an object can be found by scale drawing. Further experiments 
to find the lengths of shadows for different Saran hole of known heights 
` a €ngth of pole . 
will demonstrate the fact that = oh length of shadow 18 constant, at 
o articular time. From this an unknown height can be found 
Ea ro ealcolanon. method exactly as Thales did with the height of the 
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Pyramid from the measurement of its shadow. Then, especially pane 
pupils are familiar with tabulations such as those for squares and logarit Ha 
the table of tangents will not have an element of strangeness and can 
shown to give the information that has been obtained heretofore from @ 
scale drawing or from computation with ratios. Re 

The use and examination of special cases such as as high as it is aisi 
with sighting along a 45° set-square, and half as high as it is distant, S18 
ing along a specially constructed triangle may be sufficient at first to form 
a working basis. 


6-611. The sine. An introduction using the sine rather than the tangent 
of an angle may be made by means of some problem which can be red 
to the geometrical form of knowing the hypotenuse and angles of a rig 
angled triangle and requiring another side. For instance the yore 
component of a force known in magnitude and direction may have to 5 
found, or the amount of northing after travelling on a known course, oh 
again the height an object is raised when it has been pulled a known dis 
tance up a slope of given angle with the horizontal. It will be noticed tha 
in these problems the sine of the angle, say sin B in the triangle z 
whose hypotenuse is a, occurs as a fractional multiplier of the pypotents 


that is in the form, side required, b=a sin B and not in the form sin B “al 


A pupil dealing with such a problem will fairly readily accept the essentials 
that b depends on a and on the angle; doubling, halving etc. the ne 
tenuse does the same for the other sides, and though b is always shorter 
than the hypotenuse it increases if the angle B increases. It is at this pol 


that the table of sines can be shown to offer an alternative to drawing an 
measurement. 


6-612. The cosine. The cosine of an angle can be approached in mie 
the same way except that the side adjacent to the angle decreases as 9 4 
angle increases. A useful example of this would be met with in finding ge 
ground area covered by a sloping rectangular roof, where it would 


natural to consider the plan of the roof as dependent on the angle which 
the roof makes with the horizontal. 


6:62. Range of Work. 


It is desirable that the majority of modern school pupils shall becom 
acquainted with the meaning, determination and use of the sine, ee 
and tangent of acute angles and with their graphs, but for many the v 
may proceed little beyond the use of tables for dealing with a rg a 
angled triangle, and a growing familiarity with an important pora bs 
From this work the usefulness of trigonometry as a practical tool wil os 
apparent to pupils of ordinary ability, and there will be the added attra a 
tion of a novel notation and the ease of its associated computation, althoug d 
as this usually involves decimal fractions, facility in understanding an 
manipulating these is a pre-requisite. : 4 y D 

On the other hand, the fact that it is easy to give this subject real Si 
nificance may make it a suitable medium for developing the mathematica. 
range of rather abler pupils. To these trigonometry may arise during 
experiments in constructing triangles as an answer to the puzzling question 


6:6. TRIGONOMETRY 161 


as to how sides and angles are related; consideration of this may often 

ring real satisfaction to the pupil through appreciation of the power 
derived from generalisation. Again, a class interested in graphs, reaching 
the stage where the slope of a line is being considered, may begin trigono- 
metry from the m in y =mx, and consider the ratio in the first instance as a 
multiplier which is constant for a given slope. 

The a, b, c, A, B, C notation for the sides and angles of a triangle should 
be known long before trigonometry is broached. By choosing c as the 
longest side of a triangle, even if C is obtuse, there should be no difficulty 
In determining the height of the triangle as a . sin B or b . sin A, and hence 
the area as }ac . sin B or bc . sin A, which again may lead into surveying 
fe or the need for such a formula might come from work in sur- 

ing. 

Algebraic manipulation of ratios is, in general, outside the scope of the 
Modern School, although it may be worth while and quite possible to 
develop the statements tan A=sin A/cos A, and sin? A +cos? A=1 from 
the right-angled triangle. 


663. A Problem for Abler Pupils. 

For abler pupils the most difficult problem attempted trigonometrically 
might well be that of finding an inaccessible height sighted from two points 
E the same vertical plane a known distance apart. 

n Figure 36 BC=h cot x 
tl BC=hcot y - d, where 

ne values may all be given numeri- 
cally and cotangent need not be used } 
T tables of cotangents are avail- 


, This same problem may also pro- | 


ee a target of difficultyinthe solution C ———_—_— eA 
end ee for when the angles x Fic. 36. 


th y are measured, and dis known, ; R 
€ above equations, after the use of tables, become the simultaneous pair 


BC=nh; BC=mh-d (6361, 6-60, 7-135). 


664, The Sine Graph and the General Angle. 

With a background of good graphical work a class will be able to con- 
Struct graphs of the trigonometrical functions geometrically by projection 
from the ‘ rotating radius’ diagram (Fig. 37). 
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At first the sine of an angle will only have meaning for the angles of a 
right-angled triangle, that is in the figure from 0° to 90°; but pupils who 
have an interest in rotation will almost intuitively make the extension to 
the obtuse and then to the general angle. There is in the extension of this 
graph a wealth of mathematical ideas and everyday applications: the ideas 
of periodicity, function and negative number, the interpretation of the 
A.C. in 230 volts A.C., the meaning of cycle, frequency and wavelength, 
and eyen the reason for the symbol ~ for cycle in 230 V., 50~A.C. 


6:65. Using Tables. 


In addition to the possible developments suggested in 6-62, the abler 
pupils may be able to proceed to some work in the solution of the general 
plane triangle—and even be introduced to the spherical triangle. 

These pupils often develop an enthusiasm for working with tables and 
need guidance on the questions of accuracy involved. For instance it 18 
unsound to expect four figure accuracy in calculations based on the pupil S 
own measurements (6-82, 6-84, 6-85). The question of how values in the 
table are calculated may arise, in particular with reference to four-figure 
tables and if the teacher has a set of seven-figure tables handy to provide 4 
stimulus, this may prompt more enquiry. The teacher may judge that the 
time is then opportune to produce the surprising fact that the trigonometric 
ratios are computed from series. If the class is equal to the shock, two 
valuable results may follow. The first, arising from the meaning of the 
Series, is an explanation of the circular measure of an angle. The second 
is a new realisation of the depth and power of Mathematics. 


6-7. Reckoning with Money. 


6:70. General considerations relating to reckoning with money. 

6:71. The preliminaries to money computation ; addition and subtrac- 
tion. 

6:72. Multiplication of £ s. d. 

6°73. Division of £ s. d. 


6:74. Multiplication and division using fractions. 


6:70. Considerations relating to Reckoning with Money. 

The performance with speed and accuracy of commonly used money calcu- 
lations is a skill which is important in everyday life, and which has a value 
in the labour market; but man’s interest in money is social and utilitarian 
and his mathematical development could well take place entirely without 
it. The reckoning involved is only an elaboration for a particular purpose 
of the fundamentals of reckoning discussed in 6-2, and by far the most impor- 
tant part of it is the reckoning done without the help of pencil and paper- 
The tendency in the past to think of arithmetic as computation only has 
led to the treatment of money calculations as new rules, whereas the only 
special feature is an arbitrary connection between the values of coins used. 

In this country money units are not decimally related, so that in passing 
from pence to shillings and from shillings to pounds we have to deal with 
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scales of 12 and 20. The patterns of reckoning adopted for dealing with 
these changes of scale are similar to those for dealing with non-decimal 
systems of measures, which may account for the traditional association in 
arithmetic of money with measures. 

Here however we deal separately with money and with measures (6:8), 
because of the fundamental differences between them. For example, a 
change to a decimally related coinage would involve less upset to people’s 
established sense of values than a similar change in a table of measures. 

oney value is not stable; it is only the relative value of coins that is 
fixed. ` On the other hand a yard and an ounce are not only fixed in relation 
toa foot and a pound respectively, but each is an actual and traditionally 
established measure of quantity. 


6-71. The Preliminaries to Money Computation. 

The average pupil gains satisfaction and pleasure from being able to do 
a calculations involving money, and gains additional pleasure and 
a better understanding when money calculations are actually used in real 
Situations (3-1). 

t We consider that hitherto time has been spent unprofitably on teaching 
€chniques at too early a stage, in particular those for multiplication and 


eect of amounts of money involving pounds, shillings and pence 


fe four rules applied to money are now discussed below. The points 
mee made in 6-23 about consistency of methods should be noted again 
è. 


6-711. The essentials preliminary to all computation with money are: 
(a) adequate knowledge of the four rules applied to numbers. 
understanding how to change from one unit to another, e.g. from 
shillings to pence and from pence to shillings. : 
6712. Addition and subtraction of £ s. d. Addition and subtraction of 
Money have been fully considered in the Association’s Mathematics in 
timary Schools (3-6), but it should be emphasised here that accuracy in 
this field is helped considerably by 
(a) a systematic line of approach, i.e. each operation to be done in turn 


6-72. Multiplication of £ s. d- i 
Application of the principles suggested in 6:711 leads to the following 


sequence : 
a iplication of small amounts which can be dealt with mentally ; 
8 mutin construction of ready reckoners ; 
(c) multiplication of larger sums by general methods requiring the use 


of pencil and paper: 
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6-721. Some special devices simplify and widen the range of multiplica 
tions which can be performed mentally by pupils having the Toe 
mathematical power. It is important however that such devices shal we 
be forced upon those for whom a short cut may not effect any saving z 
time or labour; for some pupils a so-called short cut may result in va 
of time and even loss of confidence in more straightforward methods. 
teacher may consider the following possibilities for some pupils. 


1. Multipliers allied to the money table. ie 
The finding of the cost of scores or dozens given the cost of one, 1€. 


using multipliers 20 or 12, can often be performed mentally. Thus for the 
scores rule - 


6 shillings x 20 = £6 

è shilling x20=£1 

x shillings x20 = £x 
and for the dozens rule 


6 pence x12=6 shillings 
% penny x 12=4} shilling 
x pence x 12=x shillings 


2. Sums of money which differ from a‘ round sum? by small amounts ods 
Most pupils will be able to deal mentally by sum or difference met! 
with such amounts as 


(a) 1s. 113d. x16 =32s. -16 halfpence. 

(b) 2s. 14d. x16 =32s. +16 three-halfpences. 
(c) 19s. 11d. x43 =£43 -43 pence. 

(d) £1 2s. 6d. x43 = £43 +43 half crowns. 


3. Sums of money involving eas ractions of £1 or 1s. . 

Such sums can often be Sea ne sade eh but it must be borne of 
mind that modern school pupils are often confused by too early a use it 
fractions. Thus 12s. 6d. x7 can be treated as 84s. +38. 6d., or as 5 er 
crowns x7, or, by those who have reached this stage in fractional works 
as £3x7. Again 1s. 3d. x43 is 43 shillings + 102 shillings. 


6-722. The use and construction of tabulated ready reckoners. For ee 
culations which have to be performed repeatedly as in calculating te of 
of different amounts of commodities at stated prices, tabulated resu Foi 
multiplication are much used in everyday life. The use and ties en 
of tables form a useful step towards more general methods of multina Je 4 

Multipliers are split up into convenient parts and partial products a ne 
A profitable discussion might well arise on the selection of a suitable a A 
of numbers to be used in a ready reckoner. The simplest series is 1, 2, ay 
+; etc. (as used in a set of English weights). From these any other 
sired number may be formed. Thus 


3=2+1 
5=4+1 
6=4+2 
1=4+2+1, etc. 
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Alternatively, the reckoner might show subdivisions of the cost; £1, 10s., 
5s., 1s., 6d., 2d., id. ` 
The use and construction of such reckoners involves 


(a) analysing numbers into suitable form (as above); ` 

b) analysing the cost and finding and using aliquot parts of money; 

(c) using these separately ; 

d) using them together ; om 10 

(e) multiplying simple amounts of money by such multipliers as 2, 5, 10, 
etc., or using simple divisors in, for example, finding the cost at 
6s. 8d. when the cost at £1 is known. 


6:723. The construction of a ready reckoner constitutes a good intro- 
duction to any of the standard ways of performing multiplication of money, 
whether of the practice or the wholesale type; it closely resembles the for- 
Mer. These methods are set out in detail in most text books and in other 
Teports of the Association. (Teaching of Arithmetic, 1932 ; Mathematics 
in Primary Schools, 1955.) 

Practice methods make substantial demands on the judgment of the user, 

ut abler or even average pupils may make a natural use of them in appro- 
Priate cases if their work has not been too rigidly standardised at the outset 
| and mental work such as that described in 6-721 (2) and (3) has become 
| habitual. Indeed practice methods can quite suitably be adopted as the 
Standard method for abler pupils, but they are not recommended for the 

ess able, 

Other fractional methods are described in 6-74. 

Less able pupils should from the first be encouraged to make a gradual 
approach to a wholesale method of setting down their work. For example 

Ss. 8d. x 32 may at first be set out as two separate multiplications 9 
15s, x32 and 8d. x32, which can later be set down side by side and com- 
ined thus: 5 


£ s. d. 
15 8 
x 32 
pee 
25 1 4 
21 12)256 

320 

160 

501 


è differs from two separate multiplications in 
ne Oot E expressing them as pounds and shillings. 


t can be extended later as required to include pounds also in the multipli- 


cation. ckly appreciate that this is a way of setting down and 


oe pons P multiplications and of establishing a neat general 
ining 


method of procedure. 
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6-73. Division of £ s. d. 


No general method should be taught as a ‘rule’. Easy pea a 
be dealt with in their context by common sense. The idea of re ace z3 
remainder of, say, pounds to shillings for further subdivision is a natu s 
one if numbers are small enough for comprehension of the problem as A 
whole. Division can often be dealt with most appropriately by face 
or decimal methods, and for pupils whose number work is too restricte te 
use fractions the amount to be divided can at the worst be reduced to t 
unit of lowest denomination. 


6:74. Multiplication and Division of Money using Fractions. 


There are many occasions on which the use of vulgar or decimal frac- 
tions is the best way of dealing with money calculations. 


6741. Working may be much reduced by fractional methods if BS 
shillings and pence are a simple vulgar fraction of £1, for example, 15s. an 
=£} x52=£39, whereas 16s. 5d. x 52 is not a subject for treatmen ay 
fractions since the numbers involved are too large and nullify the adva 
tages of the fractional method. F put 

A pupil may readily Tecognise the sum of money as a fraction of £1 al 
readiness to take the step to multiplication of fractions rather than 
money is of slow growth and needs constant help and encouragement. 


money fractionally in terms of the highest unit. For example there sa 
advance in thought in saying that the result of dividing by 4 and m 


quantity I shall only expend } of what the whol s 

A more difficult example is the case where Ẹ of £2 13s. 4d. become 
translated into £(2% x3). Here of has been replaced by the multiplication 
Sign, x, and then shillings and pence have been converted into a fractiona 
part of a £1. 

Two examples are set out 
may arise in working, f 
_ The emergence of a * number rule ° from the consideration of the use © 
simple fractions in many contexts is dealt with in 6-246. il 

The teacher at least should realise clearly what he is asking of the pup! 
when making this transition. 

Example 1. A man spends £2 5s. 6d. in 
How much is that for two days? 


The following are different ways of stating what has to be done. 


(a) Divide £2 5s. 6d. by 7 and then multiply the result by 2. 
(b) (£2 5s. 6d. +7) x2=65. 6d, x2=13s. or (£2 5s. 6d. x2) +7. 
(c) Find $ of £2 5s. 6d. 

(d) } of £212, 


(e) £235 x4 (the transition from (d) to (e) is critical). 


e would cost me. 


below to illustrate the various problems that 


a week on his petty expenses. 
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£91x2 £13 
O or 3p 7135 
(€) See 6-744 for decimal methods of working. 


Example 2. Find 4 per cent of £230. 


4 


49 ae 
~/, of £230 jog of £230 


4 
=£230 <T90 


4 2 
= f03 ta = 
£23 x79 (or £23 x3) 


or using decimals 
7 £230x4 £920 As 
4% of £230 = 100 100 =£9-2=£9 4s. 

4%, of £230=£2:3 x 4=£9-2=£9 4s.; that is, divide 
mentally the sum of money by 100 by putting the decimal 
point in the correct place and then multiply by the 
percentage figure. 


| ae. The use of decimal fractions of £1. Most 
i. ecimal fractions, particularly where money is co 
& errors are mainly responsible: 


(a) the abstract approach to the decimal notation. — 
lack of understanding of the occasions on which t 
Suitable and an advantage. 


fon an introduction to the use of decimals for English money the various 
op systems of coinage in Europe and the U.S.A. can usefully be dis- 
ate ed and specimens of coins shown. The history of their development 
i the derivations of their names form a profitable digression. The much 
ed, and perhaps imminent, possibility of introducing a decimally 
so ated coinage into Britain leads readily to the fact that there are already 
me decimally related items in our currency. 
is th. act our coinage is very nearly a decimal system already for not only 
o: e ten shilling note 0-1 of the five-pound note, but, and more usefully 
ioe Our present purpose, 2 shillings = £0-1, and since there are 960 farthings 
the pound, 1 farthing is a little more than £0-001. 
ey. any different rules have been formulated for using these two facts to 
a aluate by inspection a decimal of £1 in shillings and pence, and to express 
as, um of money as a decimal of £1 correct to 3 places of decimals. It is 
t ubtful if it is worth while for the ordinary pupil to learn these rules, but 
© following points deserve consideration: 


(a) The exact expression of a sum of money as a termin 
of £1 is not always possible. 


pupils are reluctant to 
ncerned. Two teach- 


his notation is 


ating decimal 
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(b) If required to any specified degree of accuracy, money can be deci- 
malised by the straightforward method of division thus: 


Express £4 13s. 54d. as a decimal of £1. 


£4 13s. 53d.=£4 13s. 5-5d. 
=£4 13-45833s. 
= £4-672916 
= £4-6729 to 4 places. 
Such a result might be required in a wages calculation to be fed into a 
machine, ‘= d 
(c) It is generally sufficient in evaluating a decimal of £1 in shillings an 
pence to deal with 3 places of decimals only, since £0-001 is less than 
1 farthing and anything in the fourth place is smaller still. 


It is also easy to deal at sight with the shillings and sixpences 
using the results 


£01 =2s, 
£005 =]s. 
£0:025 =6d. 


and also perhaps £0-0125 =3d. 


6:744. Older and abler pupils in a Modern School may well come to 
appreciate the economy of arriving at an answer in decimal form in money 
calculations. For example, find the gross income to the nearest shilling 
if the income after removal of tax at 9s. in the pound is £230 13s. 


The gross income = £230-65 x F 
248130 8419.363 ios 


=£419 7s. to the nearest shilling. 


Again in Example 1 (6742) the use of decimals would be suitable not 
only for the sum of money given, but for one which did not work ons 
neatly by fractional methods e.g. for £2 4s. 6d. as well as £2 5s. 6d., thu 


2_ £2:275 . 
£2 5s. 6d. x qo = 22 =£0:65=13s. exactly. 


2_ £2: ; 
£2 4s. 6d. x = =e = ae = £0-636 approx = 12s. 9d. nearly. 


Direct methods are however often simplest (Example 1b, 6-742) unless the 
divisor includes tens-factors (Example 2, 6:742). 

The dangers of using an inexact decimalisation if the amount is then to 
be increased by multiplication must be pointed out; the degrees of ac- 
curacy to be expected in different cases could be considered. 


, 6:745. With pupils of fair ability considerable interest can be aroused 
n the different ways of performing a calculation, particularly during S 
work where answers are obtained quickly. Accuracy and speed shoul 
however be the main aim, and method a secondary consideration. It is 
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better for a pupil to use a rather longer method which he feels confident 
He. po use accurately than a ‘ more intelligent ’ method he does not fully 
st. 

With children of decidedly less than average ability, the aim should be 
to give one reliable straightforward method which can be used for both 
oral and written work. Short methods are likely to confuse the backward 
child. Here again the ability to work simple calculations without pencil 
and paper is of far greater value than the ability to work out more difficult 
calculations on paper. What is even more important for all pupils is that 
the work done in money computation should be related to its use in dealing 
with the economics of everyday life (3-1). 


68. Measures. 


6:81. The range and type of quantities measured. 

6-82. The nature of measuring : degrees of accuracy. 

6°83. Reckoning with measures. 

6:84. Accuracy in measurement as it affects computed results. 
6-85. Reliability of computed results. 


. Tn the secondary stage the range and type of quantities to be measured 
1S greatly extended as the pupil’s experience widens. The possibilities are 
iscussed in the next paragraph, but what is included in the course must 
epend on the extension of practical experience both within and outside 
a a aic course itself. Co-operation with other subjects 1s neces- 
Ty (3-4). 
, The associati asuring with the development of ideas of number 
links this SE in particular with fractions (6-151, 6:24, 6-247), 
irrational numbers such as ~ (6'151 and 6-535, 6:536) and approximate 


calculation (6:27). 


In what follows we discuss several categor 
extensions of experience of measuring may be considered, but our sugges- 


tions are not exhaustive. ace 
6-811. Larger Extension of magnitude in the 
` 5 and smaller measures. 9 

Tits of measure discussed and used may range widely fom. for exami 

ight-years at one extreme to wave-lengths of light at the other. Brenz 

Such as kilo- and mega- may arise; when the ratio of units excee Bs us 

st it is convenient to express any large numbers which are nee 
andard form e.g. 6:3 x 10 a debit 

Courses will at least extend magnituce’ 

S bout such larger units as the ton an e and for smaller measures 

Ubdivisions of the inch. 
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In subdividing units for very fine gradings of size, decimal parts a 
generally used even where the larger measures, as in this country, per 
decimally related. Thus in industry thous, meaning thousandths a a 
inch, are commonplace to the engineer, and per cent and per thousan ae 
met widely in commerce and social Statistics. Proposals that we shou’ the 
this country introduce the metric system of units thus rest more on i 
argument for standardisation with other countries now using this sys ae 
than on that for decimalisation which is already in use for small measures. 


selves (6:82) but they will also be interested in what can be done wih 
modern equipment. For instance watch repairing shops are using a 
electronic type of watch testing instrument which can register time corre 


to a ten-millionth part of a second; this can be compared with the one- 
fifth second of the Stop-watch. 


6:812. Measures of other countries. Familiarity should be gained with 
the metric system of lengths, area, volume, capacity, and weight in con 
texts in which this System is already in use in this country and in pursuing 
an interest in the daily life of other nations (3-512, 5331), 


6:813. Measures for particular purposes. Particular measures may ae 
in the pupils’ own activities for example in gardening (3-41), in athletics 
and games, in painting and decorating, ina pre-nursing course (3-51), etc. ; 


example, bushels of apples, crans of herring, stones of meat, reams of paper, 


_ 6814. Compound units of measure. The first compound unit to be copi 
sidered will probably be a unit of speed (miles per hour) and the invers 


hours. 


6816. Measures of density, Experiments in weighing at the primary 


Stage will have led Pupils to the conclusion that equal weights of different 
substances have different volumes or equal volumes different weights. 
This basic idea may Tequire further investigation; for example it may be 
accepted for solids but the pupil may be surprised that the weight of a 


bottle of milk differs from the Weight of the bottle filled with water. Som 
experience of the weights and volumes of typical substances must be 


amassed and a few standards such as the following established: 
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(a) A cubic foot of water weighs 1000 ounces, more than most school- 
boys could lift. It occupies 50 pints, i.e. as much as the morning 
milk for 150 pupils, but the milk would weigh more. 

(b) A litre of water weighs 1 kilogram, a litre of oil weighs less and a 
litre of milk more. 

(c) The density of a substance is measured in ounces per cub. in. or 
grams per c.c. (mass per unit volume). Milk and most solids have 
higher densities than water; oil and cork have lower densities; so 
that, if water is chosen as the standard substance for comparison, 
the ratio expressing the relative density of milk is greater than 1 and 
that of oil less than 1. 

(d) The density of mercury is 13-6 grams per c.c. A volume of mercury 
is 13-6 times as heavy as the same volume of water; the number 
13-6 is sometimes called the specific gravity of mercury. 


6:82. The Nature of Measuring : Degrees of Accuracy. 
, All measuring is to some extent an approximation, though the use of 
round figures” e.g. 2 hours, 3 1b., 2 c.c., 72° Fahrenheit, masks the fact 
and gives no precise information as to whether the 3 1b., for example, can 
e treated as 3-0, or 3-00, or 3-000, i.e. how accurate a balance would be 
Needed to detect any error. Secondary school pupils must learn to 
appreciate this distinction between the exactitude which is possible when 
making a count, and the approximation which becomes necessary when 
making a measurement. An estimate of a measurement can be treated 
as a rough approximation to it. ; 

If different groups of children measure the same playground they will 
get different results; discussion of the fact that they always will get dif- 
ferent results, even after mistaken results have been rejected and all possible 
care taken, is a most important part of the teaching. It will often be worth 
while for them to watch the teacher performing the measurement twice 
and getting different results. The questions then arise * Whose answer 1s 
Tight? ’, ¢ How can we know if our answer is right? °, * How can we work 
With measurements which are not exact? °, “Can anybody ever know the 
exact length of the playground?’ and even “Ts there such a thing as an 
exact measurement?’. If these questions are well ventilated an under- 
Standing of approximation will have been based on a foundation of reality ; 

e question ‘ How far can I rely on my measurements? ’ will have meaning, 
and the reliability of a result based on real, and hence approximate, data 

l be a matter for real and not merely academic consideration. 

In Appendix 2 on statistics an example isworked out inwhich the measure- 
ments made by 26 boys of the chords of a regular hexagon of side 2 inches 
are examined statistically to give calculation of a mean value and a measure 
Of deviation from the mean. Pupils may in fact in this way establish for 

€mselves a standard of their performance within a group. Hi 

6'821. It is a mistake to postpone consideration of approximation un 
Occasion arises for sub-divicing ; a tenth of an inch. If the suggestions of 

e last paragraph are accepted the pupil can become familiar with the inta 
Of * to the nearest foot’ in measuring a playground or a garden, ‘ to the 


Nearest yard? j i length of a street or the dimensions ofa 
in measuring the length c $ 

field, to the nearest mile’ in considering the length of a journey, ‘ to the 

M 
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‘ t 
uarter-hour ’ in considering an afternoon walk, ‘ to the neares 

ame ae timing his journey to school. _ When the pupil is familar a 
the language and meaning of approximation, discussion of the re 
the nearest foot is appropriate in some cases and nearest yard or n me 
inch in others should promote the more general ideas of degree of app onl 
mation, and percentage error (6-824). Out of this the abler Pup n st 
ultimately gain some appreciation of _the general rule that Ate sy d 
accuracy ’ is the accepted standard for direct measurement withou! 
of special devices such as verniers or micrometers. 


6-822. Refinements in measuring. A further step towards understanding 
degrees of approximation can be taken by considering the principles oe 
which vernier scales and diagonal scales are constructed. Measurement; 
made on a map of scale 6” to the mile with a diagonal scale reading be 
will give the true distances to within 3 yards, but such a map cou a 
indicate the width of a footpath or a hedge. Similar comparisons can 
devised with measurements of weight, or other quantities. ther 

Pupils can also learn to read the dials of electric meters and ba Ba 
mechanically registered measurements. These will almost always be 


decimals in terms of a single unit, and the number of figures to be rea 
will determine the degree of accuracy. 


6:823. The purpose of a measurement. Accuracy in measuring must Bs 
considered in relation to the use to be made of the measurement. feet 
classroom is to be measured, and then drawn to a scale of 1 inch to 4 5 
and the drawing ruler is marked in eighths of an inch it will be sufficient 
make measurements of the room to the nearest half foot. 


6-824. Percentage error. Another way of expressing degree of accu 
is by giving the percentage error. This may be too difficult an idea ay 
many boys and girls, but calculation of it in simple particular cases TA 
help to emphasise the idea that it is not the actual error but its relatas 
to the whole measurement which is significant. In extreme cases fa 
becomes self-evident; most pupils will agree that to make a mistake of, 


inch in giving the length of a finger is more serious than an inch in giving 
the length of an arm; but to giv 


e a convenient comparison, percentage 
error might be calculated. 

Thus a mistake of an in 
error of 123% (or 1 in 8), 
would be an error of abo 
in measuring 100 yards 
in measuring a mile wo 


ch in measuring a page of a book might be a 
a mistake of an inch in measuring a girl’s ae 
ut 1 in 18, or less than 6%; a mistake of a aes 
would be an error of 1%, but a mistake of a ya 
uld be an error of less than Wh 


6-83. Computation with Measures. 


over it is unrealistic to give any measure in terms of a long list of differen’ 
xample, if a distance is given F 
not worth including and the ony 
other measure mentioned may be yards and these should usually be give 
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to the nearest hundred yards. Even with measures as near to one another 
in magnitude as pints, quarts, and gallons, it is probable that in practice 
gallons and parts of a gallon would be stated as gallons and either pints 
or quarts, or simply as gallons and a fraction of a gallon. 


_ 6-831. Computation with simple measures should include ready chang- 
ing from one unit to another as required, but no elaborate ‘reduction ’, 
although converting miles per hour to feet per second is both reasonable 
and realistic. 

Again some of the steps from a quite small to a large unit are worth 
finding and remembering. For instance 5280 feet to the mile is of 
interest in considering the scale of maps and there might be occasion to 
make use of 2240 pounds to the ton. If such numbers are used, the fact 
that they are the product of factors giving the steps between units more 
closely related should not be lost sight of; thus 2240 is 112 x 20. 


6-832. If the fundamental processes are understood and the units 
themselves have meaning for the pupil, as recommended in the Association’s 
Mathematics in Primary Schools, it is unlikely that a pupil will meet a 
Tealistic problem beyond his powers. For instance suppose he wishes to 
Calculate the average weight of oarsmen in a rowing eight, he may have to 
add a number of stones and pounds and then divide by 8. It does not 
matter greatly in what form the sum is given provided that any number of 
stones remaining after division is brought to pounds and combined with 
the other pounds for division by 8. Thus, if the sum is given as 87 stones 71 
Pounds instead of 92 stones 1 pound, itis possible though clumsy to proceed 
With the division by 8. A pupil who knows what he is aiming at will pro- 
bably achieve a result even if he obtains 10 stones 214 pounds on the way. 


6-833. In all the work in schools involving measures it is essential to 
bear constantly in mind the fact that only realistic measures should be 
involved and that they should be dealt with in a realistic manner. Too 
often in the past use has been made of measures to provide long and tedious 
calculations under the heading of ‘ Reduction’, and such problems as 

Convert 1 million inches into miles, furlongs, etc.’ have produced nothing 
oy frustration, boredom and a fecling of futility, and cannot be too 
eartily condemned. 
t Realistic measures used in realistic calculations must be the keynote of 
eaching in the Modern School. À 

Should any type of calculation be required repeatedly, the pattern of i 
can generally be determined by copying the pattern used for money units 
(6-712, 6:723 and Mathematics in Primary Schools). 

684. Accuracy i it affects Computed Results. 
K in Measurement as it affects pi 

Elaborate work on approximations cannot be expected of modern school 
Pupils, but the following points should be noticed: 

(a) Approximation should always be related to particular circumstances, 

i.e. what is sensible or given about the meas e 
6 the instruments used, the size on querias involved. 
) Respect for the number of significant 1g 
It a 2, 3, or 4 figure accuracy which is important (rather than the 
number of decimal places in relation to a u 
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23 ‘thous’ which represents two figure accuracy although it is 
given to three places of decimals of an inch. 

(c) Calculations may often decrease but never increase the number-of- 
figure accuracy. This is a most important point to be appreciated 
by the pupils. 


Pupils of very modest ability may at least come to realise that the leading 
figures, i.e. the figures on the left, of both a measurement and a calculation 
which involves the measurement are more important and more likely to 
be reliable than those on the tight. If examples are kept in touch with 
epin no loss of confidence in the accuracy of the computation itself 
need result. 


685. Reliability of Computed Results. 


It is important that the distinction between accuracy and reliability 
be clearly grasped. A computation should always be accurately performed, 
but the result may not be entirely reliable: it can never be more reliable 


the fourth figure, though accurately Obtained, is not reliable. Similarly, 
if the value 22 is used for 7, as a rule not more than two figures of the 


example, suppose a Tectangular area measures 86 ft. by 37 ft., to the 


CHAPTER 7 


OTHER TOPICS MAINLY MATHEMATICAL 


a Tete Nature and Use. 
RRR are a number of special applications of Mathematics, such as 
the Ma me oe nen: astronomy, etc., which can be of particular value in 
kedet rn School. Their chief asset is that they act as a carrier or 
Boy Man ponies and to display the Mathematics we wish to teach. They 
Tien] ematics as a tool subject, providing solutions to innumerable 
REE probem which arise. Their use may be restricted to a few 
R T they are used to show a particular mathematical idea or to 
rotation ot in some mathematical skill. For example, the apparent 
Practice j the stars around the Pole Star can be used to give interesting 
the eee measure, with no further reference to astronomy, On 
May ten and, many of these special fields can provide a course which 
School Ey one or two periods a week in the four years of the Modern 
althou H t is this latter aspect which we are mainly concerned with here, 
gh the teacher should not miss incidental opportunities to illustrate 


Particular ideas or usages. 


ee It must be firmly emphasised that these special fields are employed 
itis moat of teaching Mathematics. As in so many mathematical skills, 
aware wats to teach the superficial techniques without the pupils becoming 
costs A ee fundamental ideas involved. | This should be avoided at all 
develo f e real purpose in teaching surveying or navigation in school is to 
Pupils D urther each pupil’s mathematical knowledge and insight. That 
ances also acquire the techniques of these subjects is of secondary impor- 
disso, the teaching must clearly be directed so that they are guided to 

ver the fundamental mathematical ideas upon which the techniques 


Of the special applications are based. 
7-02. In the following sections, sur 


So : , 
ane detail as examples of special appl 
rawing, mechanics and statistics. 


veying and navigation are treated in 
ications. Briefer comments are made 


Ti. Surveying. 


7:10. The aims of teaching surveying. 
7-11. Measurement of lines. 
7:12. Measurement of angles. 
7-13. Indirect measurement of 
7-14. Area surveys. 

7-15. Traverse surveys. 


heights and distances. 
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7-16. Plotting ground levels. 
7-17. Making a syllabus for surveying. 
7-18. Apparatus. 


7:10. The Aims of Teaching Surveying. 


Surveying provides an ideal medium through which a wide range of 
Mathematics may be taught. It is an excellent ‘ carrier ° for geometry, an 
also offers many opportunities for the practice of arithmetical techniques. 
More advanced surveying work can make a realistic use of trigonometry 
Surveying is invariably a popular subject with pupils since its practica! 
nature makes a decided appeal, both to boys and girls. i It 

There is another valuable aspect of surveying as a topic in schools. ; 
is important not only mathematically, but for the wider education of H 
pupil, that he should be given training in ‘ attack ’ on the problems which 
may arise in various real circumstances. Surveying is an excellent sonra 
of such problems, ranging from very simple ones which the weakest 0 


modern school children can tackle to problems demanding a sound 
mathematical background. 


7:101. We must emphasise once more that in including surveying OU! 
main aim is to teach the fundamental Mathematics upon which surveying 
is based and to make use of the many opportunities it offers. This mean 
that professional surveying methods are often discarded in favour of other 
methods which display to better advantage the Mathematics used. For 
example in 7:142 many ways are shown of setting out right angles. | 
these, the least satisfactory from the mathematics teacher’s point of vieW 

is the professional surveyor’s cross. d 

On the other hand, all normal surveying conventions should be followe x 
_ as closely as possible. Standard map symbols should be used, the sy 
veyor’s field-book method of recording adopted (7-146). These form the 


language of surveying, and are forms of expression which the pupils should 
acquire, 


7-102. In the initial stages much simple work can be done near or around 
the classroom before embarking on more ambitious field work. There R 
considerable advantage to be gained in using apparatus of the simples 
type since its purpose is then clearly and easily seen. The complexity of, 
say, a sextant or theodolite, hides its function from many pupils. ff 
particular value are the older navigational instruments: the Jacob’s statt, 
astrolabe, etc. 

Every occasion should be taken to link the s 
and with various sections of Mathematics. 
arise, for example, in Geography (5:1). h 

There are certain geometrical ideas which a child acquires throug 
everyday experience; for example the shortest distance between two points, 
and horizontal and vertical directions. The child will use these ideas 
without being fully aware of them. Geometrical knowledge of this nature 
can be used in outdoor work without classroom preparation, but the wor* 
should compel the pupil to become fully conscious of the implicit ideas: 
he should acquire the appropriate vocabulary at the same time. : 

There are many other geometrical properties, such as Pythagoras 
theorem, and the augle in a semi-circle, which are not intuitive (6:58). 


urveying with other subjects 
Many such opportunities may 
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B z 7 
Sore thee me used in surveying, the pupil must become acquainted 
bsorbed. eir practical use may then ensure that they are grasped and 


een ve gay aie which will confront the teacher of 

irveying, most of them wi i 

Sith increasing experience. mil ben a pi 
he main difficulties are: 


(@) reiaton of a whole class with tasks suited to pupils’ individual 
(b) Organisatio i istributi 
n of apparatus and 
Seton: pp: nd equipment, distribution, porterage, 
2 h eeparation of suitable simple apparatus. 
= ep within the time-table working periods long enough to 
allow a piece of surveying work to be completed. 
are experience will show how much of the practical work can be ini- 
inthe 7 the field and how much must follow discussion and preparation 
Bei A e a beforehand. Opinion suggests that the value of what is 
appresi in the growth of mathematical ideas ‘and the gain in experience and 
iation are well worth the time and effort expended, although the 


mie following sections indicate the kinds of exercises which may be 
rtaken. The order of sections is not a teaching order but in each 


7. 
Pe Measurement of Lines. 
an da emg makes much use of the distances between observed points, 
ind it is clear that these distances must be measured along the straight 
g must therefore 


ne joining the two points. An early exercise in surveyin: 
Incidentally this work helps towards 


m the setting out of a straight line. is work hel 
appreciation of the geometrical notion of a straight line since we are 
ibly defined. For short 


Go a line of which only two points are visibly ¢ 
ances we may give it concrete form by stretching a string from one point 
ibility of measuring it 


t 

Lee other, but the idea of the line and the possil 
Re even when the string is removed. á 

tandards of accuracy of measurement should be considered. When 


measuring a distance of 200 ft. or more in a field or along a road, measure- 
ent to the nearest inch is unnecessary. When the map 1S drawn the 
esent 2 in. or more, according 


iath of the pencil lines will probably represent, y 
a scale, The difficulty of measuring @ long distance might be demon- 
t rated (6-821, 6-822). Groups can measure independently a fixed dis- 
ance of about 200 ft. or more, each group giving their result to the nearest 
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i i i ill indi i h a measure- 
inch. The discrepancies will indicate the folly of stating suc! 1 

ment to an unwarranted degree of accuracy. For a distance of this ore 
measurement to the nearest foot or link is generally accurate enoug 
most school surveying. 


7-111. The following means of direct measurement of distances are 
generally available: 


@) Chain. The surveyor’s chain is 66 ft. (1 chain) in length, and is 
o divided into 100 Tinks. This is one of the few instances in the ee 
system of measures where a decimal reduction factor is ca 
Measurement in chains and links enables land areas in acres to : 
readily found (1 acre =10 sq. chains), and provides a valuable ee 
of real decimal calculations. A distance of, say, 2 chains 31 lin 
is recorded as 2:31 chains, ; ft 
The engineer’s chain is 100 ft. long, divided into 100 links of 1 ft. 
It is rather heavy for school use. > The 
Each tenth link on a chain carries a brass tablet (Fig. 38). ie 
shape of the tablet indicates its distance from the nearer end of t 


chain, 


FIG. 38, 


(b) Tape. Tapes can be obtained in a variety of lengths; the most useful 


are those 66 ft. or 100 ft. in length. 66 ft. tapes are often divided 
into links on the reverse side. 


(c) String, wire. Few schools hs 
adequate for all the demands of the surveying classes. 66 ft. lengt! 


of string, light rope or wire, knotted or marked at 10-link intervals 
may be used in their place. 


7 ces the heel-and-toe method can be used. m 
units of measurement will be ‘ foot-lengths ’ i.e. length of pup: 
own foot, but these may be converted to more conventional measures, 
(e) Wheel, trundle or waywiser, The number of rotations of a wheel o. 
Own circumference (hoop, bicycle wheel, etc.) may also be used as 
a measure of distance, The first Measurements may remain as 
$ wee lengths ’, but later measurements can be changed to feet, 
or links, 


to measure distances by pacing. 
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oa When the distance to be measured is longer than the chain or 
one th se, it becomes necessary to ensure that the measurement is made 
ee sth e straight line between. the two points. One person, the follower, 
oe at the first point holding one end of the tape, while another, the 
he Hig in the direction of the second point, laying out the tape as 
lochne ; hen he reaches the end of the tape he is lined up by the follower 
mee Seas the line of sight of the two points. The leader makes a 
Bima ground at the end of the tape, or inserts an arrow into the 
eben i a arrow can be a metal skewer with some bright material, red 
until th a on so that it is easily seen. The tape is then taken forward 
neath e fo lower reaches the arrow. The whole process is then repeated, 
follo = arrow inserted, and so on until the distance is measured. As the 
ate er goes forward each time, he takes the arrow from the ground. The 

er of arrows he has tells the number of times the full length of the 


tape has been laid out. 


ae ather means of keeping a straight path. A ranging rod, a brightly 
ton sf 6 ft. pole, is set up beyond the second point, and on the continua- 
of the line of sight of the two points. As the pupil paces he keeps the 


exper} in everyday 
experience, _ The concept o. ge of 
Tection is important, and needs introduction 


7-121. The following exercises use or give practice in angle measurement: 


(a) If a pupil points N and then swings with his arm extended to point 
E, he rotates through a right angle. The intermediate points NW, 
SE, etc., involve estimating 4 right angles. 4 right angle can also 
be estimated. 44, ‘ 

Very rough mapping may be carried out by estimating approxi- 
eee compass bearings of objects from a given point. Distances of 
e objects may be found by pacing. , 7 

® Angles eE directions of objects can be fixed with the aid ofa 
sighting rule. This may be a ruler carrying a pin Or thin nail at 
each end of its axis. A shest of paper i e a table or hori- 
zontal board out-of-doors (7-18). The sighting rule is placed upon 
it and rotated until an object lies on its line of sight. A pencil line 
is then drawn along the edge of the rule. It is then rotated to sight 
another object, and another line is drawn, so fixing the angle between 
the directions of the two objects. It is advisable to Jet the sighting 
tule rotate about a pin through a hole jn its axis, or at one end of a 
side of h t 

the nap d, each corner may be sighted and 


From a point in the playgroun 
sighting nes drawn. Ifthe distances of the corners are then foung, 


a plan may be drawn. This is the simplest form of plane table work. 
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Another useful exercise is to sight outstanding objects from a point 
on high ground and estimate their distances. The results can be 
checked by reference to a 6 in. or 25 in. O.S. map of the area. 


(c) A N-S line may be 


established through a PADOSAN 

shadow stick. A pole 1 

is set up in a vertical 27y OF 1 

position, and from Saa l 
about 10 o’clock on- 1 

wards on a sunny day f 

the position of the I 

tip of its shadow is i 

marked at intervals l 

of about 4 hour. A 

Northdirection is giv- DR 

en by the shortest ! 

shadow, but this is 

not easy to determine 

directly. The method N 

shown in Fig. 39 is Fic. 39 

more accurate. One ae A 
end of a length of string is fastened to the foot of the shadow stick. 
The other end swings to cut the shadow path at A and B. These 
give the positions of qual shadows before and after noon, and the 
shortest shadow lies midway between them. The distance AB can be 
measured and halved, or the arc AB bisected by a geometrica 
method as shown. 

A N-S line should be marked in the playground or any other 
convenient place. It may be used as a reference for finding the 
compass bearings of vari- 
ous points. At first this can 
be done in terms of $ Of 4 
right angles, but more ac 
curate measurement ne 
the division of the rig E 
angle into 90 degrees. One 
of the simplest ways of de 
fining a direction is by 
relative bearings, i.e. the 
clockwise angle from some 
stated direction. Unfortun- 
ately, true N, compass N, 
their differences should be 


on the watch face, By 
point S. The hour hand rotates through 360° in 12 hours, the sun 
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appears to move through 360° in 24 hours, so the hour hand is 
moving twice as fast as the sun. Note that this method does not 
take into account local time, summer time, or the equation of time. 

(e) The shadow stick can also introduce the measurement of angles 
in a vertical plane. The lengths of the stick and of its shadow are 
measured at some noted time. A scale drawing is made, preferably 
on squared paper, and from it the angle of elevation of the sun may 
be found. By taking a number of readings throughout a day, the 
variation of the sun’s elevation may be recorded. A graph is a 
valuable means of displaying this information. 

_ Another useful exercise is to take a series of readings at the same 
time of the day at weekly intervals. 
A direct reading of the sun’s elevation may be found by placing 
a large protractor at the shadow tip, and stretching a length of 
cotton from it to the top of the shadow stick. 

(f) The slope of a road or hill, can be determined by measuring dis- 
tances along the road and finding the rise in height. The latter may 
be found through a vertical pole marked in inches, and one of the 
horizontal sighting devices mentioned in 7-161. The statement of 
the slope as, say, 1 in 10 involves the notion of ratio; problems based 
on slopes make use of proportion (6-183 c, 6:243). 


7:13. Indirect Measurement of Heights and Distance. 

The first ideas of trigonometry may be infiltrated quite early in the sur- 
veying course through situations such as those described in 1:121 (e) and 
Gi ). The properties of similar figures have already been used in scale draw- 
ingand inthe work on slopes. It is now advisable to show more clearly the 
mathematical notions we have been 


using. 
A series of similar right-angled tri- 
angles (Fig. 41) are drawn on squared 
Paper; and the sides containing the 
tight angle are measured. The ratio 
Of the length of the perpendicular to 
that of the base is easily established as 
ac onstant. In early work, it is better 
to choose some simple ratio for the adi 


nie of sides, e.g. 3 : 5, rather tnan 
the angles of the triangle. e : 
Tatio may te given some anne such as multiplier or operator. It is the 
quantity by which one side must be multiplied in order to find the length 


Of the other side. 


by shadow stick or set-square methods can 


dea of the tangent of an angle (6:61). A 


ok The finding of heights t 
e i i i 
n help to establish this first 1 its shadow is measured at intervals 


rod of known height is set up vertically ; a 
a simple ratio, 
to find when the lengths of the rod and the shadow form E p ee 


Such as1:1,1:2,etc. Shadows of buildings, trees, etc., ar aa oA, 


atthenotedtime. Their heights may then be found by a simpl 
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7-132. The set-square method uses set-squares in which the lengths gt 
the sides containing the right angle also form some simple ratio, 1 : k : o 
etc. A pair of sights are mounted on the set-square so as to give a l ma ii 
sight parallel to the hypotenuse; also a plumb-line to ensure that it rpe 
correctly (Fig. 42). The observer moves away from the base of an obj 


Fia. 42. Fia. 43, 


held at eye-level, the observer’s eye-level height must be added to the cal- 
culated height. 


imple height measurers which 
8. 43 a pointer is pivoted at A at 
- ong. The scale is divided into inche 
isions are marked 0, 0-1, 0-2, 0:3, etc., 


Alternatively, a vertical rod of fixed hei 
bar which carries 


staff used in navigation a few hundred y 


I ight may slide along a horizontal 
a scale (Fig. 44). This device is very similar to the Jaco’ 
ears ago. 
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The Scout’s method of finding a height also uses similarity and is illus- 
trated in Fig. 45. A vertical staff marked in inches is set up 11 paces from 
the foot of the object. The observer, at ground level, and one pace from 
the staff, observes the reading where the line of sight of the top of the 
object cuts the staff. Each inch on the staff corresponds to one foot in 
height of the object. 


7-134, The height of an object may also be found by measuring the angle 
of elevation of the top of the object atsome measured distance from the base 
With a clinometer (Fig. 46) or some other angle measuring device. Scale 
drawing can then be used, or the height may be calculated by an extension 
of the ratio methods already employed. y 

A series of right-angled triangles is drawn with base angles 5°, 10°, 
15°, 20°, etc. In each case the ratio 
of the lengths of the perpendicular 
and base is found. A table of angles 
and their corresponding ratios is 
made; this is, of course, a simple 
form of the table of tangents (6°61). 
Intermediate values not included in 
the table may be found if a graph is 
drawn, ‘plotting values of angles on 
the horizontal axis and ratios on the 
Vertical axis. The height of an object 
may then be calculated if the length 


of the base line and the angle of i 
elevation are known. From the graph the ratio of the perpendicular to 


the base for the measured angle of elevation $ fonni Simple proportion 
methods are then used to find the required heights. -o y 

After the graph has been used in this way for some little time the table 
of tangents may be introduced. 


7:135. Extensions of the ey 
above methods are required ce? 
when the base of the object PP 
1s inaccessible, so that itis not 3 $ 
Possible to measure the ob- va / 
Server’s distance from the 2 
foot of the object. One of z 
the simplest methodsin these 12-47 tH 
Circumstances istotakeread- ğ B 
ings with the 1:1 and 1:2 Roi 
Set-squares (Fig.47). The dis- ma? 

ance between A and B is 
ie to the height of the object. A, Ban 
e. 


d O must lie on the same straight 


The same exercise may be carried ovt et Soil the, ie 
sides in the ratio 1:618: 1. The nearer reading 18 ra the horizonta! 
side in the vertical position, À 
Position. The distance between the two poi : 
Proximately equal to the height of the object. 
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1-618: 1 gives the desired result is beyond the ability of most modern 
school children, but the fact that it is the required ratio can be demon- 
strated by drawing methods, and it can be established numerically that 
1-618 is the reciprocal of -618. i 

The clinometer may also be used in a similar manner; two readings of 
the angle of elevation are taken at a measured distance apart. The height 
can then be found by scale drawing. Able pupils may be able to obtain 


a general solution in terms of AB and the tangents or cotangents of the 
angles (6-361, 6-63). 


7-136. Further geometrical properties may be demonstrated when find- 
ing distances which cannot be directly measured, such as the width of a 


river or pond. For the sake of convenience ranging rods are generally set 


up a few feet from each river bank, and the distance between them is 
measured. 


Each of the following methods uses some particular geometrical notion. 


(a) A third ranging rod, C, is placed so as to form, with A and B, EE 
equilateral triangle (Fig. 48). Some method of setting out an angie 
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i N ei 
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2 eG ý d 
a oy ae 
Fic. 48. Fic, 49. 


of 60° must be devi 


( sed, e.g. a loop of string divided into three equal 
sections, 


AB=BC 


(b) A line perpendicular to AB is set out at A, see 7-142, A point C is 


found on this line so that 2 ACB=45° (Fig. 49). The triangle ACB 
1s an isosceles right-angled triangle. 


AB=AC 


Perpendicular to AB (Fig. 50), D is its midpoint. 
CE is set out Perpendicular to AC. The observer moves along 


until D and B are on the same line of sight. The triangles ADB and 
CDE are congruent triangles, 


AB=CE 


(d) A third ranging rod D is Set up on the line of sight BA and some 
distance from 4 (Fig. 51), ACis set out perpendicular to AB. 4 ACB 
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is measured; 4 ACE is set out equal to L ACB. The triangles ACB, 


ACE ate congruent. 
AB=AE 


| 
1 
/ ! 
A 
ly a 
EY i 
Fic. 50. Kia. 51. 


(e) In methods (a) to (d), the points A and B must be intervisible. If 
A and B cannot be seen from one another, a point P is taken from 
which A and B can be seen (Fig. 52). PA and PB are measured and 
their midpoints, C and D, found, CD is measured. 


AB=2CD 


(f) An alternative method to (e) is to produce AP and BP to D and C 
respectively, making PC=BP and PD=AP (Fig. 53). CD is 
measured, The triangles ABP, CDP are congruent. 


AB=CD 
D 
wB Ss 
oe I Se 4B 
Dae x a 
l N 2 1 
ae - 
peice ! Supe? 1 
Le | ees ! 
~ 1 Pi a ome I 
a pZ ‘ XN ' 
co e Si 
> eA ~ da. 
Fic. 52. Fia. 53. 
he direction of AB. 


In both (e) and (f) CD also gives t 
(See also 7-143.) 


7-14, Area Surveys. 
s Some simple methods of surveying 
cen mentioned (7-121 a to c). A con 


useful in making a map have already 
siderable amount of more advance 


186 T1. SURVEYING 


surveying work is necessary in mapping areas, but elementary exercises 
can be introduced very early in the course. 


7-141. Possibly the simplest exercise is the measuring of a rectangular 
site, assuming the angles to be right angles and drawing the plan on 
squared paper. Rectangular playgrounds, etc., are by no means common, 


but games pitches, tennis courts, or even a site pegged out on a field may 
be used. 


measuring those lines and angles which have not been set out to required 
dimensions. For example, it is likely that a rectangle would be set out by 
marking out three of its sides and two angles. The other side and angles 
should be measured, also the diagonals, 


7-142. Some of the many ways of setting out lines perpendicular to each 
other are given below: 


(a) The suryeyor’s cross carries sights which give two lines of sight 
perpendicular to each other. 


using screw eyes for sights mounted on a T-square or set-square. 
(b) A 12 ft. loop of string is knotted so as to give lengths of 3 ft., 4 ft 
and 5ft. The string is stretched so as to give a right-angled triangle 


\ 
A A 
\ 
1 
Cc fly | 
ti | 
1 ! 
B 1 ! 
1 re 
SC VP DR 5; 
CLNY eg ere 2 
Fic. 54, * 


Fic. 55. 


and the tape stretched so as to cut the line at B. The midpoint C, 
of AB is found. The tape is held at C while the end B swings to cut 
the line again at P, 2 APB is the angle in a semicircle, diameter 4B. 
AP is, therefore, perpendicular to BP (6: 588). 

(d) One end of a tape is fixed at 4 (Fig. 55). The reading on the tape 
is noted as it Swings across the base line. The position of the tape 
giving the minimum reading is the required perpendicular. (The 


shortest distance from a point to a line is the perpendicular to the 
e. 
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(e) One end of a length of tape is fixed at A (Fig. 56). The other end 
swings to cut the base line at B and C. The midpoint P of BC is the 
foot of the required perpendicular ; ABC is an isosceles triangle. 

(f) Equal distances, AB, AC are marked on the base line (Fig. 57). 
The two ends of a long length of tape are held at Band C. The mid- 
point, D, of the tape is taken out so as to stretch the tape. DA is 
perpendicular to BC; DBC is an isosceles triangle. 
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7-143. It is probable that the quadrilateral is the most common shape 
i t, however, the simplest shape 


perountered when mapping areas. It is no 

© measure. Few pupils realise that measuring the lengths of the four 
sides only does not fix the shape of the quadrilateral (6:584). i 

t Most methods of mapping areas depend on dividing the area into 
riangles (6:532). It is advisable therefore to plot such triangular areas 
as are available. The most convenient method is undoubtedly that of 


measuring the three sides. Class-room work on the construction of triangles 
om such an exercise, and can 


8iven the three sides follows naturally fr , 2 
Fageeed to other triangle constructions. The fixing of the position of a 
listant object can involve the use of the construction of a triangle given one 
Side and two angles. A base line from which the landmark can be seen 
and which is as long as possible, is set out. The bearing of the landmark 

the base line. This may be a compass 
Dearing taken by a prismatic compass, OF it can be the angle between the 

d measured with an anglemeter (Fig. 40). 


ct can also be fixed by plane table 
Methods (7:121b). A base line 1s measured as before. A sheet of paper is 
astened to a plane table, i.e. a drawing board mounted on a tripod, or a 
i one end of the base line. A 

i f the table. 


convenient scale. It is advisable to estimat 
and choose a scale which will ensure that it can be plotted on the paper. 
gue table is then taken to the other end x me Eaa pa 
placed along the drawn base line, AB, and the paper ¢ rotat 
until the reckons of the drawn and real base lines coincide. A sighting 
line to the landmark is then drawn through the point B. The intersecticn 
Of the two sighting lines from ‘A and B fixes the position of the landmark. 
N 


188 7-1. SURVEYING 


It will be noticed that we are, in fact, determining the shape of a triangle 
by measuring a side and fixing two angles. 


7-145. The methods of measuring triangles are later extended to the 
measurement of other areas by dividing them into triangles. A quadri- 
lateral may be determined by measuring the four sides and a diagonal; 
other polygons are similarly measured. Alternatively, the plane table 
method of 7-144 can be used. The corners are fixed by sighting lines drawn 
from the two ends of a base line set up inside the area. 


7:146. An alternative way of surveying an irregular area (Fig. 58) intro- 
duces the surveyor’s fieldbook method of recording. BE and FD, known 
as offsets, are set out perpendicular to the diagonal AC. The distances 
AE, EB; AF, FD; and AC are measured. It will be seen that we are 
establishing the positions of B and D by a system of co-ordinates. The 
method of recording is shown in Fig. 59. Distances along the diagonal 


C} 10 


Fic. 58. 


AC, generally known as the survey line, are entered in the double column 
in the centre of the record, which is rea 


of the page. together with any necessar i i de to 
: 3 t y details. No attempt is ma 
Provide a scale diagram, but Sufficient information is shown to allow the 


later read, Starting at the bottom of the 
page and working upwards. It is design- 
ed to suit particular circumstances an d 1s 
by far the simplest method of recording 
to use in practice, 


7-147. The use of offsets and the field- 


book method of recording becomes ee 
valuable when we wish to map an are 
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with irregular boundaries (Fig. 60). A framework of survey lines i 

ith g. 60). ey lines is set u 
Pee the area and offsets from these to the boundary are measured. The 
on sets are not placed at regular intervals but at sufficient points to allow 
the boundary to be determined. 


7-15. Traverse Surveys. 
KE is sometimes necessary to map a narrow stretch of country, e.g. for a 
fee or railway, and this may be carried out by means of a traverse 


7 7-151. It is unlikely that one survey line only will suffice, and the direc- 
ions of the survey lines used must be fixed. This can be done in a number 
of ways. One simple method is to 
measure the bearing of each survey 
te with a bearing compass. Thus 

efore starting to measure distances 
along AB (Fig. 61), the direction of AB 
Feats to North is found. Details of 
$ e areas on either side of the survey 
ine are then fixed by offsets and re- Fic. 61. 
Corded by the fieldbook method. On 
Pe at B a backbearing is taken, 
nee This should, of course, differ b 

from A. The following survey lines, BC, CD, et 
manner. 


7-152. Another method of fixing the directions of the survey lines is to 


measure the angles between each pair of survey lines with an anglemeter or 
Some other device for measuring horizontal angles. The angles may also 
be fixed by drawing sighting lines on paper. Tt will be realised that these 
methods only determine the relative directions of the survey lines; their 
directions with regard to North are not known. Details can be filled in by 


the method of offsets. 

7-153. Plane tabling may also be used to fill in the details of a traverse 
Survey. Each survey line is used as a base line, and sighting lines to all 
Objects, etc., are drawn from both ends. Thus, from A (Fig. 61) a sighting 


ne to B is drawn. AB is measured and drawn to a convenient scale. 
able is then taken to 


Sighting lines to all objects from Aare drawn. The t 

B where it is set up and orientated so that the drawn line AB and the survey 
line AB coincide in direction. Sighting lines are then drawn to the objects 
around both the survey lines AB and BC. This process is continued until 


the traverse is completed. 


ie. the direction of A from B is 
y 180° from the forward bearing of 
c., are treated in the same 


The surveying work described so far takes no account of the varying 
levels of the ground. The measuring or comparing of ground levels is 
known as levelling. It is not easy to measure the exact height of any point 
above sea level, although benchmarks are to be found in all parts and the 
heights of these are given on the large scale Ordnance Survey maps. It 
1S possible, however, to measure the relative 
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If work is started from a benchmark actual heights above sea level may 
be established. For most school levelling, however, work is started from 
any suitable point, which is labelled 0, and heights are found relative to this 
starting point. Exercises of this character can form an excellent introduc- 
tion to the use of directed numbers. 


7:161. One of the simplest levelling exercises is to plot the profile of a 
sloping path or road. Fig. 62 shows one method of measuring differences 
of ground heights. A rod EF, 6-10 ft. long 
5 Ð is held between two other vertical rods AB, 
CD, which are marked in inches. A spirit 
level placed on EF checks that it is being 
held in a horizontal position. The difference 
between the readings AE, CF, gives the rise 
in ground level from A to C. Readings are 
taken in a series of steps, each equal to EF 
in length, 
A string may be substituted for the rod 
EF, and the steps can then be 20 ft. or more 
Fic. 62, in length. A spirit-level suspended in a wire 
E cradle from the centre of the string checks 
that it is being held in a horizontal position. It is essential, of course, 
that the cradle is placed at the exact centre of the string, otherwise.the sag 


of the string will affect the reading. 
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Fic. 63. 


An alternative method is to use some devici i i izontal 
i i 4 e which gives a horizon 
line of Sight (Fig. 63). One of these is set up at A (Fig, 64) and readings 
3 a levelling staff, marked in inches, are taken at successive positions, 
» C, D, etc. The change in readings denotes the change in ground Jevel. 
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The mapping of a winding, sloping path forms an excellent combined 
exercise in levelling and traverse surveying. 


7-162. An area may be levelled by a set of radial lines from some con- 
venient central point (Fig. 65) or by a rectangular grid of lines (Fig. 66). 
In the latter case, if A is taken as the 
starting point, the line AF is levelled 
first to establish the heights of B, C, 
D, etc., relative to A. These points 
are then taken as the starting points of 
the lines AG, BH, CJ, etc. 


7:163. Most methods of finding 
heights over an area establish spot 
heights, i.e. the heights of a series of 
points along each levelling line are 
found. By far the most convenient 
method of showing ground heights on Fic. 66. 
a map is by means of contour lines 
Joining points of equal heights. To find these in the field is a slow and 
tedious procedure, and it is generally quicker to fix them by drawing the 


profile of each levelling line (Fig. 67). The positions on the levelling lines 


of points, say, 6 in. above A are found from these profiles by interpolation. 
The points are then marked on the levelling lines on the drawn plan. A 


line drawn through them is the 6 in. contour line. 


Distance 
Fic. 67. Profile of line AG. 


7-17. Making a Syllabus for Surveying. i 4 
It is not possible to give a general syllabus of surveying suitable for et 
schools since the type of work done will depend upon the possibilities ot- 
fered by the surroundings of the school. Itis obvious that the syllabus must 
be compiled with these in mind. The nature of the mathematical ideas 
used in the surveying must also be carefully considered; it 1s advisable to 
State these clearly in the syllabus so that the latter does not beers 
Collection of surveying techniques. The syllabus should be regar z 5 a 
fact, as a statement which shows teran wia ART e IE 
i ical i column method o b 
guide to mathematical ideas. The the columns showing the surveying 


(5:32) is of value in this connection, olur v 
techniques side by side with the Mathematics involved in each. 
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7-171. For example, the notion that the position ofa pianie is determined 
by any two straight lines on it may be seen when testing a su ae Sip 
plane table, with a bubble level. „At first the level is likely to he ie ee 
testing in one direction only, but it will soon be realised that t s io bat 
not guarantee a horizontal surface. The conventional ation Ot ie 
in two directions at right angles to each other. Itis not essen E biy pede 
directions should be mutually perpendicular, although this pro ae ep. 
vides the most sensitive test. i e surface is horizontal in any 

i it must be a horizontal surface. . 3 k 

Eie step from the technique acquired incidentally in surveying e 
grasp of the geometry involved will certainly have to be guide ‘ Daa 
teacher. His task is, however, made much easier by the unders atie 
acquired in the practical situation. If the step is not taken, then a va 


opportunity of adding to the pupil’s fundamental mathematical knowledge 
has been lost. 


7-18. Apparatus. 


apparatus obscures its mode of operation from most modern senon 
pupils, so that they use it without understanding. Many schools ma can 
feature of designing and constructing their own apparatus. Variety a 
be added to the surveying course by devising apparatus to suit particu 


Even with apparatus of such simple character as this a wide range of 
useful surveying work can be carried out. 


7-2. Navigation. 


7-21. Preliminary work. 

7-22. Development from elementary principles. 
7:23. Symbols used in air navigation 
7:24. The air plot. 
7-25. The triangle of velocities, 
7:26. Position lines. 


7-20, In curiously varied wa 


ys, many of our pupils acquire plenty of 
skill in finding their way from 


place to place by land, and in so doing they 
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frequently exercise judgment in matters of direction, speed, distance, map- 
reading and position-location generally. Some of the factors which in- 
fluence their judgment may well have been explored during school lessons 
—for instance, in consideration of angle measurement, of compass points, 
relative bearings, scales, distances on maps and so on—or they may have 
been acquired, as are so many ideas, by incidental, individual means. 

_ If, however, these pupils are to investigate the basic methods of naviga- 
tion by sea or by air (and by this is meant the art of determining the posi- 
tion of a ship or aircraft, and of guiding it from one position to another) 
it will be necessary for them to clarify and consolidate all these concepts, 
and to add others to them. As with so many other studies, navigation can 
be followed at more than one academic level. In recent years it has been 
found possible and attractive to numbers of modern school pupils, and, 
as a rather more systematised study, it is becoming increasingly popular as 
z subject at ordinary level in the General Certificate of Education examina- 

ion. 


7-21. Preliminary Work. 
_ Preliminary work will be similar whether navigation by sea or by air 
is the subject of more advanced study. 


7-211. Direction. Firstly, preliminary work must ensure familiarity with 
angles, angle measurement, and ideas of direction and bearing, as well as 
of distance and simple ways of fixing position. Apart from varied exercises 
Within the classroom, the active experiences of determining South from 
the sun’s position at noon (7-121c), and, if possible, North from the North 
Star, are of great value in giving a pupil a secure feeling of carrying with 
him a direction-finding framework ‘of reference which he can practise at 
will. Simple exercises devised within the school grounds may enable him 
to test this skill, combined, if desired, with others of a mathematical 
Nature e.g. From the school gate, locate a solid object 20 yards away in 
a direction 050°. Measure it and draw a plan and elevation of it toa 
scale 1" to 1’. Similarly, from a study of a large-scale local map, he might 
not only practise the identification of landmarks visible from school vantage 
Points, but also, perhaps as an out-of-school activity, identify places from 
sketched extracts, given the direction and approximate distance from the 
school. 

7-212. Map reading. Alongside this, familiarity should be developed 
With all guseatial AS of topographical maps. The use of map grid 
or graticule, as well as of latitude and longitude in fixing position, may be 
practised together with general map-reading, using local Ora : se 


Maps. One common form of doing this is by means O 
ramble ’, which may be organised and recorded in more than one way. It 


might i walking route, partly indicated by roads, partly by 
Soe p Ror ee aad aN by map reference or latitude and longitude. 
A simple form of ‘ navigator’s log > might well be kept for such a valks 
in this, distances, times, directions, alterations of course, and, possibly, 
estimated times of arrival or general observations would find a place. 


: ils 
7-213, Th th as a sphere. If informed by such a background, pupil 
are the betes eile to Aie with the simple geometry of the sphere in its 
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icati i first deter- 

lication to the earth. The method by which Eratosthenes c 
Fine the radius of the earth is by no means beyond the understanding oi 
able modern school pupils; the basic method of the Bedford Le 
experiment is likewise simple.* 


7-214. The globe and map projections. It is well worth while considering 
great and small circles, meridians, latitude and longitude on a globe, and 
making comparisons between what is found there and what appears ma 
map of Mercator’s projection. A brief and simple study of map pr D 2 
tions can bring out many points of interest. The sphere has a non-deve a 
able surface, i.e. its surface cannot be formed from a plane as can, TRES 
rectangular box from a sheet of card. Hence all flat maps of the eart Gee 
distorted in some way or another. The basic methods of map projec th 
may be demonstrated by letting a spherical glass flask represent the wee 
Lines and shapes painted on its surface can be ‘ projected’ by a small sou x 
of light (e.g. car headlamp bulb) placed in the centre of the flask on 2 4 
flat sheet of paper held touching the sphere. The distortion of shape a i 
size in the flat projection is readily seen. Other forms of projection a 
given by projecting on to: tori 
a cylinder of paper held so as to touch a great circle, generally the equator ; 
a cone of paper touching a circle of latitude. 

Most map projections are refinements of these three basic forms. li- 

The Mercator chart, commonly used in navigation, is a form of cyli f 
drical projection in which distances and areas are exaggerated as We Spa 
proach the Poles. The advantage of the Mercator chart for navigation es 
that all meridians are drawn parallel, although they are in fact curved Hn A 
on a globe. A straight line drawn from one point to another on suci 3 
chart will cut all meridians at the same angle; it is known as a rhumb-lir a 
It is clearly more simple to travel along such a line since the direction a 
kept constant, and this is generally the path flown by aircraft for pai 
distances. The fact that this is not the shortest distance between the Ye 
points on the surface of the earth (unless they lie on the equator or on t i 
same meridian) is an indication of the distortion produced by the flat repre 
sentation of a curved surface, 1 

Further study of Mercator’s chart will reveal its inequality of scale. 
Though the math 
suitable for probi 


that the scale of distance is variable. 


measure distance on this chart at the scale of the average latitude betwer 

mally scales appear at the side of the chart boin 
The value of having one unit linked with t i 
e a new conception to some pupils, so that, 


of latitude (1%, is worth introducin 


i g. In fact, airspeed indicators 0” 
aircraft are normally calibrated in kn 


i ots (1 knot is the speed equivalent t? 
1’ per hour), so that measurements in nautical miles are to be recommen! T 
It may not be desirable except as practice in the use of logarithms to devo 
ne unit to another. 


* Both these experiments are 


F. 
described in First Steps in Astronomy, Ch. I, by P- 
Burns, published by Ginn. AE CRS ASONO, 
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7-215. World times. Some considerati 

4 i eration may also profitably be i 
o rora times and how they arise. The method by Pich RE 
ee poruon is determined by comparing local time, as found by sun or 
ae 3 pssrvation, with Greenwich time is still a fundamental method in 


7:22. Development from Elementary Principles. 
ey principles of navigation would be met and mastered in connec- 
5 awi sailing, boating or flying, and many boys, in a part-time capacity 
n or air cadets, have been able to follow this pattern. But interest in 
soot eine, by sea or air is widely spread, and taken as a form of 
maitre experience this study can readily be given the great attraction of 
red ic sea or air procedures. For example, the charts of the plotting 
ee used by the Forces, ©.8- G.S.G.S. 4080 Mercator’s Projection, 
x ion English Channel N.W. 48/4, may be purchased from several 
gents,* and these, together with the introduction of plotting instruments 


used also by the Forces, lend a valuable air of verisimilitude to the work. 
r schools today who 


utes are several thousands of men teaching in ou 

The rst-hand experience of navigation by sea or as members of air crews. 

train would find it relatively easy to adapt the material of their own basic 

to ing into a form suitable for their pupils. Others who are interested 
venture into this work might wish to consult official and other publica- 


tions on the subject. t 


i 7-221. Air navigation. Ina limited space it is p 
© outline one example of a form of developmen 


ossible to do no more than 
t, known to be suitable to 
on because of its general 
d can be treated almost 
ursions into related 


Is. In selecting air navigati 


appeal, it is noted that the range of work discusse 
f Mathematics, though exc 
hat air navigation consists in charting an aircraft’s 
o guide it to another. The main 
I Jude the reading of topographical maps, the 
checking by position-lines, an ice of so-called dead reckoning 
(D.R.) Navigation. Some attention has been given to map-reading, and 
it will need no emphasis that an accurate ground recognition, a pin-point, 


giving a fix, is the most valuable and certain way of determining position. 
ft’s position after a definite period of 


It is, however, in deducing an aircraft’s pc 
time, for example, after reckoning what its track and ground speed are, 
that new mathematical work can best be introduced. 


7-23. Symbols used in Air Navigation. 

_ At this stage it may be useful to collect together a few of the more essen- 
tial symbols and abbreviations in general use. Not all are required or need 
be introduced at once. 

Alc Aircraft 
S/c Set Course 
*E.g. E; Stanford Ltd., 12-14, Long Acre, 


Minories, London, E.C.3. 
t Air Ministry Manual of Air Navigation, Vol. I. H.M.S.O.; Crossley, F. F., A First 
r A.T.C.): Kaspar, Teach Yourself Air Navi- 


Course in Navigation, Macmillan (written fo 
F $ ical Air Navigation Simply Explained, Pitman. 


gation, E.U.P.; J. K. Summers, Practica 


London W.C.2.; S. D. Potter, 145, 
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A/C Alter Course me Heading or direction steered by aircrafts. 
(Co f 

Co (T) True Course Track Direction in which the aircraft travels over 
(Tr) the ground. 

T.A.S. True Air Speed Drift Angle between Course and Track. 

G/S Ground Speed Port To left. 

T.M.G. Track Made Good Starboard To right. =e 

K Knot W/V Wind Velocity. This is stated by direction; 

E.T.A. Estimated Time of WID, and speed, W/S; e.g. 210°/25 

Arrival shows a wind of 25K from 210°. 


Air Position: shown by A and time 
D.R. Position: shown by D and time 
Fix: shown by © and time 


7-24. The Air Plot. 


0900 hours. Grimspy S/C 170° (T): T.A.S. 120K. 
0920 hours. LYNN WELL LIGHT* (Fix). 
Find (i) The Air Position at 0920 hours. 
(i) The wind effect for the 20 minutes. 
(iii) The WiV. 
This is tackled by marking a point at Grimssy, noting also the time 0900 
hours, and from this drawing the vector to represent the aircraft’s pat 
through the air, 1.€. in a direction 170° and for 40’, i.e. in 20 mins. at 120K. 
The 40 nautical miles are stepped off from 40’ marked on the latitude scale 


with the air as well as through it. In 


7-25. The Triangle of Velocities, 

Though in practice the technique of the Air Plot is sometimes used, 4 
general mastery of the vector triangle may be considered a more valuable 
mathematical achievement, It calls for plenty of class discussion, from 


t Obtainable from e.g., E. Stan f 2.3 S. D. 
Potter, 145, Minories, London, ECI oeli aoco Tonia e 


* Asterisk is a conventional symbol attached to ‘Light’. 
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which it must clearly emer i 
uch ge that the actual path of an aircraft, as ofa 
ship, is the result of the combined effects of two separate velocities. For 


the aircraft these are: 


1. The speed through the air (T.A.S.) found by suitably correcting the 
tending on the pilot’s Air Speed Indicator. This speed is in the 
5 irection of the Course, as set on the direction compass. 

. The movement with the air i.e. W/V, made up of W/D and W/S. 
These cannot be directly measured from an aircraft, but can be com- 
puted e.g. after making a suitable fix. Otherwise serviceable esti- 
mates may be obtained from the meteorological office. 


As a result of these combined movements, the aircraft moves across the 
ground below it in a line called the Track, 
or Track Made Good, at the ground 
speed. 
at has been noted that some of these six 
is ye three directions and three speeds, 
ies e read from or set on instruments ; 

metimes they can be calculated. Fre- 


gently it is possible to find those un- mews 
wie by drawing the triangle of velocities x 
ich links them all together. The simple case illustrated in Fig. 68 uses 


se, track and wind vectors. 


the markings accepted for cour 
e triangle are drawn to scale and in the 


és The three vectors forming th 
orrect directions. Two are components. 


viz: (i) Course, at T.A.S. 
(ii) Wind Velocity (at W/S from W/D). 
ger give the resultant, i.e. the Track direction flown by the aircraft at its 


Pupils find it helpful to note that the two components will always follow 
each other in directional order. a 
A triangle of velocities may be drawn to scale and direction on any type 

it is customary 


of paper and to any suitable scale. For convenience solely, it is: 
in the air to plot it straight on to the Mercator chart. The beginner, often 
t these facts, and to recall that the vector triangle 


ue some time to sort ou l i 
oes not show actual distances, but does need a uniform scale. Again, for 
this purpose though any suitable scale will do, the minutes of longitude 
(but not of latitude) marked on the chart are admirably suited for the plot. 

7-251. A wide range of exercises is possible with the vector triangle, and 
the experienced teacher will find no difficulty in devising examples to meet 
different needs, and calling for more than one type of construction. Two 
typical cases are instanced: 


1. To find W/V knowing Co and T.A : 
1400 hours. A/C over Nore light* steerin 


1415 hours, FELIXsTOWE (Fix). 
Find (i) T.M.G. (ii) Distance flown (iii) G/S Gv) Drift 


S., Tr.+G[S. 
g 040° (T), T.A.S. 120K. 


(v) W/V experienced. 
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To do this, mark off a line from Nore* in the direction 040°, for the 
Course and join Nore* to FELIxstowe for the T.M.G. Measure the acima 
distance covered along the Track in the 15 minutes (34). This gives D 
G/S as 136K. The Track’s direction is 033°, so that the Drift is 7 (Pori 

Now draw the vector triangle, using the actual lines drawn for Cons 
and Track, but applying a uniform scale to mark off T.A.S. along Cong 
and G/S along Track. Complete the Triangle and measure the W/ 
the same uniform scale and its direction by protractor. 


2. To find Co. to set, and expected G/S, knowing the required Track, the 
T.A.S. you will fly, and using the Met. forecast W/V. 
1500 hours. CRANFIELD (52° 03’ N 00° 38’ W) S/C READING. 
Forecast W/V 090°/24K. T.A.S. 110K. ; ted 
TE (i) Track (ii) Distance (iii) Co. to set (iv) G/S expecte 
V) E.T.A. 


1516 hours Spor HEIGHT (51° 39’ N, 00° 51’ W). D.R 
Find (vi) T.M.G. (vii) actual G/S (viii) actual W/V (ix) D.R- 
Position at 1520 hours, 


7:26. Position Lines. 


(a) Ground features such as a railway line, canal, and desert pipe-line. 

(b) Visual bearings; e.g. itis observed by compass that a town is due | 8 
Hence, a line plotted due E from the town provides a position-lin 
for the aircraft. š a 

(c) Direction-finding wireless (D/F) bearings; e.g. if the bearing of A 
Station from the aircraft is S.E. (135°), the aircraft must lie oe 
line drawn N.W. (315°) from the station. 


Not only may use of these add variety, but they can be applied in different 
ways to give geometrical content to plotting exercises. In practice, this i 
more readily achieved in sea navigation, in which slower speeds perm 
more observations to be taken. de 

ith adequate Preparation, particularly interesting plots can be ma! : 
by pupils working in Pairs, plotting on charts or working simultaneous) 
from allied topographical maps. On these, pin-point fixes can be mi 
from a running commentary by the teacher, descriptive of the iene i 
This calls however for a degree of skill and speed that should not normally 
be sought. If indeed it were possible, the more exacting mathematica 
Opportunities, so far by-passed, might well be substituted. 


7-3. Representational Drawing. 


, The fact that expression can take a variety of forms has been stressed 
in this report. Drawing is one of these forms which, by its nature, } 
particularly well suited to modern school pupils. Its value has been realise 
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in many boys’ schools; the fact that some of the pictorial rojecti 
laa valuable to girls has not yet been given fall Contin, Seine oe 

T values of a good drawing course are obvious: the use of geometrical 
shapes, the practice given in mensuration, scale, geometrical constructions, 
and the use of instruments, etc. A less obvious, but equally important, 
e is the training given in solid visualisation. Most people find diffi- 
a in thinking in three dimensions; their mental images are flat ones, 
: eee in depth. Most real problems, however, occur with solid shapes, 

n ae ability to think in solid form notably improves the attack on such 
Ho em If this ability is to be trained through drawing, then it is clear 
f the drawings must be made from solid objects. Copying drawings 
from books or from the blackboard cannot possibly give the same enrich- 
ing experience. 

It may be pertinent at this point to state that the drawing course should 

at be the sole medium through which modern school geometry is taught. 

ts value is undoubted but it operates in a restricted field, and much worth- 
while geometry lies outside its scope. 


7-31. Drawing as a Part of Mathematics. 
mt Drawing in schools is approached from two points of view: that of 

crafts teacher who uses it as part of his technique, and that of the 
mathematics teacher who sees in the subject many valuable mathematical 
Opportunities. If drawing is to be taken as a subject, it is the mathematical 
aspect which should be emphasised. Moreover, the crafts need only a 
Testricted range of drawing; where the drawing is not too closely linked 
with the craft subjects, a much wider scope is possible and other forms, 
such as architectural drawing, may be included in the course. ` 

The ability to read a drawing is valuable and this aspect of the work 
must not be neglected. 
7-32. Conventional Practice. 

The British Standards Office has drawn up certain standard practices 
to be observed in drawings, and these should be followed. A pupil who is 
not acquainted with conventional practice will obviously be at a disadvan- 
tage when reading drawings which have been made according to these 
Standards. 
7:33. Forming a Syllabus. 

It is not intended to give her 
Projection, etc.; for these any stan 

The following list gives the forms of drawing W. 
when compiling a syllabus. 


7-331. Pictorial projection. Most drawing courses in boys’ schools start 
on because this is needed in the craft work- 


pler, however, and probably offer 
udy the same crafts as boys, 
nsive course in orthographic 


e a description of the various forms of 


dard book on drawing may be consulted. 
hich should be considered 


projection. They should however learn 
and elevations, which are mathematically based on t 
instead of as parts of a single 


jection but are often treated separately in 
drawing. 
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The following types of pictorial projection may be taught: 


(a) Oblique. : 

(b) Isometric. (For school purposes isometric scale can be ignored. It 
is required only in some drawing examinations, and by a few firms.) 

(c) Axonometric. This form, in which the plan retains its true shape 
is being increasingly used, especially by builders and architects. It 
is, to a certain extent, replacing geometric perspective on account of 
its much greater simplicity. 


In all the above forms, rough sketching should be practised. Quarter- 
inch squared paper is useful for this purpose; it is possible to obtain paper 
with isometric ruling. s 

It may be necessary to point out that, while (a), (b) and (c) present pic- 
tures of objects, they do not give pictures as seen by the eye. They are 
pictures drawn according te certain conventions which ease considerably 
the drawing problems. 


(d) Geometric Perspective. The three forms of pictorial projection 
already mentioned are simple; each could be taught by itself, or 
be the starting point of a drawing course. Perspective is much more 
difficult and can only be tackled by pupils with real drawing ability. 
It is, however, an excellent form of drawing and might well form the 
final stages of a good drawing course for able pupils. 


7:332. Orthographic projection. This is the commonest form of working 
drawing, and is undoubtedly the best for showing constructional details, 


__ Tn Britain first-angle projection is commonly used. Third-angle pro- 
Jection is standard in U.S.A. and is being increasingly used here. The 
Standards Office now accepts both forms, and it is possible that first-angle 
Projection will be displaced at some time in the future.* : 

It is important that the teacher (and the really able pupil) should realise 
that both forms exist and, above all, that drawings should be consistent. 
In no case should a combination of the two forms be allowed. 


7-333. Sections. Drawing the true shapes of sections makes a real 
demand, both on the pupil’s previous drawing experience, and on his 
ability to visualise in three dimensions. It forms an essential component 
of any good drawing course. The same fundamental techniques are used 
whether the sections are those of a cone or pyramid, of a building or 4 
Staircase, or of a stretch of mountainous country. 


7:334. Nets of developments. The unfolding of a cardboard box to show 
the plane shape from which it is made can be the start of a study of nets, 
or developments. Not all 3-dimensional shapes can be formed in this way £ 


* See for example Engineerin, Drawi i iti dards Institution), 
page 14 for further details £ Drawing Office Practice (British Standar 
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from heavy cartridge paper or thin card is a fascinatin: i i 
most pupils enjoy (6514). ee 

7-335. Enlargement and reduction. The enlargement or reduction of 
drawings is not often considered as part of a technical drawing course, but 
the work illustrates some interesting mathematical notions. The drawing 
and its enlarged, or reduced, copy are similar figures; the use of a centre of 
similitude (Fig. 69) provides a valuable method in many cases. Fig. 69 
can be envisaged as a 2-dimensional enlargement or as a 3-dimensional one 
by viewing the figures as pyramids cut by planes parallel to their bases. 


l Fic. 69. ii 


Another method which can be applied to all cases is to place the drawing 
within a rectangular grid. It is then copied using an enlarged grid (6:54). 
This method illustrates how the area is quadrupled when linear dimensions 
are doubled; it is particularly suitable for maps. : 

1 The standard instrument for enlarging, the pantograph, is based on 
similarity and certain properties of parallelograms. An experimental model 
can easily be constructed from Meccano strips. 


7:336. Curves. A school drawing course may SO 
construction by geometrical means of composite curves, as, for example, 
sections of mouldings or the outlines of certain arches. One effective 
method emphasises the nature of a tangent to a circle; the curve is formed 
from arcs of circles drawn so that at each meeting point the two arcs possess 


a common tangent. 
5 other than the circle, e.g. the 


An elementary study of standard curves ; 
ellipse, parabola, aean their methods of construction should also be 


considered (Appendix 1). 


metimes include the 


7-4. Mechanics. 


The very early stages of the study of mechanics appropriate to courses 
of Mathematics or Sejence in Modern Schools are concerned mainly with 
Observation, experiment, and description. The supplementing and under- 


lini i experiment is not too difficult a task for 
ing of e maay poner What happens?’, “ How does it work?’ 


the mathematics classroom. He A 
are the questions asked rather than what are the principles underlying the 
happening, though some principles may emerge in the process of descr 
tion. Most of the generalisations that do arise are mathematical in form 
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so that whichever department, Mathematics or Science, treats the subject, 
co-operation between them is essential for healthy progress. : 

These principles may not yet be seen in complete form; for instance, a 
machine in which a large weight is hoisted by the application of a small 
effort may give rise to the general observation that the large weight moves 
through a smaller distance than does the point of application of the effort. 
It is not likely that this will be enunciated as a principle involving quantita- 
tive measure of work. Indeed the course as a whole may only be storing 
experiences from which principles such as the conservation of energy or 
momentum can later gain meaning. . 

Certainly the method of working from the general principle to the special 
case, which is the method of most mechanics textbooks, will not be generally 
applicable in the Modern School, eo: 

A valuable rule in approaching mechanics is to frame every question in 
terms of a familiar object, for instance, not a ‘ rotating body ’, but this 
‘rotating bicycle wheel’; not a ‘lever ’, but the ‘ pedal shaft’, or * the 
beam of this balance’, and so on. A particular pulley may be studied by 
neglecting or making allowance for friction, but it is not a ‘ frictionless 
(and imaginary) pulley °. 

7-401. The following brief notes indicate some of the topics which might 
be considered when compiling a syllabus of work in mechanics. They would 
not be studied under the headings given here; some practical examples 
may very well illustrate two or more topics of widely differing natures. 
7-41. Measurement. 


Mechanics offers considerable 


scope for using or discussing units of 
measurement, degrees of accurac 


» etc., while the measuring instruments 
are often based on mathematical notions of interest (e.g. vernier scale, 
micrometer screw gauge, steelyard). Many quantities are better measured 
in metric units; some need compound units such as speeds in feet per 


second, rotation in revolutions per minute or degrees per second. 
7-42. Motion. 


A study of motion might include the following topics : 


(a) Ideas of uniform motion in a straight line; of uniform speed in paths 
other than a straight line, of changing speed and of changing velocity 
(as not being the same thing); rate of changing speed, and how it can be 


measured in feet per second per second, or other units; acceleration and 
retardation as rate of changing velocity and therefore defined in those 
units attached to a direction, 


(6) Space-time and speed-time graphs: how they show velocity and ac- 
celeration. Velocity and acceleration as vectors; the triangle of velocities. 

(c) Relative speeds: speeds of passing, of approach, of meeting in the 
same path or parallel paths. Relative velocities. 

(d) Bodies having two independent motions, such as a passenger crossing 
the deck of a moving Vessel, or an aircraft in a crosswind (7-25). The path 
of a projectile. 


7-43. Forces 


Some consideration of force and its measurement is not too difficult for 
able modern school pupils. Many everyday instances of equilibrium can 
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be found, e.g. window supported through the sash cord by a weight. The 
principle of moments is an example of a notion which is in very common 
use (e.g. nutcrackers, pincers) yet which is not so often recognised ina 
general form. Centres of gravity, Hooke’s law, work, power, etc., are 
other topics which can be dealt with in an elementary and experimental 
manner. 


7-44. Machines and Mechanisms. 

In the study of these will be found examples of many of the foregoing 
topics, together with others particular to machines. They are better 
studied as actual working examples rather than laboratory specimens. 


The following points of interest arise: 


(a) Change of direction of applied force, €.g., pulley, lever. 

(b) Comparison between load and effort. 

(c) Comparison between distances moved by load and by effort. 

(d) Effects of friction; reducing friction. 

(e) The various types of simple machines, 
axle, inclined plane, screw, etc. 


e.g. pulleys, lever, wheel and 


7:5. Statistics. 


There have been numerous references in this repi 
d in the classroom and in 


offered by a statistical approach to data collecte S 
field work: the sain some of the statistical topics which have been 


collected on the sea shore is given as a 
possible in an exercise on field work. In 
large numbers and conclusions t 
trated. In 6-82 accuracy in measurem! A 
graphical representation of data are referred to in 6:46. 


7:51. The Mean and the Scatter of a set of Data. ee 

It is not unlikely that in considering the above or sum) ar topics p 
may have come realke that the common average by no mean nipt 
all the properties of a set of data. For example, the two sets of n 


the average 10, but they are 
TEREA Te, ae how het to describe an 


evidently dissimilar, and the problem arises 

mensie the dissimilarity. For the statistician the measurement of the 
“scatter? of a set of observations is often more impor 
of the average; when linked together the two prow 
about the whole set. There are many occasion: a 
can arise in the classroom, particularly with regard to the marks obtained 
in tests and examinations. m 
; they would suggest as a measure 
Teal Bees eih PEN the difference between the 


scatter pupils almost always say the range, 1.€. l 
preatedt ahd smallest observations. Since the range 1S based on only two 
o 
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observations, and does not take into account the bunching or thinning of 
items in different parts of the range, it will be seen that it does not offer a 
very good measure of scatter. This provides a useful lead to the discussion 
of the inter-quartile range. 


7-512. Inter-quartile range. If the whole of the observations are set out 
in ascending (or descending) order of size or value, the middle one is 
called the median, marking the division between upper and lower halves. 
If the two halves are sub-divided into two equal parts again, the point of 
division between the lowest and second quarters is called the lower 
quartile, and that between the third and highest quarters the upper quartile. 
The range between the lower and upper quartiles is known as the inter- 
quartile range ; it includes the middle half of the observations and excludes 
the top and bottom quarters. Apart from the doubtful advantage of having 
split the observations into two equal halves and selecting the middle half 
as more typical of the whole (an assumption of doubtful validity), the 
inter-quartile range is not very valuable, since the quartiles are based only 
on particular points in the whole range of values. 


7:513. Standard deviation. It is useful to consider observations in 
terms of their difference or deviation from the mean (or average) of the 
whole set. Observations greater than the mean have positive deviation 
and those below the mean, negative (6-152, 6:29). When attention has 
been focussed on the importance of including all the data, it is not 1m- 
probable that difficulty may arise from the suggestion that the mean of the 
deviations would be a useful index; this is not easy to refute, the reason 
for its non-adoption lying in realms beyond the scope of school work. 
Some slight, semblance of justification may be derived from the inconsis- 
tency of assigning signs + or — to deviations and then, if mean deviation 
is to be calculated, abandoning them. Standard deviation has the merit of 
using the values of all the observations without raising any difficulty 10 
dealing with deviations with unlike signs. (It also has merits which cannot 
be appreciated at the school stage.) In any statistical work in school the 
pupil will be dealing with a small set of measurements (known to the statis- 
tician as a sample); for such a set the standard deviation is the ‘ root mean 
square” of the deviations (Appendix 2). The calculation of a root mean 
Square deviation may appear cumbersome at first sight, but once the 
principle is understood calculation may be eased by certain short cuts, 
though not many modern school children are likely to reach such a stage. 
Although the pupil will not be concerned, the teacher should be reminded 
that while the correct calculation for scatter of a limited set of values is the 
sample Standard deviation, or root mean square, the estimation of a 
population Standard deviation is slightly different. In view of its importance 
and also its unfamiliarity to some teachers in Modern Schools, the calcula- 
tion of the standard deviation is set out in full in Appendix 2. 


7-52. Data from Geometry. 


Geometrical drawing and measurement offer many opportunities of 
setting sample distributions of observations, and keenness and improve, 
ment in both drawing and accuracy of measurement have been aroused in 
a class by such calculations. In fact, a class has been known to suggest 
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that the standard deviation should be used in assessing marks for accuracy 
of drawing (Appendix 2). 


7-53. Other Statistical Ideas. 

The introduction of statistical ideas in the modern school course will 
be novel to many teachers, but the increasing importance of statistics in 
everyday life compels some attention. The aspect of statistics treated in 
the preceding paragraphs seems the one most likely to arise from the 
experimental mathematics now proving so fruitful in the development of 
mathematical appreciation in ordinary boys and girls, but there are other 
possibilities, and much exploratory work lies ahead. For example, many 
problems of choice and chance or probability are susceptible of treatment 
from first principles and demand no mathematical techniques beyond 
arithmetical multiplication and division. Samplingasa topic for discussion 
is mentioned in 3-221. 
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CHAPTER 8 


THE HISTORY OF MATHEMATICS 


8-0. The Relevance of History to Teaching. 


The story of the development of Mathematics summarises and san 
so much of what we have tried to say that we use it to provide us wit 
conclusion to this report. p 

In the Åssociation's Mathematics in Primary Schools the following 

hrases occur: 
i The language of numbers and measurement and shape... has grown 
through centuries.’ 

‘Mathematical ideas are an inherited accumulation through many 
centuries... .” ae t 

“Mathematics is the tool and language of science. . . . It is importan 4 
therefore that the children should learn the part Mathematics has playe 
in these achievements. . . . ind.’ 

‘ The child’s right to enter into the accumulated knowledge of mankin to 

These extracts give a clear suggestion that the child should be led a 
appreciate Mathematics as a living subject that began inspired by mam 
simple needs, and that has developed both as man has adventured i 
ideas and also as he has felt the increased demands of a modern civilisation. 
It is still available for the necessary everyday uses of the ordinary citizen 
as well as having wider cultural and technical values. ilin 

This being so, there must be much of value to both teacher and pupil 1 
the history of the subject. There is, however, no place in the Modern 
School for a new topic, ‘ The History of Mathematics’, as an cope 
part of the syllabus. The whole field is very extensive but a ges 
of the easier parts of the Story will provide much material that can 
used profitably in the classroom when the occasion arises. 


8-1. When and How History can be Used. 


The story of Mathematics can serve at least three purposes. le 

Firstly, much of the information can be given direct to young peop 
to stimulate their interest, the interest that is aroused by any story ° 
discovery and adventure (4:26). ke 

Secondly, the story of the development of our units can be used to ma 1 
Gow of n names and relationships seem logical, sensible and natural 

Thirdly, the methods of the discoverers can suggest ways in which the 
pupil can rediscover the accepted truths. ; 

Often need gave rise to experiment and experiment produced a yonDe 
tule for use on other occasions. The sequence of problem, saab 
discovery and use is as valid and necessary for the pupil as it was for ae 
original mathematicians, though the teacher sees to it that suitable pro 
lems occur at proper intervals, 
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Sometimes however sheer joy in the Mathematics itself and in the mental 
exercise of solving problems led to discovery and elaboration, only later 
found to have use and significance for any but the mathematicians them- 
selves. This pattern of extending knowledge may also be followed on 
occasion by the learner, but in the Modern School more sparingly than 
with the really able pupil who delights in ideas for their own sake. 


8-2. Where to find Material. 

There are standard books on the history of Mathematics (8-8) from which 
a selection of material for classroom use can be made. Here we only refer 
to a few typical examples which can be used in the ways suggested above. 

The growth of mathematical language and the importance of drawing 
attention to the derivation of many mathematical words have been men- 
tioned in 6-1 where specific cases are instanced. The words themselves 
may hold a clue to the story behind them. 


8-3. Some Examples of Suitable Material. 

Our sign, +, for ‘ plus’, is seen to be a simple development from the 
roughly scrawled mark indicating a surplus of weight in a consignment of 
merchandise. a 

What could be simpler than our sign for equality only just 400 years old? 
We can quote the words of its inventor, Robert Recorde, who said that 
nothing could be more equal than the two small parallel lines, =, he pro- 
posed to use. ; y 

Another little story, for the most part well known, 1s that concerning the 
origin of our familiar £ s. d. The £ came from the word Libra meaning 
pound, after pound had developed from pondus meaning weight. This 
connection between weight and money is also seen in the shekel, both a 
weight and a coin. From solidus, the Roman coin, came our s. for shilling. 
The old long form of the s, f, was modified eventually into the straight 
line, /, as in 4/6d. for 4s. 6d., and to the compositor this type of bar, for 
money or for fractions, is called a solidus. Thus here the wheel has turned 
full circle. : 

Among other names and words the derivation of the following are 
interesting: digit, cipher, counter, bench, bank, cheque, calculate, 
pecuniary, acre, furlong, rod and rood. à 

Topics which have a significant history include: base of ten; the deci- 
mal point; Roman numerals; the symbol for zero; the calendar; 360 
degrees; the measures of time, the minute part of an hour, the second 
minute part; Napier’s rods; slide rule, logarithms. 


8-4, The Growth of Algebra. ‘ 

Again considering the history of Mathematics as giving a direct pointer 
to the child’s method of learning, there are clear indications in the develop- 

lgebra. l 

Aent of ag originally purely rhetorical, and, without any symbolism, 
formulae were evaluated and equations solved with perfect understanding, 
As a single example of this, in solving what was a very popular type or 
problem with them, the ancient Egyptians used what we consider m 4 S 
braic method, by using the spoken word and no symbols at all, to 
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quantity whose seventh part is added to it to become 19’. The same rhe- 
torical methods were used to solve problems concerning innumerable pipes 
flowing into a cistern, and also, surprisingly enough, problems which lead 
to quadratic equations. After this came the symbols. Those of Diophan- 
tus in the third century A.D. were a shorthand (usually termed syncopated 
algebra) which to us seems cumbersome, but it replaced words almost as 
if by a code. It was not until the time of Descartes, 1300 years later, that 
a symbolism similar to that of today had evolved, using x for the unknown. 
The child’s learning today can follow the same path. From complete 
verbal understanding and statement, he can proceed, via a code he has 
helped to invent, in which perhaps he chooses n for a number but then 
takes s shillings, b boys, / yards for length, h feet for height, and so on 
until he can use x as the unknown number whatever the units, and write 
down the data of a problem in the most abbreviated form. 


8-5. The Growth of Geometry. 


Similarly we know that Geometry began as a tool to do what the name 
geo-metry implies, that is, to measure land, and it began numerically from 
the analysis and dissection of the areas to be measured. From these working 
tules, discovered empirically from experiment, there developed the 
generalisations into formulae for the mensuration of various shapes. The 
properties of symmetrical shapes, and the synthesis of new shapes from 
known ones, added to the list of areas that could be calculated. None of 
this was deductive geometry, which was beginning elsewhere, at the same 
time, as a purely logical and intellectual exercise. Thus for the young 
learner, too, there will be the problem to be solved, the specific instances 
each attacked experimentally, the appearance of a general rule, and then, 
for those who need further intellectual stimulation and satisfaction, the 
deductive processes. 


_ Among the many topics that lend themselves to this treatment the follow- 
ing might be mentioned here: 


Thales; ratio, similar triangles, trigonometry ; Pythagoras’ Theorem 
as a pattern of shapes, as a numerical method of constructing a right 
angle, as a fact relat 


‘ Ing areas, as a generalised theorem; ~ and the circle; 
coordinates and maps; Square root as a problem in area; figurate num- 
bers and series and properties of numbers; limits. 


8-6. The Development of Measures, 


The idea of gradual development has been stressed; similarly pupils 


example, that the measures we use have 


8-7. Summary. 


Finally, it is suggested that Te 


spect for the development of the subject 
can prove to be a touchstone o 


f good teaching as well as a help to the 
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development of the learner. We have tried throughout to keep this in 
mind and to remember that the subject is still developing and meeting new 
needs in a changing world. 


8-8. Some Useful Books. 
From the vast literature on the history of Mathematics, the following 
short list gives some which will be found interesting and informative: 


(a) Particularly suitable as reference books for the pupils. 
* Number Stories of Long Ago, D. E. Smith, Ginn. 
* Romance in Arithmetic, M. E. Bowman, U.L.P. 
Man Must Measure, L. Hogben, Rathbone. 
Stories of Mathematics, S. E. Williams, Evans. 
(b) Reference books for the teacher. 
Man and Number, D. Smeltzer, Black. ‘ 
Mathematics for the Million, L. Hogben, Allen & Unwin. 
* Number the Language of Science, T. Dantzig, Allen & Unwin. 
A Short History of Mathematics, W. W. R. Ball, Macmillan. 
* 4 Short History of Mathematics, V. Sanford, Harrap. | 
* 4 History of Elementary Mathematics, F. Cajori, Macmillan. 
* History of Mathematics, Vols. I & II, D. E. Smith, Ginn. 


The books marked * are included in the Association’s List of Books 
Suitable for School Libraries mentioned in 5:72. 


APPENDIX 1 
DRAWING CERTAIN CURVES 


(a) Conics drawn as loci and as envelopes. 
(i) The ellipse 


This curve can be traced by a pencil point, P, constrained by a loop 
of string held taut round two pins, A and B (the foci), This mechanical 
device is equivalent to the geometrical condition that the sum of AP and 
PBis constant, since the length of the loop and the length AB are unchanged. 

Ellipses of different shapes can be produced by varying the length AB 
for a given loop. This series of ellipses includes the special case of the 
circle when A and B coincide and the radius is half the length of the loop. 


i 
| 
A 
DE 
FL 
See 


Fic. 70. 


Figure 70 shows the ellipse drawn as an envelope as follows: 


Draw a circle and take a Point S, not the centre, within it. Join S to 
points PoP, P,, etc. on the circumference. Draw lines at right angles to SP,, 
SP, SP», etc. These perpendiculars are tangents to the ellipse. (Sis a focus 
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(ii) The parabola. N f 
Figure 71 shows methods of constructing the parabola (i) as a locus 
and (ii) as an envelope. 


D 
Q, 
Q 
N D 
P Q, 
Q4 F 
c 
EF FIXED 
Mc i Fic. 71. ii STRAIGHT 


P is equidistant from F (the focus) and a line MN. 

P describes a parabola. 

Q moves along a fixed line CD; the perpendicular to QF at Q touches 
a parabola and so, as Q moves, defines this parabola as an envelope. 

(If CD were drawn in Fig. 71 (i), it would bisect the perpendicular from 
F to MN and be parallel to MN.) 


(iii) The hyperbola. ; 

A good idea of the shape of a rectangular hyperbola can be obtained by 
fitting a large number of rectangles of the same area but different shape into 
one corner of a rectangular table. This is equivalent to plotting a graph 
of xy=k (where k is the area of the rectangles). The axes of this graph 
are called asymptotes of the hyperbola. The hyperbola has two branches. 
Figure 72 (i) shows one branch only of a rectangular hyperbola. 


= 


i Fic 72. ii 
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s are not at right angles, as in Fig. 72 (ii), the rectangles 

mathe Ao arale E ans fitting into the acute or obtuse angle 
lines. : 

EN hort of the hyperbola as an envelope can be made by perry, oe 
corresponding points in which tangents cut the asymptotes, i.e. M D5 
which the branches of the hyperbola approach but never reac Mr 
example, in Fig. 73 OA xOB=72 units. Pairs of values, say > 
3 x24, 4 x 18 etc. give positions of AB and define the envelope. 


Be 


Ai 
Ag A7 As AsAq As Az 


Fic. 73. 


without slipping its centre traces 
on its circumference moves In a 


1 ntre and the cycloid form a ‘ family 
of curves ’ with a progressive change of shape as the distance of the point 
from the centre increases, 


Observation of a tolling wheel may give clues to the shapes of these 
curves, or a model may be devised 


be recorded as the motion proceeds (6-14), 
The cycloid can be plotted geometrically as follows: 


) x he circumference is initially in contact 
at O with a line OA along which the circle Tolls. 


r s o the circumference of the circle. 
Divide OA into equal Segments, say eight, at 4,, A,, A 


Draw the circle Tepresenting the wheel in contact with OA at each of 
these points A,, Ay, Ay. ... 


Suppose P to have moved to Py Pa Py sss on these circles. 
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_ Then P}, Po, Ps, --- are points on the cycloid which can be found by divid- 
ing the angle at the centre of the circle into eight parts and marking 


P, on the circle at A, at the first eighth, 
P, on the circle at A, at the second eighth, 
iss aneeauseaswuaenwesnaccess nase ne and so on. 


A model may be needed to show how P moves to its earlier positions, 
when although P has moved forward it lies behind the centre of the circle. 


(c) The locus of a point P whose distance from a fixed point O increases by 
equal amounts for equal rotations of OP. 

_ This curve is a spiral. A half turn of a curve of this type (and its reflec- 
tion) would be suitable as an outline of a cam, such as that in a sewing 
machine winder, to control a regular to and fro motion associated with 
regular rotation. 

The curve can be constructed as follows: 

A revolving radius (radius vector) drawn from a pointa Oincreases in 
length by equal amounts, say x units, for equal increases of angle. 

Draw a number of lines radiating from O at equal angles. 

If a beginning is made when the radius is 0, mark off points distant x, 
2x, 3x ... units from O on the successive radiating lines. 
_ The lines may be drawn at first at right angles through O. If x is the 
increment corresponding to a turn of a right angle, intermediate points 
may be obtained by using fractions of x for fractions of a right angle. 

The equation of the curve is r=a@, where r is the length of the revolving 
radius and @ the angle through which it has turned, (in the standard equa- 
tion @ is measured in radians). 


APPENDIX 2 
CALCULATION OF STANDARD DEVIATION 


If p, q, r ... form a set of n values, the standard deviation o (sigma) is 
given by 


dp+dz+d?+... 
a a 


where d,, d,, ... are the deviations of P, q, --. from the mean of the set. 


As examples of the principle, the standard deviations of the two sets 
given in 7-51 would be: 


Set I 8, 9, 10, 11, 12, the mean being 10; 
a) —2, =I, 05. es 2 
Gia AS TEONA Th 4 


4+1+0+1+4_ a 
amaf Elt tT 4 yaa, 


Set IT 2, 5, 7, 7, 29, the mean again being 10; 
d: -—8, -5, — 3, -3, 19 
dis 64,725, 9; a 9,4361 


64+25+9+9 +361 
on a[At25 4949 +361 =9:674. 


(It should be noted that these examples are given only to illustrate the 


(i) mean of set; 
(ii) deviations of Separate items from mean; 
(iii) squares of separate deviations; 
(iv) sum of squares of deviations ; 
(v) division by number of items; 
(vi) square root of (v). 


As the mean of an actu 
findin 


work is also helped by setting it out in tabular form. The procedure is 
214 
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illustrated in detail in the following section, the example being taken from 
the actual work of a class. 


Measurement by 26 boys of the lengths of the six chords of a regular 
hexagon of side 2 inches (to nearest hundredth of an inch) 


Length Frequency Arbitrary (fx) (fx?) 


(inches) (A) scale of 
Deviations 
(x) 
3:54-3:52 17 2 34 68 
3:51-3:49 43 1 43 43 
3:48-3:46 6l 0 0 0 
3:45-3:43 30 -1 -30 30 
3-42-3-40 5 -2 -10 20 
156 37 161 


_ Col. 1 indicates that the 156 measurements ranged from 3-40 to 3-54 
inches. This range is then divided into 5 intervals 3-40-3-42, 3-43-3-45, 
etc. A suitable number of intervals is usually 5 to 9. 

Col. 2 gives the number of measurements falling in each interval. The 
total is entered as a check on the counting of the items in each group. 

In col. 3 the arbitrary mean has been chosen as the mid-point of the 
3-46-3-48 interval: 3-47, but further calculation is simplified by taking this 
as the origin of a new arbitrary scale of deviations, the scale units being 
whole intervals (each of 0-03 inch). The rest of the work in the table is in 
terms of the arbitrary mean and deviation units and is therefore entirely in 
whole numbers. The rest of the tabulated work is directed towards finding 
a D mean (from col. 4) and the sum of squares of deviations (from 
col. 5). 

The figures in col. 4 are the products of those in cols. 2and 3. The total 
of col. 4 is the total of deviations from the arbitrary mean: if the arbitrary 
mean had been the true mean, the total of col. 4 would have been zero. 
As there are 156 items, the average deviation (from the arbitrary mean) is 


+37 lei Tie i ; 
156 Scale intervals, i.e. i56 x 0-03 inch, =0-0071 inch. 
<. true mean = (3-47 +0-0071) in. =3-4771 in. 

If to those who are unfamiliar with it this seems a roundabout way of 
calculating an average, it may be pointed out that it is in principle the 
method used when finding the average of several numbers between, say, 
100 and 120, when one takes out the common part, 100, and finds the 
average of the residues; in this case the arbitrary mean is 100, and the 
average of the residues is the average deviation from the arbitrary mean. 
In the present work the procedure has the important advantage that it 
leads on easily to the calculation of the standard deviation o. 

Col. 5 is the product of cols. 3 and 4, i.e. fx? is reached as fx x x instead 
of, more obviously, as fx x*. The total of col. 5, 161, is the sum of the 
squares of the deviations from the arbitrary mean, and to reduce this to 
the least sum of the squares of the deviations from the true mean a correc- 
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2 . . 
tion has to be subtracted,* equal to i i.e. the square of the total deviations 
(col. 4) divided by the number of items. 


2 
Corrected sum of squares =161 -T56 


=161 -8-776 
=152-224. 
ae 152-224 

Mean square of deviations = 156 

=0:9758. 

(This is known as the Variance.) 

Standard deviation o =/0-9758 

=0-9878. 
But this value is in terms of scale intervals of 0-03 in. 

*, a= (0:9878 x 0-03) in. 
=0-0296 in. 


The set of 156 observations is therefore described as having a mean of 
3-4771 in. with a standard deviation of 0-0296 in. It is interesting to note 
that the correct value should have been /12 in., or 3-4641 in. 


* The reason why this correction alwa 


but the statement may be checked by 
deviations : 


(i) if the scale of col. 3 is‘ moved d 
~2 to 2, fx and fx? columns totals be 


ys involves a subtraction may not be apparent, 
re-working with a different arbitrary scale 0 


own ° one unit, to range from ~ 1 to 3 instead of 
come 193 and 391 respectively, and the correcte 
least sum of squares =391 -0 ea 152-224 
(ii) if the scale is ‘ moved up’ one unit, the corrected 


least sum of squares becomes 


243 LE U9) 150-094, 


156 r 
The teacher may refer to one of the standard books on statistics, such as Chambers : 
Statistical Calculations. 


INDEX 


OF TERMS AND TOPICS IN PART II WITH REFERENCES TO PART I 

The reference numbers are to paragraphs; the leading figure is that of the chapter, 
but decimal points have been omitted. Principal references are in heavy type. Where 
an argument continues over consecutive paragraphs only the first is named. Terms, 
such as rectangle, which occur frequently are not included, nor are many minor references. 


Acceleration (and retardation), 127, 331, 
6312, 742 

Accuracy, in computation, 3211, 6247, 
6262, 684; with money 6743; in 
measuring, 123, 682, 711, 741, relia- 
bility 685 

Acute, 6112, 6511 

Addition (and see four rules), of decimals, 
6248; of directed numbers, 629; of 
fractions, 6245; of measures, 6832; of 
money, 6712; sum of, 616; tables, 441 

Air plot (and air log), 331, 724 

Air position, 723 

Algebra, 491, 5341, 5344, 581, 629, 63, 66, 
84; algebraic form, 6321, 634; sym- 
metry in, 65313; statement in geometry, 
6523, 6536, 6537 

Alternate, see angle 

Angle, 23, 331, 5642, 613, 614, 6507, 6511, 
6538, 66; acute, obtuse and reflex, 6511; 
dihedral angle, 331,6572; alternate, cor- 
responding, vertically opposite, 6513; 
in astronomy, 70; bisector of, 6556; 
at circumference of circle (or in a semi- 
circle), 6555, 6588, 7142; of elevation, 
661, 7121, 7134; measurement of, 123, 
712; in navigation, 331, 7211; between 
planes, 6573; construction of a right 
angle, 6512; solid angle 6575; sum of 
angles of triangle, 6586 

Approximation, 6217, 627, 
measuring, see measurement 

Argument in geometry, see reasoning 

Area, 2181, 242, 3212, 331, 341, 342, 
3501, 42, 48, 652, 6522, 6585, 662; of 
similar figures 6541; area survey 714; 
area of triangle, 6503, 6522, 6585, 662 

Arithmetic, (computation) 20, 241, 311, 
402, 531, 533, 534, 5341, 536, 5624, 58, 
581, 60, 617, 62, 63, 66, 71 

Arroiabe TOS akl 
symptote, Appendix 

Aserre (mean), 125, 2131, 23, 241, 618, 
6181, 6316, 682, 6832, 75, 751; average 
rate, 6182, 642 ` 

Axes, axis, 641, 649; of an ellipse Appen- 
dix la 


684; in 


Axonometric see projection 


Bearing, 331, 5642, 7121, 7143, 7151, 
7211 
Brackets, 616, 6314, 638 


Capacity, 22, 342, 3512, 6523 

Calculating machines, see machines 

Calibration (graduation, etc.), 315, 6523, 
6815 

Centre of gravity (and balance), 65315 
743 


Chain (surveyor’s, engineer’s), 216, 7111; 
(a ae 216, 6247, 7111, 86 

Chance, 125, 314, 3221, 753 

Checks, 626 x 

Circumference, see circle ‘ 

Circle, 6535, 6538; great and small circles, 
331, 3325, 614, 6576, 7214; area of, 
3213, 5611, 6316, 647, 6522, 6536; 
circumference of, 3213, 6316, 6535, 
Appendix 15; angles in same segment 
of, 6555, 6588; symmetry of, 65311; 
as a closed curve, 651; as a conic, 656, 
Appendix 1a, as an envelope, 6558; as 
a locus, 6551 

Clinometer, 123, 6504, 7134, 7135 

Coefficients, 6361 

Component, 6611, 725 s 

Cone, 6534, 656; area and volume, 6537; 
as a developable surface, 6522, 6574; as 
a solid of revolution, 6576; in map pro- 
jection, 7214; (see also conic sections) 

Congruence, 613, 6504, 6542, 6584, 7136; 
sign for congruent, 616 

Conic sections, 6558, 656, 7333, Appendix 
1 


a 
Constants, 6317, 662 
Continuity of a graph, 6321, 642, 645, 646 
Coordinate(s), 218, 6111, 7146, 85; Polar, 
6556, Appendix Ic 
Corresponding, see angle 
Conine, 6361, 661, 6612 
otangent, 663 
Course, as in navigation, 331, 6611, 723, 
725 


Cube (solid), 6523, 6534 


217 


218 


ubic measures, 6523 i 4 
foes 651, 6557, Appendix 1; family 
of curves Appendix 1b; curved surfaces, 
(area of) 6522, 6574; for sine curve see 
sine 
Cycloid, Appendix 1b 
Cycles, see revolution 
Cylinder, 6533; as a locus, 6553, 6556; 
as a developable surface, 6522, 6574; as 
a surface of revolution, 6576; mensura- 
tion of, 3213, 6533, 6537; in map pro- 
jection, 7214 


Dead reckoning, 331, 7221 

Decimal fractions, 23, 3512, 533, 5331, 
6151, 6247, 632, 6521, 6811, 682; 
applied to money 315, 6743; four 
rules, 491, 5331, 6248 

Decimal notation (and see Notation), 615, 
6214, 6215, 6521 

Deduction, see reasoning; from a graph, 

648 


’ 


Denominator, 6113, 6151, 6245, 638 
Density (specific gravity), 123, 342, 3518, 
681 


Developable surfaces (evelopment), 
5652, 6574, 7334 

Deviation (in Statistics), 682, 7513 (root 
mean square), Appendix 2 

Diagonal, 6112, 6582, 659, 7141 ; diagon- 
al scale, 123, 6535, 6583, 6822 

Diagrams (and see graphs), 2124, 243, 61, 
612, 615, 6151, ga i 6241, 6538; fre- 


Division (and see four rules), 23, 431, 
6112, 616, 6231; of fractions, 6246; of 
decimals, 6248; of money, 673, 674, 
6743; tables, 444: the word divide, 
611; tests of divisibility, 6214 

Drawing, 242, 533, 55, 5651, 5652, 61, 612, 


649 (a graph), 6507, 73, Anne 
Drift, 723 PEE 


Effort, 744 


Elevation (profile), 5642, 644, 6512, 7121, 
7161, 7331; for angle of elevation, see 
angle 

Ellipse, see conic Sections, also 651, 6551 

Energy, 74 


Eee (and Teduction), 6507, 654, 


Envelope, 6504, 6558, Appendix la 

Equals (and =}, 616, 635,638, ¢3 

Equations (and see equals), 6315, 6317, 
635, 6361, 647, 648 663 


3 040, 663, 84, Appendix 
lc; the formula as an €quation, 6316 


INDEX 


Equilibrium, 743 
Even numbers, 431, 6211, 6314 
Extrapolation, 648 


Factors, 241, 615, 622 

Fix, 7221; fixing position, 126 

Focus, Appendix la 

eia ets 6611, 743, 744 

Force, 127, 6152, A s 

Formula, 3517, 5623, 6114, 6153, 6313, 
6316, 6317, 635, 6361, 662, 8485; for 
area circle, 6536; for volume cone etc. 
6537 


Four rules (and see rules separately), 
3211, 44, 45, 623; extended to directed 
number, 629; to decimals and fractions, 
5331, 6244, 6248; applied to money, 
67, 6711; to measures, 683; tables, 
241, 441, 442, 446, 622 

Fractions, 241, 3511, 533, 5331, 6151, 
624, 632, 6721, 674: equivalence, 6243 

Frequency polygon, 3221, 646; frequen- 
cies, Appendix 2 

Friction, 74, 744 


Generalisation in geometry, 6508, 658, 
85; angles, 6513, 664; of numbers, 
5623, 6153, 6245, 63 

Geometry (spatial knowledge), 126, 218, 
23, 242, 331, 341, 342, 48, 5311, 533, 
5341, 5342, 58, 581, 612, 613, 614, 65, 
71, 7171, 73, 85 

Gradient, (slope), 3211, 532, 643, 661, 
6611, 7121, levelling, 7161 

Graphs, 125, 213, 243, 3211, 313, 331, 
3516, 5311, 532, 5343, 536, 5611, 58, 612, 
614, 6152, 625, 6252, 6317, 6331, 6332, 
$4, 6538, 6562, 66, 662, 664, 7121, 7134, 
5 


Great circle, see circle 


Growth (increase, decrease), 124, 311, 
3211, 6249, 628, 642 


Hexagon, 6112, 6532, 6535, 6582 and see 
polygon 

Histogram, 646 

History (of Mathematics), 123, 3212, 42, 


462, 615, 6151, 6251, 661, 7142, 7213, 80 
ookes Law, 743 


Identity, 616; statements in Trigono- 
metry, 662; steps in manipulation, 6319 
Index (indices, powers), 562, 6111, 615, 
rates Gee 633, 6332, wer 
teger (Integral numbers), 
Interpolation (extrapolation), 642, 645, 
8 


Inter-quartile Tange, 7512 

Irrational numbers, 6151, 6311; and see 
pi 

Isosceles, see triangle. 

Isometric, see projection 


INDEX 


Isotypes, 431, 6217, 640, 646 
Jacob’s staff, 7102, 7133 
Knot, 7214 


Language (of and in teaching Mathe- 
matics), 121, 122, 13, 241, 242, 301, 3211, 
331, 47, 58, 60, 61, 611, 616, 6362, 
6472, 6505, 6506, 6513, 7101, 82 

Large numbers, 122, 313, 6216, 6247, 6811 

Latitude, 614, 6507, 6538, 6576, 7212, 7214 

Leader, 7112 

Length, 652, 6521, etc. 

Levelling, 716, 7171 

Lever, 3518, 744 

Line, 651; line of sight (sights), 651, 6571, 
7132, 7133, 7152; survey line, 7146, 
7152; see also position line and rhumb 
line; measurement of, 711 

Link, 216, 711, and see chain 

one eee 5611, 614, 6504, 655, Appen- 

ix 


Logarithm, 535, 5652, 617, 6232, 6251, 
628, 6332, 685, 83 : 

Logic, see reasoning 

Longitude, 6507, 6538, 6576, 7212, 7214; 
in relation to time, 331, 7215 


Machines, 3518, 5652, 6538, 74, 744; 
calculating machines, 121, 625; sewing 
machine, 6555, Appendix 1c 

Maps, mapping, and map reading, 216, 
217, 3212, 331, 5642, 5651, 644, 6507, 
6512, 6822, 6831, 7101, 7121, 714, 7143, 
7147, 716, 7212, 7221, 7335, 85; map 
projection, 7214 

Mean, in statistics, 751, and see Average 

Measures and measuring, 123, 212, 22, 23, 
241, 3211, 341, 342, 351, 441, 444, 462, 
5612, 5621, 5652, 670, 68,86; compound, 
6814; large and small, 6811; metric, 
123, 3512, 5331, 6812, 741, 86; frac- 
tions and units, 6151; circle measured, 
6535; computation with, 683 

Measurement, accuracy in, degree of 
accuracy, 123, 2123, 3211, 6535, 6581, 
682, 684, 711; nature of, 682; in 
geometry, 650; as an argument, 6581; 
in mechanics, 741; in surveying, 71; 
and see quantities measured 

Mechanics, 3518, 5651, 5652, 614, 6183, 
6362, 65315, 74 

Median, 125, 7512. 

Mercator’s projection, 7214, 725 

Metric, see measures 

Micrometer, 123, 6535, 6821, 741 

Minus, see plus 

Mode, 646 

Modelling (models), 5651, 613, 6507, 6572, 
6574, 6584 

Moments, 743 


219 


Momentum, 6111, 74 i 

Money, 121, 214, 22, 241, 311, 331, 342, 

"445, 461, 67, 83; foreign, 314, 32, 331, 
6743, 

Movement, 3222, 331, 61, 614, 6504, 
6507, 655, 6582, Appendix 1; see also 
rotation. 

Motion, 643, 742 

Multiplication and see four rules, 241, 
42, 444 (tables), 4812; decimals and 
fractions, 4812, 6246, 6248; money, 
672, 674, 6743 


Nautical miles, 7214 

Navigation, 127, 331, 532, 6362, 6538, 
6588, 7136, 72; air, 7221; navigators 
log, 7212 

Nets of solids, 5652, er 7334 

Normal distribution, 

Notation(s) (decimal), 241, 431, 615, 
6215; (other), 615, 617, 6247, 660 

Numbers and basic processes, 62 and see 
four rules 

Numerals, 615, 83 

Numerator, 6113, 6151 


Obtuse, 6111, 6511 

Odd numbers, 6211, 6314 
Offsets, 7146, 7151 

Ogive, 646 a 
Orthographic, see projection 


Pacing, 216, 23, 7111 

Pantograph, 123, HEED 4 

Parabola, see conic section: 

Parallel(s), 6112, 6504, 6513, 6551, 6571, 
6583 (chords), 6583, 7141 Hes 

Parallelogram, 6522, 65311, 6585; of 
vectors, 127 

Percentage (per cent), 314, 315, 3221, 341, 
342, ea aril 6247, 6249; error, 
6821, 6824 

Perpendicular, 218, 6112, 6512, 6573, 
6582, 713, 7136, 7141, 7142; bisector 
of line, 6556; between skew lines, 6571, 
6573; to a plane, 6573 

Perspective, 7331 

Pi, 6151, 6535, 6581, 685,85 

Plane(s), 6556, 6572, 7171; meet in a line, 
651; ‘inclined, 744; plane table, 7144, 
7153, 7171 

Plumb bob (line), 6512, 7132 P 

Plus (minus), 6152, 83; and see directed 
number ¥ 

Polygon (rectilinear figure), 6112, 6522, 

P peas ymmneny of, 65311 

olyhedra, 657. 

Position, 126, 218, 23, 242, 331, 341, 7144, 
7211, 724; ofa triangle, 6582; position 
line, 7221 

Power, 331, 743 

Prime numbers, 6211, 622 
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Prism, 6533, 6554 

Probability (chance), 125, 3221, 753 

Projectile (trajectory), 126, 6562, 742 _ 

Projection, pictorial, oblique, isometric, 
axonometric, 7331; orthographic, 
7332; Mercator’s, map, 7214; projec- 
tion of a line or an area, 6573 

Proportion in number, 342, 6113, 6183, 
6243, 647, 7121; in geometry, see 
similarity and, 7121; inverse, 647; 
Appendix la 

Pulleys, 3518, 6538, 74, 744 

Pyramid, 6534, 6572, 6574 

Pythagoras’ Theorem, 6315, 6587, 7102, 
7142, 85 


Quadrilateral, 6532, 6584, 7143, 7145 
Quartile, 7512 
Quotient, 6231, 628 


Range, 7511 

Ranging rod, 7112, 7136 

Rate, rate of change, (growth) 314, 3222, 
3421, 6151, 618, 6182, 648; and see 
speed 

Ratio(s), 301, 342, 3515, 5346, 6113, 6151, 
618, 6183, 6217, 6504, 6534, 6538, 654, 
66, 661, 662, 6816, 713, 7132, 7135, 85; 
measures as, 123; and see similarity 


Ready reckoners, 121, 315, 625, 648, 6722 ` 


Reasoning or argument (logic, deduction), 
in geometry, 581, 650, 658, 85; in 
algebra, 6316 etc. 

Reduction measures and money (unit 
changing), 6711, 6831 3 in geometry, see 
enlargement and polygon to triangle of 
equal area, 6522j 

Resultant, 629, 725 

Revolution see angles and, 6511, 6538, 
664; solids of, 6562, 6576; revolutions 
per sec, 331, 741 

Rhombus, 6532, 6582 

Rhumb line, 331, 7214 

Riders in geometry, 6592 


Sample (sampling), 3211, 3221, 7513, 7: 

Scale, 23, 243, 3212, 6507, 654, 6823, 711: 
in graphs, 644, ; Scale interval, 
Appendix 2; and see maps, drawing 
models: scale of notation, 670 4 

Scatter, 751 

Section (of a solid), 7333; from map, 644 

Sectograph (sectogram), 6151, 6241, 6512; 
sector of a circle, 6536 

Series, 6211, 665, 6722 

Sextant, 7102 

Shadow stick, 661, 7121, 7131 

Significant figures, 6217, 6247, 627, 665, 

Signs, of operation (+, -, x, +), 6101 
6153, 616, 6318 and see four rules; of 
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direction (+,-), applied to numbers, 
see directed number 

Similarity, 654, 713, 7335, 85 

Similitude, centre of, 7335 

Sine (sine curve), 126, 532, 614, 6183, 
6317, 6361, 651, 661, 6611, 664; sine 
bar, 123 

Skew lines, 6571, 6573 

Slide rule, 628, 6281, 83 

Slope, see gradient and, 7161 

Small circle, see great circle 

Small hye 122, 6247 

Spatial, see geometry 

Speed, 217, 241, 3222, 331, 6182, 643, 
6814, 720, 723, 742 

Sphere (globe), 126, 331, 614, 6522, 6538, 
7213, 7334; mensuration of, 6537; 
symmetry of, 65312; as a locus, 6554; 
as a solid of revolution, 6576; sphero- 
meter, 123; spherical triangle, 6576, 
665 

Spirit level, 6512, 7161, 7171 > 

Square, 6111, 6522; and see Pythagoras’ 
theorem: square numbers, 615, 6211, 
628, 6317, 647, 648 Appendix 2, 
square root, 6151, 6252, 628, 85 

Stage A geometry, 6501 2 

Standard deviation, 7513; Appendix 2 

Statistics, 125, 20, 3221, 629, 6362, oe 
682, 75, Appendix 2; statistica 
measures, 125, 75; statistical data, 212 
to 215, 3211, 331, 640, 646; grouping 
Statistics, 3221 i 

Straight line, 216, 6113, 651, 711; 
straight line graph, 647, 648 : 

Subtraction (and see four rules), fractions, 
6245; money, 6712; tables, 443 

Survey line, see line 

Surveying, 20, 23, 321, 341, 532, 5633, 
5651, 6362, 6504, 6532, 660, 70, 71 
apparatus, 718; surveyor’s cross, 7142; 
Surveyor’s chain, see chain 

Syllabus, 11, 20, 53, 60; in geometry, 
6504 


Symbols, 61, 615, 616, 638, 640, 84; map 
symbols, 7101, 716, 7212; air naviga- 
tional, 723 

Symmetry, 613, 6241, 6504, 6531, 6555, 
6582; argument from, 6582; in algebra, 
634, 65313; in trigonometry, 65313 


Tabulation, tabulated material, 312, 315, 
625, 661, 665 

Tables (and see four rules), 241, 441 to 
446, 622 

Tangent of an angle, 532, 617, 6361, 661, 
7131, 7134; to a circle, 614, 65311, 
6538, 6582; to a curve, 6558, Appendix 
la 


Time, 2122, 22, 331, 341, 342; world 
time, 7215; zones of, 331; asa variable, 
642 
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Theodolite, 123, 7102 

Track in navigation, 723, 725, 7251; and 
see locus 

Trapezium, 6522, 6532 

Traverse survey, 715, 7161 

Trajectory, see projectile 

Triangle(s) (triangular), 6112, 6504, 6532; 
angle sum of, 6586; area of 6522, 
6585, 662; isosceles, 6532, 6582, 7136, 
7142,; symmetry of, 65311; division 
into triangles, 7143, 7145; also see 
congruence, similarity, triangle of vec- 
tors (velocities, etc.), 127, 725 

Trigonometry, 23, 5345, 6361, 6362, 66, 
710, 713, 85; symmetry in, 65313 

Trundle, 216, 7111 


Variable(s), 6317, 641, 647 


Vector, 127, 331, 532, 6153, 724, 724; 
radius vector Appendix Ic 

Velocity, 127, 331, 6152, 723, 724, 725, 
742; velocity ratio, 6183 

Vernier, 123, 6535, 6821, 6822, 741 

Vertically opposite, 6513 

Volume, 242, 3212, 3213, 3222, 341, 342, 
633, 652, 6523; and see various solids; 
of similar solids, 6541 


Wave, 126, 651; wavelength, 123, 664 

Waywiser, see trundle 

Weight, 2121, 22, 331, 341, 342, 6816, etc. 

Work in mechanics, 74, 743 

Zero, (nought, origin); asa number, 635; 
as a starting point, 6152, 643; for an 
empty column, 615, 6231; asa charac- 
teristic, 628; symbol for 83 
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